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Congratulations on deciding to learn Mathematical Statistics, or, as those in the know like to call it, “MathStat”.

I’m going to let you in on a not so little secret. MathStat isn’t really statistics— it’s probability. Yes, there is a
difference.

Probability is about the future.

Suppose that you have an unfairly weighted coin that, if flipped, will result in “heads" 57% of the time. Suppose
that you are going to flip this coin 10 times. What is the probability that you will see at least 7 heads? How
many heads do you expect to see?

Did you see all of those future type words and phrases for describing probability?

Statistics, on the other hand, is about the past.

That is, suppose that you know next to nothing about the coin but you flipped it 10 times and observed the
heads/tails data as
H.H0T T T H HT H H.

You can use statistics to attempt figure out (albeit with some uncertainty) whether or not the coin was fair in

the first place and what that single flip heads probability might have been.
Do you see how statistics is about looking back to figure out what was going on with the coin?

Much of the subject of statistics is about “reverse engineering” the data generating process in the case that the
process involves some randomness or probability. Probability can stand alone as a subject, but in order to do

statistics we need to understand probability.

Mathematical Statistics is the probability needed to do statistics.

So you see, you have really decided to take a probability course and not a statistics course. MathStat is a
specialized area of probability, though, and before you can learn it you need to first know some basics. This is
why a introductory probability course, is an important prerequisite.

Statistics, on the other hand, is not a prerequisite for learning Mathematical Statistics. However, if you’ve
studied or used statistical analysis techniques, be prepared to see some really cool connections ahead! If you’ve
ever had a course in statistical analysis where you’ve estimated things (for example averages or medians) or
performed hypothesis tests that involved looking numbers up in, for example, “t-tables", this course will tell you
why you did those things, when those techniques actually are valid for a problem, and what do do if they aren’t.
Mathematical Statistics is an intense theoretical course in which sometimes even the link to the “data stuff" will

seem completely obscured, but it is, in a word, beautiful.

This text evolved from notes that were originally designed for a course in Mathematical Statistics in the

department of Applied Mathematics at the University of Colorado, Boulder. The course was cross-listed for



graduate students and senior undergraduates. The prerequisite is a basic undergraduate probability course. As
the audience background has been quite varied, and adherence to prerequisites is often tenuous, I have included
a “Preliminaries" chapter that may turn more advanced students with its simplicity. Rest assured that things will
ramp up quickly after that, and that many will want to skip the first chapter altogether. (It may still be useful
to skim through for the purpose of picking up notation though!) I believe that these notes are well suited for
a graduate course in Mathematical Statistics even in a pure Statistics Department, where I have also had the

experience of teaching MathStat. It includes many advanced concepts, examples, and challenging problems.

Enjoy, and do good things, always.



How to Read This Text

Read this text “with vim and vigor”!

Chapter 0 is a review of the probability concepts needed to understand this text. If you are taking a course in
Mathematical Statistics, it is likely that this material is already known to you and you might want to skip ahead
to Chapter 1. However, it still may be worth scanning Chapter O in order to familiarize yourself with notation

we will use in this text. Section 0.8 is highly recommended reading for everyone.

Some Chapters end with a “Postscript” section. These are Sections that we included for completeness but that
we would not, ourselves, cover as instructors of this course. For example, in Section 1.4, we talk about the
minimum and maximum values in a random sample. We will use minimums and maximums extensively in
estimation problems throughout the entire text. We will not be needing to talk about, for example, the “second
smallest” value in a sample. However, Section 1.6 covers this anyway, for completeness, in a discussion about
“order statistics”. For the sake of “flow” in your Mathematical Statistics journey, we highly recommend skipping

the “Postscript” sections. You can reference them later if needed.

Sections with an asterisk () at the end of the Section title are slightly more advanced or tedious, containing
“omitted proofs”, and you may decide to read them or skip them without affecting your ability to understand
subsequent material. Including or not including these sections can be the difference between an advanced

undergraduate course and a first year graduate course.
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Chapter 0 Probability Preliminaries

This chapter is very elementary and is not at all representative of the overall level of this text. This chapter is
also a strange sort of introduction to probability in its coverage. Some very basic central concepts and even
notation for understanding probability are completely absent. Instead, it contains only the bare minimum of
topics needed in order to understand the subsequent chapters. For those who insist on trying Mathematical
Statistics without a basic probability background, this should help. For others already familiar with things like
random variables,“pdfs", “cdfs", and expectations, it still may be helpful to only skim Sections 0.1 through 0.7
since they will serve to establish some basic terminology and notation. Sections 0.8-0.10 are recommended

reading for everyone!

0.1 Between Zero and One

If you flip a “fair” coin, what is the probability that it will come up “heads”?

Most people have at least a sense of what this question is asking without any formal training in probability.

Many will use the words “probability” and “chance” interchangeably and say:
“There is a 50 percent chance of it coming up heads.”

This is not wrong but, formally, in mathematics

[ Probability is a number between 0 and 1. j

So, the more precise answer to the original question is 1/2 or 0.5.

If you roll a “fair” six-sided die, what is the probability that you will see a 5?

In the case of the coin and now the die, the word “fair” is there to say that there is nothing funny going on. The
coin isn’t warped, the die isn’t shaved or repainted with extra dots, and the acts of flipping and rolling are not
done in a way that favors one outcome over another. For the coin, the two outcomes “heads” and “tails” are
equally likely, and for the die, the six outcomes are equally likely.

To answer the question, since the outcome we care about (getting a 5) is one outcome out of six equally likely

outcomes, the probability of getting a 5 is 1/6.
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If you roll a fair six-sided die, what is the probability that you will see either a 5 or a 6?

Since there are now 2 outcomes out of 6 equally likely outcomes that we care about, the answer is 2/6 or 1/3.

f _:z Note |
In the case of equally likely outcomes for an experiment, the probability
that a certain event occurs is

the number of outcomes in the event of interest
divided by
the total number of possible outcomes.
N\ J

Thus, in order to compute probabilities in the case of equally likely outcomes, it is important for us to be able

to count things.

0.2 Counting

0.2.1 Things in a Row

How many different ways can you list the integers 1 through 4 in various orders? Two examples are
3214 and 241 3

but there are obviously many more possibilities.

Listing things in various orders can help us with the problem of assigning labels to things. For example, suppose
you and your three friends are going to assign yourselves administrative titles in your treehouse club. The titles
are president, vice president, secretary, and treasurer. You are going to list your names on a piece of paper. The
first person on the list will be president, the second will be vice president, and so on. How many different ways
can you do this? This is exactly the same as the “1 2 3 4 problem" above— especially so if your names happen
to be “1", “2", “3", and “4".

The first number in the list can be 1 or 2 or 3 or 4. Let’s visualize them as branches of a tree.

e
1 2 3 4

If we start our list with 1, for example, the next number can be 2 or 3 or 4. If we start our list with 2, the next

number can be one of 1 or 3 or 4. In general, possibilities for “next numbers", can be envisioned like this
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N

1 2 3 4

2 341 3 41 2 41 23

If our first number is 1 and our second number is 2, our third number can either be 3 or 4. So...more branches.

U N N I

2 3
AN

3 42 4233414132 41412231312

Finally, if we start our list with 2, 1, 4, for example, we have no choice but to finish up with 3. Thus, we get the
final “leaves" on our tree.

1 2 3 4

2 3 4 1 3 4 1 2 4 1 2 3
P Y N N 1 Y N N 2 Vo N N 0 Y NN
342423341 413241 412231312
I e e e O O O R N A A
43423243413 1424121323121

Following any path from top to bottom will give a different configuration of the numbers 1, 2, 3, and 4 and all
possible configurations are shown. There are 4 branches at the top. Each has 3 offshoots, making 4 x 3 = 12
“second level branches". Each of those has 2 offshoots, making 4 x 3 x 2 = 24 “third level branches" and finally,
each of those has one final offshoot making 4 x 3 x 2 x 1 = 24 total branches representing configurations of

1, 2, 3, and 4. (Of course, we do not need to multiply by 1, but it gives a nice sense of completeness don’t you
think?).
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( N\
Definition 0.2.1
For any positive integer n, the symbol “n!" is read as “n factorial" and is
defined as
nl:=n(n—-1)(n—2)---(2)(1).

By convention (so that all will be right with the world and so that certain

generalizations will go smoothly) we define 0! to be 1

From the trees above, we have seen that the number of ways to arrange 4 distinct numbers (or people, objects,
or “things”) is 4! = (4)(3)(2)(1) = 24.

\J

T Note

In general,

.

<

n! = the number of ways to arrange n distinct objects.

From our little tree drawing experiment, we have learned at least two other things. First, if the numbers can be
“reused”, the number of branches will not decrease. For example, if we roll a fair 6-sided die 4 times we could
see outcomes like

35314 and 2111

The total number of possible outcomes will be 6 (first branches) times 6 (second branches) times 6 (third

branches) times 6 (fourth branches), for a total of 6* = 1296 outcomes.

At this point we could make another fancy box saying something like: “If we perform an experiment with
k trials and with n possible outcomes for each trial, we have a total of n* possible outcomes for the entire
experiment." However, We won’t and you shouldn’t either. If you are memorizing things for a math class
(outside of definitions), the class will get more and more and more difficult as you pile up information in your
head and eventually struggle to access it. If you are memorizing things for a math class, you are going to be
thrown off when problems have only subtle differences from ones you’ve already seen or solved. On the other
hand, if you understand and think about what you’re doing at each step, the class will get easier and easier even

as the material gets more complex!

0.2.2 Choosing Things: Order is Important

Here is the second thing we have learned from our “tree experiment". Suppose we have to choose 2 numbers

out of our 4 numbers and that “order is important”. This means that
14 is different from 4 1.

For the four people in the treehouse club, this scenario could come up if you want to choose only a president and

a vice president. You could write two names down and the first in your list will be president, while the second
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will be vice president. If, as before, the treehouse club’s members names are 1, 2, 3, and 4, the choice
1 4

means that person 1 is president and person 4 is vice president, while the different choice
41

means that person 4 is president and person 1 is vice president.

Since you have 4 choices to put in the first position (envisioned as first branches of a tree) and then 3 leftover
people to choose for the second position (second branches), you have a total of 4 x 3 = 12 possible ways to

assign names to the president and vice president positions in your list.

That was easy enough, but it will be useful to be able to come up with this number using factorials. You might
have noticed (or not) that

but let’s discuss the logic behind this. The point will be a little more clear if we increase the number of treehouse
members to five. (The only reason we didn’t start with five in the first place is because the tree diagram would
have been really wide and too cramped for these pages!)

Suppose there are five members of the treehouse club and that their names are 1, 2, 3, 4, and 5. Further suppose
that we want to know how many different ways we can choose a president and a vice president. We could list
all of the members in various orders and choose the first two people in the list to be the president and vice
president, respectively. For example, one possible listing of members is

42531

For this listing, 4 will be president and 2 will be vice president.

Another possible listing of members is
24531

In this case, 2 will be president and 4 will be vice president.

In all, there are 5! = 120 possible listings of these 5 people, but for our purpose of choosing a president and

vice president some are redundant. For example
42531 and 42135

will give the same results for our election. In fact, for this 5 person listing method, we will get the result of 4 as
president and 2 as vice president 3! = 6 different times since there are 3! = 6 different ways to arrange the three
superfluous numbers 1, 3, and 5. So, we need to divide the 120 possible ways to list 5 people by 6. In summary,
the number of ways to choose 2 people (numbers/objects/things) from 5 people (numbers/objects/things) when

order is important is
51 120
— = —=20.
3! 6



0.2 Counting

:

T " Note

-

In general, the number of ways to choose %k objects out of n objects when

order is important is n!/(n — k)!.

What we have just done is to count the number of “permutations” of &k objects out of n objects. The quantity
we came up with in the end is denoted in many different ways. One of the most popular is ,, Px. That is,

nPr =n!l/(n — k).
You will not need this notation in this course or to understand the rest of this text. If needed, we will figure out

how to choose & things out of n things with logic, just as we did in the treehouse example!

0.2.3 Choosing Things: Order is Not Important

Suppose now that we want to choose two people from our five member treehouse club to fix the ladder. How
many different possible “ladder fixing committees” are there? If we were listing out pairs of people, the order
is not important because having 1 and 4 fix the ladder is the same as having 4 and 1 fix the ladder.

We will take the same approach as in the previous section, where we list out all five names and then take the

first two names for our committee.

There are 5! = 120 ways to list the 5 names. One possibility is
42531

This particular listing of names will give us a committee consisting of 4 and 2. As before, the order of the last 3
people is irrelevant and, using all possible listings, we will get 4 and 2 for our committee 3! different ways. So,

we should divide 5! by 3! to account for this redundancy. At this point, we have 5!/3! lists we care about.

Note that, we still have some redundancy since the outcome
42531

is now the same as
245 31.

Both of these outcomes mean that our ladder committee consists of 4 and 2. In fact, every pair of people will
end up being listed 2 ways. (Note that, for ease of generalization, we will use the factorial notation and say that

the number of ways to list 2 people is 2! = 2.)

So, for our 5!/3! surviving lists, we need to divide by 2!. In summary, the number of ways to choose 2 people
(numbers/objects/things) from 5 people (numbers/objects/things) when order is not important is
5!/31 5!
21 2131
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( )

" Note

£

In general, the number of ways to choose k£ objects out of n objects when

order is not important is
n!

kK (n— k)

What we have just done is to count the number of “combinations” of k£ objects out of n objects. This quantity

is almost always denoted by the symbol ( Z ) . That is

n n!
( k ) G

This symbol is read “n choose k” and we will use it a lot!

0.3 Sample Spaces, Events, and Some Simple Probabilities

In probability, we typically use capital Roman letters like A, B and C, for example, to denote “events” which

are collections of outcomes from some experiment.

Suppose we perform the fabulously exciting experiment of flipping a fair coin 3 times. Using what we hope is

an obvious notation for the sequences of “heads” and “tails” the eight possible outcomes are

HHH,HHT,HTH,THH,HTT,THT,TTH, TTT.

Definition 0.3.1

The set of all possible outcomes of experiment is known as the sample space

of the experiment.

We will use the symbol €2 to denote the sample space of an experiment.

For this example we would write

Q={HHH HHT,HTH,THH,HTT,THT,TTH,TTT}.

Let us define the event called “A” as the one where we see at least one “heads” in our experiment. We can write
A = the event where we see at least one heads,
or, we might use the set notation

A={HHH,HHT,HTH,THH,HTT, THT,TTH}.
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When we flip the coin 3 times, A “occurring” means that the result was one of the outcomes in this set.

What is the probability that the event A occurs? That is, if we are going to flip a fair coin 3 times, what is the
probability that we will see at least 1 “heads”?

P
5 Notation
We will use P(A) to denote the probability that the event A occurs.

When A is a collection of outcomes at it is here, A “occurring” means that

when we performed our experiment it produced one of the outcomes in A.

Since 7 out of the 8 possible outcomes are included in the set A, this probability should be very high. This
conclusion, though, is based on the idea that most outcomes are in A, but, it is also based on the idea that the
coin is “fair". If the coin was severely bent or weighted in such a way that “tails” comes up 99.9 percent of the

time then we should expect that it is somewhat unlikely that we will see at least 1 heads!

Because heads and tails are “equally likely” for a fair coin, the three toss outcomes, H H H, HHT, etc. are also
equally likely. You might be thinking that outcomes like H H H or T"I"T are less likely than the others for a fair
coin. To make this even more dramatic, imagine tossing the coin 20 times. Shouldn’t the outcomes of 20 tails
in a row be very unlikely? The fact of the matter is that it will not be any more unlikely than any other specific
sequence. Just imagine flipping 20 times with the goal of getting HITHTHTHTHHTHTHTHTHT.
This would be hard to achieve! Similarly getting the elusive royal flush poker hand (ace, king, queen, jack and
ten all in the same suit) is no more difficult than getting the hand that is exactly the 3 of clubs, 10 of diamonds,
7 of spades, 3 of hearts, and the jack of spades. (Actually, it is easier since there are 4 different possible royal

flushes— one for each suit!)

Let’s get back to the question though. If we flip a fair coin 3 times, what is P(A), the probability that we will
see at least 1 heads? Since the 8 outcomes in € are equally likely and since there are 7 outcomes where we see

at least 1 heads, we have a “7 out of 8 chance” of seeing at least one heads. That is,
P(A) =17/8.
It might also be convenient (though cumbersome) sometimes for us to write this out as

P{HHH,HHT,HTH,THH, HTT, THT,TTH}) = 7/8.

e R ~
£ ¢ Note

4=)

In general, if €2 is a set of equally likely outcomes of an experiment and A

is a subset of 2, '
__ # outcomes in A

P(A) = :
(4) # outcomes in {2

This is why establishing some counting techniques in the previous sections was so important.
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Example 0.3.1 ]

If you randomly select 5 cards from a deck of 52 cards, what is the probability that you will get a royal

flush? (ace, king, queen, jack, and 10 in the same suit)

Answer:

First of all, note that order is not important here. If you are playing poker, you might be excited to have 3
aces in your hand but you certainly wouldn’t care that one of them was near your thumb and the other two

were closer to your pinky. Therefore, as we learned in Section 0.2.3, the total number of 5 card hands is

. 52
given by( 5 )

Since every 5 card hand is equally likely and since there are exactly 4 hands that are a royal flush (one for

P(royal flush ) = 4/( 552 >

Incidentally, after working out the factorials, this is 4/2,598,960 = 1.539077 x 10~ %! (< That is an

exclamation point for excitement and not another factorial!) (+— That is another exclamation point...)

each of the 4 suits), we have that

0.4 Some Very Brief Words About Independence and ‘‘Disjointness”

Independence

In the previous section, we considered flipping a fair coin 3 times. The possible outcomes were
Q={HHH,HHT,HTH,THH,HTT,THT,TTH,TTT}.
Although it wasn’t explicitly stated, the implication or assumption here is that the coin is flipped in a random

and fair way and that the flips are independent. That is, what happens on the second flip, for example, does not

depend on what happened on the first flip.

What is the probability of seeing the result H7'H? Based on the previous section, and because the outcomes
are equally likely, we know by counting that the answer is 1/8. In this section, we will tackle the problem in a
different way that does not require that we write out and count all the possible outcomes since this may not be a

reasonable thing to do for a bigger problem.

Note that the “event” HT H means that we got heads on the first toss of the coin, tails on the second toss, and

heads on the third toss. Furthermore, note that the coin doesn’t care about what toss we are on at any point so
P(heads on any one toss ) = 1/2

and

P(tails on any one toss ) = 1/2.
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Note that .
P(HTH) = 3 =

N =
N =
N | =

Property

In general, if A and B are independent events
P(A and B) = P(A) - P(B).
N—————’

P(ANB)

Applying this (generalizing to 3 events) to our problem, since the flips are independent, we have that
P(HTH) =  P(heads on the first flip AND
tails on the second flip AND
heads on the third flip )

indep P( heads on the first flip)
- P(tails on the second flip)
-P(heads on the third flip )

(The “indep” indicates that independence was used at that point to argue that equality.)

Disjoint Events

Disjoint events are events that can not happen together. For example, in our coin flipping experiment, the event
“heads on the first flip” and the event “tails on the first flip” are disjoint. you can have one happen, or the other,
but not both. This is different than the relationship between the events “heads on the first flip” and “tails on the
second flip” since it is possible that we see both events occur. Some beginners to probability often confuse the
ideas of independence and disjointness, but they are very different things. We can’t begin to talk about events
being independent if they can’t even exist in the same universe! On the other hand, disjoint events are in a sense
very dependent. If you know you got heads on the first flip, then you know for sure that you did not get tails on
the first flip.

Suppose we are going to flip a fair coin 3 times and we want to know the probability that the first two flips are

heads or the last two flips are tails. Given all equally likely outcomes
Q={HHH,HHT,HTH,THH,HTT,THT,TTH, TTT},

it is easy to get the answer by counting outcomes of interest here. There are 4 outcomes (HHH, HHT, HTT,

and TT'T) where we have the desired result, so the desired probability is 4/8 = 1/2. Note that the events “the

first two flips are heads” and “the last two flips are tails” are disjoint. They can’t happen at the same time if we

are only flipping the coin three times because we would need that middle flip to be simultaneously heads and
tails. In other words, the sets of outcomes { HHH, HHT} and { HT'T, TTT} have no overlap. Counting the
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total number of events in the union

(HHH,HHT,HTT,TTT} = {HHH, HHT} U {HTT,TTT}

is equivalent to counting the events in each of the two subsets and adding the two totals. Thus, from this counting
perspective,

P({HHH,HHT,HTT,TTT}) = P({HHH HHT})+ P({HTT,TTT})

+

o]

1
5

o]l V]
o]l ]

“Disjointness” was key. If the two subset events were not disjoint, we would have double counted some
outcomes.

Property
In general, if A and B are disjoint events

P(Aor B)=P(A)+ P(B).
—_——
P(AUB)

This is true for disjoint events even when things are not equally likely and probabilities can not be determined
by counting.

If the events are not disjoint, we must remove the doubly counted events as follows.

e N
Property
In general, if A and B are events
P(Aor B)=P(A)+ P(B) — P(A and B),
or, in better notation
P(AUB)=P(A)+ P(B)— P(ANB).
\_ J

0.5 A Brief Review of Random Variables, PDFs, and CDFs

0.5.1 Random Variables, the Bernoulli Distribution, and a Squiggly Line

A random variable is a “mapping” from the set if possible outcomes of an experiment, involving some
randomness or probability, to real numbers.
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Example 0.5.1 ]

Flip a, possibly unfair, coin that has some probability p of coming up “heads” and probability 1 — p of

coming up “tails”, where p is some fixed number in the interval [0, 1].

Define
1 ‘f Céh 29
X = , if “heads
0 , if “tails”.

Then X is a random variable that takes the value 1 with probability p and O with probability 1 — p.

We can think of it as a mapping from a set §2 into R (written X : Q — R) defined as
1 if w=H
Xw)y=4¢ 0
0, if w=T

where Q2 = {H,T'} is the set of all possible outcomes for this simple experiment.

This (0/1) type of random variable comes up so often that it gets a name!

X is called a Bernoulli random variable with parameter p. Alternatively, we say that X has a Bernoulli
distribution with parameter p.

Our shorthand notation for this will be to write

X ~ Bernoulli(p).

Sometimes you might instead see X ~ Bern(p). The symbol “~” should be read as “has the distribution”.

0.5.2 PDFs for Discrete Random Variables and the Geometric Distribution

There are two very important functions associated with random variables. One is called the

probability density function or “pdf”

and the other is called the

cumulative distribution function or “cdf”.

They are usually denoted by f and F', for the pdf and cdf, respectively.

Most of the random variables we will talk about in this course will be either discrete (taking on possible values
from a discrete set) or continuous (taking on possible values in a continuum). This section is about pdfs for

discrete random variables. Please note that most authors use the terminology “probability density function”
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and the acronym “pdf” only when talking about continuous random variables and, in the discrete case, refer to
the function about to be defined here as a probability mass function (pmf). In this text, we will not make this
distinction. A “pdf” will simply mean different things depending on whether we are talking about discrete or
continuous random variables.

First, we consider the discrete case.

4 N\
Definition 0.5.1

The probability density function (pdf) for a discrete random variable X is
the function f defined by

flz) = P(X =z).

This is also known as a probability mass function (pmf).

The right-hand side there is used to denote the probability that X takes on the specific value . X is a random

variable and x is a stand in for a specific real number that can be taken on by X.

\J

= 4 Note

N

In probability and statistics, it is customary to use capital letters to denote

random variables and lower case letters to denote specific fixed values.

[ Example 0.5.2

Suppose that X ~ Bernoulli(p). What is the pdf of X?

Answer:

Since P(X = 1) = p and P(X = 0) = 1 — p, by our definition of the pdf, we have that f(1) = p and
f(0) =1 — p. Furthermore, f(2.7), for example, is f(2.7) = P(X = 2.7) = 0, since X can only take on
values in {0, 1}. In summary, the pdf is
1—-p , z=0
fle)=qp , v=1
0 , otherwise.

In mathematics, we usually call the region on which a function is defined the domain of the function. Noticed
that the above pdf is defined everywhere (for all real numbers) but is only really “interesting” at the points z = 0
and z = 1. In general, the region where a function is non-zero is called the support of the function. If you use

these terms interchangeably, so be it— it is not the end of the world, but really they have different meanings.
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Let’s now look at another discrete random variable with a distribution thatis used so frequently that it also gets

a name.

Example 0.5.3 ]

Consider an experiment consisting of a sequence of independent trials of something where each trial can
have only two possible outcomes, usually labeled as “success” and “failure”. We will denote success and

failure by .S and F, respectively.
Let p be the probability of “success” on any one trial. Here, p must live in the interval [0, 1].

Let

X = # trials until the first success.

Then the possible values for X are 1,2,3, . ...

For example, in an idealized world, you might imagine someone shooting baskets in basketball, and X as
the number of tries they have to take until they make a basket. (In real life though, the assumptions that
the success probability is constant for all trials and the trials are independent would probably be violated as
the person could be learning from each failed attempt and making adjustments to get better or maybe their

arms are tired and they are getting worse!)

Question:

What is the pdf for X?

Answer:

Note that
P(X =1) = P(S onfirst trial ) = p.

Continuing,
P(X =2) = P(F on Isttrial AND S on 2nd trial ).

By independence of the trials, this is

P(X =2) indep P( Fon lIsttrial ) - P(.S on second trial )

= (=p)p
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Similarly,

P(X =3) = P(Fon lsttrial AND F on 2nd trial AND S on 3rd trial )

indep P(Fon lIsttrial ) - P(F on 2nd trial ) - P('S on 3rd trial )

= (1-p)-(1—p)-p=(1-p)? p

A pattern is forming! Indeed, we have
P(X=xz)=(1-p)" ' p
forx=1,2,3,....

Since P(X =) = 0forx notin {1,2,3,...}, we conclude that the pdf is
1—p)*t.p , 2=1,23...
O

0 , otherwise.

Again we have happened across a type of random variable that is so common it gets a name. X is said
to be a geometric random variable with parameter p. Alternatively, we say that X has a geometric
distribution. We write

X ~ geom(p).

Note that, using the same set up with successes and failures on independent trials, sometimes the geometric
random variable is defined as

X — # failures before the first success.

Now, if we see a success on the first trial, X will take the value 0. It is easy to adjust what we did above to show

that the pdf is now

1—-p)*-p , 2=0,1,2,...
fay={ P | 05.1)
0 , otherwise.

Although it is not standard notation out there in the world, in this text we will write
X ~ geomy(p)

to denote the random variable having the geometric distribution that “starts from 0" and
X ~ geomq(p)

to denote the random variable having the geometric distribution that “starts from 1”.

0.5.3 PDFs for Continuous Variables and the Exponential Distribution

Let X be a continuous random variable. Then X is assumed to take on one in a whole continuum of values.
For example, suppose that we randomly select a student on campus and measure their height in inches. Let X
be this height and assume we can take this measurement with infinite accuracy to as many decimal places as we

want. It seems reasonable that we could find someone on campus who is between, say 64 inches and 70 inches,
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and so talking about the probability P(64 < X < 70) makes sense. Because the range of values in the interval
(64, 66] is smaller but included in [64, 70], we would expect that

P64 < X <66) < P(64 < X <70).

(Indeed, in “event notation”, if A and B are events such that A C B, we will always have P(A) < P(B).)

Back to heights though... As these intervals get smaller, the events become even more rare. It would in fact be
very difficult to randomly select a student whose height is between 64 and 64.000001 inches. The likelihood of
finding someone to be exactly 64.00 is vanishingly small!

In fact, we always have the following.

x " Note

N

If X is any continuous random variable and x represents a specific number,
we will always have that P(X = x) = 0.

In this Section, we want to define what is meant by a pdf for a continuous random variable. It can no longer be
defined as f(z) = P(X = x), as it was in the discrete case because this is always zero and therefore would be

terribly uninteresting! Instead, we define the pdf for a continuous random variable as follows.

Definition 0.5.2

The probability density function (pdf) for a continuous random variable

X is a non-negative function f under which area represents probability.

For example, if the continuous random variable X has the pdf depicted in Figure 1(a), then the probability
P(a < X < b) is the shaded region depicted in Figure 1(b). This is computed as the integral

P(a<X§b):/bf(x)daz.

Figure 1: A pdf for a Continuous Random Variable

_f® _f®

)
SN M

X ! ' X

(a) (b)
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Since the area of the vertical lines at the boundaries of the region have area zero, we can put them in or take

them out without changing the area of the shaded region. Thus,
Pla<X<b)=Pa<X<b)=Pla<X<b)=Pla< X <hb).

Furthermore, for any a,

The pdf describes how the probabilities associated with a random variable are “distributed” over the real line.
Where is most of the area under the curve “piled up”? That is, where you are most likely to observe the random
variable if you record an actual “realization” (numerical observation) of it in the future? Thus, we will often talk
about the pdf associated with a “distribution” instead of talking about the random variable itself. For example,

equation (0.5.1) is the pdf for the geometric distribution.

Property

For a function f to be a valid pdf, we must have

f(z) >0 forall z.

For a discrete distribution, we must have
> fla)=1,
xr

and for a continuous distribution we must have

/O:of(x)dx: 1.

Example 0.5.4

Suppose that you are standing near the door of a grocery store watching customers arrive. This makes you

kind of creepy but, “whatever".
Suppose further that

o the arrival rate is a constant 15.2 people per minute, and
o the number of arrivals in non-overlapping periods of time are independent.

(Yes, it probably isn’t realistic to have the arrival rate be constant all day. Consider it an overly simplistic

model but a model nonetheless!)

Let

X = the time (in minutes) between any two consecutive arrivals.

Then we can show (in a different course in the subject of Markov Processes) that this continuous random
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variable X has the pdf

15.2 —15.2x >0
flay=¢ 7 e
0 , x<0.

X is said to be an exponential random variable with rate 15.2 or to have an exponential distribution
with rate 15.2.

We will write
X ~ exp(rate = 15.2).

Note that, if people are arriving at a rate of 15.2 per minute, then, on average, the time between arrivals
is 1/15.2 minutes. In general, if people are arriving at a rate of A per minute, then the mean “interarrival

time” is 1/ minutes.

We have

X ~ exp(rate = \) = f(z) =

Xe ™™ x>0
0 , x<0.

However, many people specify this model in terms of the mean interarrival time and call that mean A. This
would correspond to a rate of 1/ and so we write
%e‘x/ AL x>0

X ~ exp(mean = \) = f(z) = { 0 “0
, x<0.

Unfortunately, many texts use the notation X ~ exp(\) and it is up to you to look through earlier parts of
whatever you might be reading in order to figure out which of these two pdfs they are talking about. In this
text, we will almost always be thinking of it in terms of the rate parameter and we will always explicitly

write “rate = \”.

0.5.4 CDFs

The acronym cdf stands for cuamulative distribution function.

,
Definition 0.5.3

The cumulative distribution function (cdf) of a random variable X is
usually denoted by F'(x) and is defined as

F(z):=P(X <z).

This definition holds for both discrete and continuous random variables. Note that we must always have that

lim F(z)=0 and lim F(z)=1

T——00 n—oo

since X is always less than or equal to oo and never less than or equal to —oc.
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Example 0.5.5 (Discrete)

Suppose that X ~ geomg(p). Note that the “event” that { X < x} for a discrete random variable is made
up of the disjoint events of the form { X = u} where u is any number in the support of the random variable
that is less than or equal to x. (We are saying it in this weird way because, in general, discrete random

variables are not necessarily integer valued!)

Since this geometric distribution takes on values in {0, 1,2, ...}, we have, for any integer x,

Fo) ¥ Px<o

disj geom

Y P(X =) 2" 3 P(X = u)
u<zx u=0

=" éo(l —p)'p=p X (1-p)"

u=0

This is a finite geometric sum. Recall first, from Calculus, the infinite geometric sum

> 1

Srt= i ] < 1.
— 1—r

n=0

The finite geometric sum, 25:0 r™ is similar in the denominator and has the form

?

N
n __
nz:%?a 1=

Writing the left side out as 1 + 7 + 72 + - - - + 7, we see that
? = 1-rA+r+r+--+rN)

= (I+r+r2+- 4N —rQ+r+r24+-+rV)

= I4+r+r2 4+ VM) —(r+r2+r3 4. N

= 1— N+,
Thus, N
Z o 1 I r]\;H
n=0

Going back to the cdf for the geometric distribution, we have
X
Fz) = p>X(1-p"
u=0

which is a finite geometric sum with r = 1 — p and N = z. Therefore,

x _ _ \z+1
F(z) :pZ(l —p) ZPM
u=0

oy T

Here, we assumed that x was an integer. Because the distribution is integer valued, we have, for example
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that
F(5.6):= P(X <5.6)=P(X <5)=F(5)=1—(1-p)°

Because X only takes on non-negative integer values, we have that
F0O)=P(X<0)=1-(1-p)=p=P(X=0)
and that, for z < 0,
F(z)=P(X <z)=0.

In summary, if X ~ geomg(p), the cdf is
1—(1—ple+t | 2>0
0 , <0

where |z | is the greatest integer function which returns the largest integer that is less than or equal to x.

Alternatively, we can of course say that

Fl) 1—(1—-p)*t | 2=0,1,2,...
€Tr) =
0 , otherwise

Example 0.5.6 (Continuous)

Suppose that X ~ exp(rate = ). For any = > 0,
F(z) = P(X <) =", f(u)du

= [fAeMdu=1—e

Notice that the limits of integration changed because the pdf is 0 for z < 0. Technically, though it was

T 0 T
/ f(u)du = / 0du + / e M du
o —c0 0

Since the exponential distribution only takes on positive values, we have, for x < 0, that F'(z) = P(X <

unwritten, we have

x) = 0. In summary, the cdf for the exponential distribution with rate A is

1— —A\x >0
F(z) = °c =
0 , x<0.

We have seen two examples of how to get from a distribution pdf to its cdf. Suppose we want to reverse the
process. That is, given a cdf, can we compute the associated pdf?

20
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Discrete Case:

Rather than write out a formula, it is easiest to consider the cdf for a discrete random variable by example and
on a case-by-case basis. Suppose, for example, that we are dealing with a distribution that takes on only integer
values. Then we can define the pdf at, say 3 by

fB)=P(X =3)=P(X <3)— P(X <2)=F(3) - F(2).

Continuing this example, for general integer values of x, we can define

fe)=P(X=z)=P(X<z)—-PX<zxz—-1)=F(z)— F(x—1).

We would also define f(x) = 0 whenever z is not an integer or if z is an integer that is outside the support of
the distribution.

In theory, it is easy to generalize this method of recovering the pdf from a cdf for discrete random variables that

do not live on integers but the notation is kind of messy. We’ll just deal with it as it arises!

Continuous Case

It is much easier to write down a succinct formula for moving from a cdf to a pdf in the continuous case. Because
the cdf is defined as

F)= [ fw)du,

the Fundamental Theorem of Calculus gives us the following.

( N\
Property
If X is a continuous random variable with cdf F'(x), the pdf is
d
= —F(X).
fl#) = - F(X)
. J

For example, for the exponential distribution with rate ), the cdf is F'(z) = 1 — e~ for x > 0. The pdf is
therefore p p
F - —(1— -z :A—)\m

dx( e ) e

for x > 0. It is zero elsewhere.
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%Rumination

We have defined a “pdf” differently for discrete and continuous random
variables. This course will be “pdf-centric”, but if you go on to take an
advanced probability course, it will likely be “cdf-centric”. That is, the
cdf will be defined before the pdf, as

F(z):=P(X <x)
and the pdf will be defined as the derivative

d
f@) = —F(X),
if it exists. For a discrete random variable, the cdf will be a step function
that is not differentiable at many points, so someone using these definitions
would say that the pdf does not exist. When defining things in this cdf-
centric way, one would never use the term “pdf” for discrete random

variables.

0.6 The Expected Value, Expectation, or Mean of a Random Variable or a
Distribution

We will denote the expected value (also called the expectation or mean) of a random variable X as E[X].

Definition 0.6.1

I The expected value of X is a probability weighted average.

Example 0.6.1 ]

Suppose that X is discrete, taking values in {0, 1,2} with the following probabilities.
|0 1 2
P(X=z)]02 07 0.1

If you were going to get to observe a single realization of X, what do you expect to see?

Since the value 1 comes up with the highest probability, you might “expect" to see a 1. However, expectation

22
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is a probability weighted average and is not limited to the actual values that X can take on. On average,
you expect to see a 1 but you also might see a 0 or a 2. Since you have a higher probability of seeing a 0

versus a 2, the expected value is being pulled more towards 0 than 2.

The expected value of X, which we will define more formally in a moment, is

E[X] = (0)(0.2) 4 (1)(0.7) 4 (2)(0.1) = 0.9.

p
Definition 0.6.2

In general, for a discrete random variable X with pdf f, the expected value

is

EX]=) z-P(X=2)=) z- f(z).

The sum is taken over all real numbers though we can also just sum over the support of the distribution which
you’ll recall includes all z’s for which f(x) = P(X = z) # 0. In other words, if you take the sum over all real

numbers, you’d just get a whole lot of zeros!

Example 0.6.2 ]

Let X ~ geomy(p). Find E[X].

Answer:

Since
1-p*-p , 2=0,1,2...

=
=
Il
——
—~

0 , otherwise,
we have that -
EX] = Saf@)= Xz (1-p)-p
Continuing,
EX] = Yz-(1-p*-p=pX a(l-p*=pX z(1-p)* 0.6.2)
=0 =0 =1

since the sum is zero when z = 0. Hmmmm... an infinite sum. The only one of those most of us can

remember is the geometric sum
o0
1 .
> = —— if |r| <1
1—7r
n=0

which can easily be adjusted to start from different places. For example
1

- 300 3 300 3
n __ n—3 __ n __ .
P N N

n=0
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The sum in (0.6.2) sort of looks like a geometric sum with » = 1 — p. The only problem is that leading x.
Check this out:

EX] = »> a(l-p)"=p(1-p) Eﬁlx(l —p)*h

Now the summand kind of looks like a derivative. Defining ¢ = 1 — p, we may rewrite it again as

E[X] = p(1-p) i:?lwq"”*l

=1
which is a nice geometric sum. Thus
o0
EIX] = p(1-p) & > q
xr=
= p(1-p) 415

In summary, if X ~ geomg(p),

For a continuous random variable, the expected value is defined analogously with an integral in place of the

sum.

)
Definition 0.6.3

For a continuous random variable X with pdf f, the expected value is

E[X] = /o:ox - f(x)de.

Example 0.6.3 ]

Suppose that X ~ exp(rate = \). Find E[X].

Answer:
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A\

“p

Since the exponential distribution is a continuous distribution we must use the integral definition for this
expected value.
o
ElX] = Sz fz)da
= [P z-0de+ [Ca-de M dx

= [Pz AeMdz

Using integration by parts ([ v dv = uv — [ v du) with u = z and dv = Ae™*, we have

o

o —/Ooo(—e)‘x) dx.

That first term certainly evaluates to 0 when we plug in x = 0. It is also 0 at oo (technically a limit as

E[X] = —ze @

x — 00). This is because e~** goes down to zero (it is a requirement of the exponential distribution that
A > 0) faster than x blows up. Formally, this can be shown using L’Hopital’s Rule.

We are left with

oo 1

o0 1 1
E[X] = My = ——e M =-2(0—1)==
X]= [ e de= —5e =30 =

Remember, the expected value of a random variable (or, equivalently, of a distribution) is also known as its
expectation or mean. The 1/ that we found here is consistent with our discussion of rates and means at
the end of Section 0.5.3.

P
i% Notation

The mean or expected value of a random variable X is often denoted with
the Greek letter y. that is,
w = E[X].

In the case of multiple random variables, say X and Y, a subscript becomes
necessary to distinguish the means,

m=EX] and  py=E[Y].

hile people would surely understand what you mean if you instead use lowercase subscripts as in ji, and iy,

this represents a really fundamental lack of understanding about what you are doing since lowercase Roman

letters in statistics almost always refer to specific numbers and not random variables which can be thought of as

otential but yet unobserved numbers”. For the record, if ¢ is a constant, then E[c] = c. You can think of c as an

uninteresting random variable X where X = ¢ with probability 1. ThenE[c] = E[X] =c¢-P(X =¢) =c1 =c.

For example,

E[3] =3
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and, adhering to the convention of random variables being uppercase,
Elz] = x.
While we’re at it here, a mean p is also a constant. When you compute any expectation you have already sort of

“summed out” the probability. Thus, while we may have defined ;. = E[X] for some random variable X, E[y]

will just be u again!

0.7 The Variance of a Random Variable or a Distribution

The variance of a random variable X is a measure of spread about its mean. We will denote the variance of a

random variable X as Var[X].

P
Definition 0.7.1

If we use  to denote the mean E[X], then the variance of X is defined as

Var[X] := E[(X — p)?].

P
?% Notation

A variance is usually also denoted by the symbol o2 with subscripting
possible if it becomes necessary to distinguish between the variances for

different random variables.

If you were devise your own measure of spread for a random variable X about its mean p, you might use the
expected distance
E[JX — pul].

This is a fine measure of spread but it is not often used. Defining the variance as we did (with the square) will

be much more mathematically convenient even if it might not seem that way right now.

You may already be familiar with the expression

o? :=Var[X] = E[X?] — (E[X))*.

We will see in Section 0.10 that the expectation “operator” is in fact a linear operator so that, for random

variables X and Y and constants ¢ and b, we have
E[aX + bY] = aE[X] + DE[Y].
In particular,

E[X + Y] = E[X] + E[Y]

and, taking b = —1,
E[X — Y] =E[X] - E[Y].
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With this in mind, we have that
Var[X] = E[(X —p)?

= E[Xﬂ — 2pE[X] 4+ (u is a constant so E[/ﬂ] = u?)

P
Alternate Way to Compute a Variance

Var[X] = E[X?] - (E[X])?

Sometimes it will be convenient to give a measure of spread of random variable (or equivalently, its distribution)
in the same units as the original random variable. For example, if X represents the height in inches of a
randomly selected student on campus, Var[X]| will be in squared inches. Taking the square root will bring us

back to the original units and will sometimes be desirable.

,
Definition 0.7.2

The standard deviation of a random variable X with variance o2 is denoted

o =Vo? =/Var[X]

by o and is defined as

Note that

VVarlX] = \JEI(X — u)?] # E[/(X - w)?) = E[X — 4]

because an expectation is a sum or integral and sums and integrals just don’t work that way with square roots!

For example, v/2 + 3 # /2 + /3.

We will see what the actual relationship between \/E[(X — u)?] and E[\/(X — u)?] in the exercises for Chapter
2.
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0.8 Indicator Notation and a Most Useful Appendix

We have three “named” distributions so far: the Bernoulli, the geometric, and the exponential distributions. The
most common named distributions are summarized in Tables A.1 and A.2 of Appendix A. We will eventually
talk about all of the columns in these tables. As of right now, the first five columns should make sense. They
include names of distributions, corresponding pdfs, a description of the allowable parameter space (For example,
p for the Bernoulli and geometric distributions is itself a probability and can range from 0 to 1.), the mean
(expected value), and the variance for each distribution. Each pdf in the tables includes an extra part involving
an “I”’. This is an indicator function which is defined as follows.

' N\
Definition 0.8.1
Let A be a set. The function
1 , ifxeA
Ia(z) = .
0, ifzg A
is called an indicator function.
|\ J

Other common notations for this indicator function are 1 4(x), x 4(z), and the “Iverson bracket” [x € A].

With the indicator function, we no longer need to write our pdfs piecewise or to say “and zero otherwise”. For

example, if X ~ geomg(p), the pdf can now be written as

flx)=1~-p)"-p- 1{0,1,2,...}(95)'
So, for example
f@)=0=p)?p L1232 =1-p*p-1=01-p7p

while
f(25) =1 =p)*° p-Ija,.3(25) =(1—p)>° p-0=0.

In mathematical statistics, indicator functions can be very helpful! We hope to convince you of this shortly.
After all, writing down pdfs in the piecewise way, where we say “and zero otherwise” is not very hard to do.
Furthermore, we could easily get away with just writing down the “important piece” of the piecewise defined pdf

and just leave it implied that it is “zero otherwise”. Indeed, we have other reasons for using indicator functions—

the first of which we will see shortly. In the meantime, let’s just start getting used to them!

As another example, we can write the pdf for the exponential distribution with rate X as

F(@) = Ae™ I g o) (2).

28
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%Rumination

You’ll come to learn that we are very big on this indicator notation and
then you’ll notice that we do not use it when writing down cdfs. There
are two reasons for this. As for the first and main reason, there will be
several times in this course (the first being at the end of Section 0.9.3)
where being able to factor pdfs in certain ways will tell us important
things about the associated distribution only if we include the indicator
in the pdf and hence in the factorization. We won’t be talking about any
factorization theorems for cdfs. Perhaps the more important reason though
is that including indicators in cdfs can make them more, rather than less,
complicated because cdfs are not necessarily “and zero otherwise”.
Consider the continuous “uniform” distribution on the interval (0, 1) given
by the pdf
f(x) =1-Tp1)(z) = Ip1)(z)

We write X ~ unif(0,1).
For0 <z <1,

F(x)=P(X <2) :/xldu:x.
Since X takes on values between 0 and l?the probability that X is less
than or equal to, for example, —2.3 is
F(-23)=P(X <-23)=0,
whereas the probability that X is less than or equal to say 3 is
FB)=P(X <3)=1.

So, we don’t want to “zero out” the cdf everywhere off of the interval
(0,1). We could still use indicators but it is not as simplifying. For this

distribution we have

F(z) =z I1)(z) + I(1,00)(T)-
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0.9 Joint PDFs, Marginals, and Independence

0.9.1 The Discrete Case

,
Definition 0.9.1

For discrete random variables X and Y, we define the joint pdf as

flz,y):=P(X =z and Y =) notakion P(X ==x,Y =y).

Note that the = and y are just place holding dummy variables. For example,
P(X=1,Y=3)=f(1,3)

and
P(X =w,Y =2) = f(w, 2).

So, if it is necessary to be more specific about which random variables the joint pdf belongs to, we might write

itas fxy(z,y). Then, it is clear that

fxyw,z) =P(X =w,Y = z).

Joint pdfs for discrete random variables are often given in a tabular form.

Example 0.9.1 ]

Suppose that X takes on values in {—1,0, 1} and Y takes on values in {—5, 3}, the joint probabilities might

be written as

-1 0 1
0.1 0.3 0.2
0.2 01 0.1

-5

Yo 3

Reading from the table, we have, for example, that

f(0,-5)=P(X =0,Y =-5)=0.3.
Question: What is P(X = 0)?

Answer:

3
>~
I

=
I

P(X=0,Y=-5o0o X=0,Y =3).
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0.9 Joint PDFs, Marginals, and Independence

Since the events {X = 0,Y = —5} and {X = 0,Y = 3} are disjoint events, we get
P(X=0)=P(X=0Y =5 +P(X=0,Y =3)=03+0.1=04

Such probabilities for X or Y alone are often tallied up in the margins of the table as
x

-1 0 1

-510.1 03 0.2]0.6

3102 01 01|04

0.3 04 0.3

For this reason, the individual X and Y pdfs are often referred to as the marginal pdfs for X and Y'!
Denote them as fx (z) and fy (y), respectively. They may be written alone as

\—1 0 1
0.3 04 0.3

and

0.9.2 The Continuous Case

Definition 0.9.2

For continuous random variables X and Y, the joint pdf is a function

f(x,y) that defines a surface under which volume represents probability.

Analogous to the discrete case where the marginal pdfs for X and Y were gotten by summing out the values of

Y and X, respectively, we have the following in the continuous case.

,
Definition 0.9.3

If continuous random variables X and Y have joint pdf f(z, y), the marginal
pdfs for X and Y, denoted by fx(x) and fy (y), respectively are

/ f(z,y)dy
y):/_o:of(x,y)dw

and
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0.9 Joint PDFs, Marginals, and Independence

Joint and marginal pdfs are easily generalizable to more than two random variables.

0.9.3 Independence

Mirroring the independence discussed in Section 0.4, random variables X and Y are independent if their joint
pdf separates out nicely into an “z-part” and a “y-part”. Specifically, it needs to separate out into the product of

the marginal pdfs.

p
Definition 0.9.4

Random variables X and Y are said to be independent if

flz,y) = fx(z) - fr(y)-

Example 0.9.2 ]

Suppose that X and Y are continuous random variables with joint pdf
zy , 0<z<]l,0<y<?2
fla,y) = {

0 , otherwise

Alternatively, we could write this with indicators as

flz,y) =2y I(o,l)(af)f(oz) (y)-

Since this is a pdf, the total volume under this surface should be 1:
S S gy dudy = [F [y wydady

1
= f02y/ xdx dy
N

1/2

Finding probabilities here comes down to finding limits of integration. For example:

o P(X <3/4,Y >1/2) = 5’/4f12/2f(x,y)dydx =

o P(1/2< X <B,1/4<Y <1)= [}y [y f(2,y) dydx
= f11/2 f11/4 rydydr =---
(Note the limit of integration change to the “relevant part” of the = interval. The pdfis O forz =1
tox =3.)

o P(X<Y)= [y [Paydyde = [} [Yaydxdy+ [} [} zydedy = -
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0.9 Joint PDFs, Marginals, and Independence

(If you are having trouble with these limits of integration, draw the rectangle where 0 < z < 1 and

0 < y < 2 and then shade in the subregion where z < y.

The marginal pdf for X is
00 0 2 00
fx(x)Z/ f(fv,y)dyz/ 0dy+/0 :vydy+/2 0dy

You obviously don’t need to write out those integrals of 0. We are just making the point that you should,

in general, integrate over all values of y from —oo to co. So,

00 2
fx(z) = / f(z,y)dy = / zy dy = 2.
—o0 0
We are not finished until we write the support (the = values where it is non-zero) of fx (z):
fx(x) =2z, 0<z<Ll.
The pdf is zero otherwise. We could use an indicator to write

fx(x) =2z [g1)(),
or we could have taken care of this automatically using indicators from the beginning:

fx(x) = [ flz,y)dy = [To xy L) (2)0,2)(y) dy

= 2z I(O,l)(gj)

Wow! So precise and neat! Are you sold on indicators yet?

The marginal pdf for Y is
frly) = 5 fl@y)de = [2 2y L1 (2)02)(y) dz

= ylo2 ) o Lo,1) dx

1
= yI(o,Q)(y)/O z-ldx

1/2

= %Z/ 1(0,2)(3/)-

Since f(z,y) = fx(x) - fy (y), we have that X and Y are independent.
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( )

£ 4| Note

If we just wanted to show independence, is it really necessary to go through

-

the work of finding the marginal pdfs? Can’t we just say that the pdf
f(z,y) = xy factors into an “z-part” and a “y-part even if we don’t know

quite how the constants will sort out to make marginal pdfs?

The answer is yes, if we use indicators!!! (See exercises.)

Example 0.9.3 (Continuous) ]

For the last example, we have

f(xy) =2y Loy (2) o2 (y) = ($1(0,1)($)) ' (yf(og) (y))
r—part y—part
= X and Y are independent

Next up though is an example of a pdf that factors into an “z-part” and a “y-part but where X and Y are not
independent. This is why we must include the indicators if we want to use this “lazy” (no work to find marginals)

way to show independence.

Example 0.9.4

Suppose that X and Y are continuous random variables with joint pdf

f(xay):{

8zy , O<zr<y<l1
0 , otherwise

For practice in finding regions of integration, let’s check that this pdf integrates to 1.

1

= fol&x/ ydy dx
N
L)

= f014x(1—x2)d1‘:---:1 v

(To get these limits of integration, sketch the region where 0 < z < y < 1. It is triangular. Take any x

between 0 and 1. For each such fixed z, y then ranges from z to 1. If you want to do the integral in the
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0.9 Joint PDFs, Marginals, and Independence

opposite order, take any y between 0 and 1. For each fixed y, you’ll see that x ranges from 0 to y. So, the

double integral can also be written as fol /, yl 8xy dx dy.)

To find the marginal pdf, fx (z), for X, think of z as any fixed number between 0 and 1. For any fixed x, y

ranges from z to 1. Thus, we get
1

o0 1
fX(:c):/ f(x,y)dy:/ 8xydy:8:c/ ydy = 4z(1 — 2%).
— 0o x €T
This holds for 0 < & < 1. The pdf is 0 otherwise. We could just tack on an indicator in order to completely

describe fx(z) or we could have used indicators from the beginning in the joint pdf.

Note that the joint pdf could be written with indicators in two ways:

f(x,y) = 8zy Li0,1)(y) L0,y (%) = 8xy L19,1) (%) L(z,1)(y)-

To find the marginal pdf for X, we should use the second representation since it has an indicator that is

purely in terms of = which can be easily pulled out of an integral with respect to y:
fx(x) = 25 f(@y)dy = J23 8zy L(o,1)(2) I (1) (y) dy

= 8z I1(%) [y @) (y) dy

= 8zl (@) [}y 1dy =4z (1 — 2%) [ o) ().
The marginal pdf for Y is
) = J2 fl@y)de = [22 8y Lio,1)(y) Loy (z) dx
= 8yl1)(y) [Zo0 T L0y (7) dz

= Sylon(y) [z 1dy = 4y> Lo 1) ().

Clearly, we do not have that f(z,y) = fx(z)- fy(y). Thus, X and Y are not independent. We could have
seen this without first finding the marginal pdfs since the indicators in the joint pdf can not be separated

into an “z-part” and a “y-part”.

While the definition of independence says that X and Y are independent if the joint pdf can be factored into a
product of the marginal pdfs, we tried to claim here that maybe we had independence if the joint pdf just factors
into an x-part and a y-part and that we can leave it up to someone else to find the marginals. This claim appears
to fail for the joint pdf f(z,y) = 8xy, which can be factored. However, the x and y were still tied together in
the condition that 0 < x < y < 1. If we included this constraint in the joint pdf with indicators, we actually

can show independence. We have the following.
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( )

Property

Random variables X and Y are independent if

f(z,y) = g(x) - h(y).

for some functions g and h, as long as we include indicators in the joint pdf!

The proof of this property is left as an exercise.

For the previous example, the indicator part of the joint pdf was written in two ways,

TonyW) Loy (x)  and  Igq1)(2) L121)(y),

but neither representation completely factors into an z-part and a y-part.

0.9.4 “Twisted” Indicators

Such “twisted indicators”, as in the example at the end of the previous section, where the x and y parts are all
“mixed together”, can sometimes be sorted out and separated. To see whether or not this is the case, it is often

helpful to sketch the region where the product of the indicators is equal to 1.

Consider for example,
1(0,00) (xY) - L(0,00) (y — Y).-
This product of indicators takes the value of 1 whenever both
0<zy <oo and 0<y—ay < oo,

otherwise the product will be 0.

It is helpful to rewrite that second inequality as 0 < y(1 — x) < oo. Then we see that it will hold when y > 0
and z < 1 OR when y < 0 and x > 1. Figure 2 shows places where /(g )(zy) equals 1 using horizontal lines

and places where I o) (y — xy) is 1 using vertical lines.

Both indicators (and hence their product) is 1 on the region where 0 < x < 1 and 0 < y < oo. Thus, we have
that

L10,00)(TY) - 000y (Y — 2Yy) = L(0,1) () - L(0,00) (¥)-

Note that the indicators then factor into an “x-part” and a “y-part”. This would help us to establish independence

of random variables X and Y, assuming the rest of their joint pdf factors as well.

You will be able to split up indicators like this whenever the region they describe is rectangular. Take a
moment to sketch the region that the random variables X and Y live on in Example 0.9.4. It is triangular, and

no amount of rewriting is going to allow us to completely separate the indicators into an x part and a y part!
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Figure 2: Sorting Out a Product of Indicators

M

0.10 Useful Properties of Expectation, Variance, and Covariance

In this section we define what is meant by “covariance” and establish several properties of the expectation and
variance operators. All proofs will be given for continuous random variables. They can easily be rewritten for

the discrete case as well.

1. Suppose that X is a random variable with pdf f. Let g be any function. Then
o
Elg(X)) = [ gla) f(a) da. (0.10.3)
— 0o

Wait, what?!? Does that make sense to you? Shouldn’t we think of g(X') as a new random variable and
use the pdf for this new random variable when finding the expectation? For example, maybe we should
define the random variable Y = ¢g(X), figure out the pdf, fy, for Y and compute

Elg(X0) = EN = [ fr(w)dv 0104

Yes, as a matter of fact, we should. However, it turns out that the integrals in (0.10.3) and (0.10.4) will
give us the same thing! So, we’ll generally use (0.10.3) since it does not involve the extra work of first
finding fy. We will prove the equivalence of (0.10.3) and (0.10.4) in Section 1.5.1 after we have some
more machinery built up. Equation (0.10.3) is called the Law of the Unconscious Statistician. We
suppose this is meant to express that it is done without thinking but we don’t know anyone who can do

Statistics while unconscious. Do you?
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2. Expectation is a linear operator.

——
_—

Let X,Y be random variables and let a, b be constants. Then

E[aX + bY] = aE[X] + bE[Y].

To prove this, note that, since the left-hand side is a function of two random variables, it needs to be

computed by multiplying against the joint pdf for both random variables. This is a generalization of
(0.10.3) for the case of a vector-valued random variable Z = (X,Y") and the function g(Z) = aX + bY.

We get
ElaX +bY] Joo S (az + by) f(2,y) dx dy
a % [% af(x,y)dedy +b [ [% yf(z,y)dedy
a %% J2eaf(zy)dyde +b [2 [Z yf(z,y) dedy
a % w [Z5 f(zy)dyde +b 7y [2, fz,y)dady
a [Zgafx (@) de+b 25 yfy (y) dy
aE[X] + bE[Y]. v
( A
Property
In general, for random variables X;,X5,...,X,, and constants
ai,as,...,a,, we have
i=1 i=1
(. J
3. Expectations of products factor if things are independent.
4 N\

Property

If X and Y are independent random variables, then

E[XY] = E[X] - E[Y].
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EXY] = 2 /Zowy f(x,y)dedy
TIPS Sy fx(@) fy(y) da dy
= JZoufv(y) [Z v fx (@) da dy
= [Zoufy(yE[X]dy
= EX] [T ufy(y)dy

= E[X]-E}Y] v
It is important to note that the reverse is not necessarily true— the expectation factoring like that does
not necessarily imply that X and Y are independent. For example, let X take on values —1, 0, and 1,

with respective probabilities 1/4, 1/2, and 1/4, and let Y = X2, Then, it is easy to see that E[X] = 0,

and, we also have

E[XY] = E[X?] = (-1)°(1/4) + (0)*(1/2) + (1)*(1/4) = 0.

Thus, E[XY] = E[X] - E[Y], but X and Y are most certainly not independent!

( )

Property
In general, if X and Y are independent, then for functions g and h,

Elg(X) - h(Y)] = E[g(X)] - E[A(Y)].

- J

The proof of this property is very similar to the proof of the previous property.

. The variance of a random variable X is a measure of spread about its mean. Recall, from Section 0.7,
that we use y to denote the mean E[X ] and o2 to denote Var[X], and that the variance of X is defined by

Var[X] = E[(X — p)?].
Also, recall that we have an alternate, and usually more computationally convenient, formula
Var[X] = E[X?] — (E[X])*.
which we have already proven in Section 0.7. From either the original definition of variance or from this

alternate and usually more computationally convenient formula, it is easy to verify that
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Property
Var[aX] = a® Var[X]

for any constant a € R.

Let us consider now Var[X + Y] for two random variables X and Y.

[ In general, Var[X + Y| # Var[X] + VarlY]. ]

As you might have guessed, the “square” in the definition of variance just makes things “ooky" here. In

order to write down an expression for Var[X + Y], we first need to discuss the concept of covariance.

. The covariance between random variables X and Y is defined as follows.

)
Definition 0.10.1

Cov(X,Y) = E[(X — px)(Y — py)]

\- J
where px = E[X] and iy = E[Y].

Covariance is a measure of the strength of a linear relationship between two random variables. For

example, suppose we have random variables X and Y with some realizations depicted as in Figure 3
along with dashed lines representing their means. Note that these means, px and uy, are true expected
values based on some knowledge of the distribution of X and Y. These are different from “sample
means”, denoted by X and Y, which are computed by averaging the finite number of data values. (Now
if you didn’t know px and py-, one’s natural inclination might be to look at some data and estimate them
with X and Y, respectively. Assessing whether or not this is a good idea will be a central theme of this
text!)

The plot in Figure 3 is separated into four quadrants based on the locations of the distribution means. In
this particular case, the depicted realizations of the random X -Y pairs are such that the majority of points
fall in the quadrants where both X and Y are greater than their means or both are less. In other words,
most observations fall where both X — px and Y — py are positive or both are negative. In even more
words, most fall in places where the product (X — px)(Y — py) is positive. The covariance between X
and Y is defined as the expected value of this product. Recall that this is a probability weighted average of
this quantity. If we just averaged the numerical values observed for that product, we would likely produce
a positive number (called the sample covariance). So, it is likely the true distribution covariance is also
positive.

The bottom line is again that covariance is a measure of the strength of a linear relationship between two
random variables. If X and Y have a positive covariance, we can roughly say that as one increases the
other will tend to increase as well. (Think height and shoe size!) If X and Y have a negative covariance,
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Figure 3: A Positive Covariance
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g
<
Iy realizations of X

we can roughly say that as one increases the other will tend to decrease. (Think oil production and gas
prices!) A covariance close to zero may appear as a circular cloud of points where it doesn’t appear that

X and Y are even related as well as a strong distinct relationship where upward and downward tends are
able to cancel each other out!

Note that
Cou(X,Y) = E[X —pux)Y — py)]

= E[XY — uy X — puxY + pxpy]

= E[XY]— uyE[X] — uxE[Y] + pxpy
= E[XY] - pypx — pxpy + pxpy

= E[XY]—pxpy

— E[XY] - E[X]E[Y]

Here are some properties of covariance.

A) Since Cov(X,Y) = E[XY]—E[X]E[Y] we see that, if X and Y are independent, Cov(X,Y) = 0.
Again, the reverse is not true. (See the example above in item number 2 on this list.)

B) Using properties of expectation, it is routine to show/see that

Cov(aX,Y) = aCov(X,Y)
Coo(X+Y,Z) = Cov(X,Z)+ Cov(Y,Z)

Cov(X,Y) = Cov(Y,X).
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That last part allows us to easily conclude that we also have Cov(X,0Y) = bCov(X,Y) and
Cov(X,Y 4+ 7Z)=Cou(X,Y)+ Cov(X,Z).

C) Itis also easy to see, by inspection of the definitions, that

Var[X] = Cov(X, X)

4 3\
Property
In general, for random variables X1, Xo,..., X, ¥1,Y5,...,Y}, and
constants a1, as, . .., an and by, ba, ..., b,,, we have
n n n m
CO’U(Z aiXZ-, Z bJY;) = Z Z aibjCOU(XZ', YJ)
i=1 j=1 i=1j=1
g J

6. Now that we have defined covariance, we are ready to deal with the variance of a sum of random variables.

Property
Var[X + Y] =Var[X]+ Var[Y] +2Cov(X,Y)

To see this, write
Var[ X +Y] = Cov(X+Y,X+Y)

= Cov(X,X)+ Cov(X,Y)+ Cov(Y,X)+ Cov(Y,Y)
= Cov(X,X)+2Cov(X,Y)+ Cov(Y,Y)

= Var[X]+2Cov(X,Y)+ Var[Y]

Plugging in —Y for Y and noting that Var[-Y] = Var[(-1)Y] = (=1)*Var[Y] = Var[Y], we see
that
Var[X = Y] =Var[X]|+ VarlY] —2Cov(X,Y).

Note that, for independent X and Y, the fact that Cov(X,Y’) = 0 implies that
Var[X +Y] = Var[X]|+ Var[Y]

and
Var[lX = Y] =VarX]+ Var[Y].
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( )

Property

In general, for independent random variables X7, Xo, ..., X, and constants

ai,as,...,a,, we have

n n
Var [Z aiXi] = Z a?Var[X;].
i=1 i=1

G J

0.11 Conditional PDFs

The information in the Section is not needed until Chapter 5. We recommend skipping this Section for now in

order to get your MathStat journey underway and then coming back to it if needed.

Suppose that we randomly select a card from a standard deck of 52 playing cards. What is the probability that
it is a “king”? The answer is 4/52 or 1/13 because all cards are equally likely to be chosen and because there

are exactly 4 kings among the 52 cards.

Now, suppose that we randomly select a card from a standard deck of 52 playing cards, someone else gets a

look at it, and tells us that is is a “face card”. A face card is either a “king”, “queen”, or “jack”, and there are 4
of each in the deck. With this additional information, what is the probability that it is a king?

This information will help us narrow down the possibilities. We are restricted to only 12 equally likely cards
and the chance that we have selected a king is 4/12 = 1/3.

A probability computed in light of some information is called a conditional probability.

The information that the card is a face card is given information and the probability of interest is denoted as
1
P(king | face card ) = 3

with the vertical line read as “given”.

A Venn diagram, as in Figure 4, is often useful for coming up with rules of probability. The rectangle represents
the entire sample space and is presumed to have area 1. Let A and B be two events in the sample space which
are depicted as circles. The probability that the event A occurs, for example, is represented as the area of
the A circle. If we are given that the event B has happened, we can rule out most of the rectangle and focus
our attention on the B circle only. The probability of an event A happening given that we know event B has

happened is a fraction of the area of B.

4 N\
Definition 0.11.1
In general, if A and B are two events, the conditional probability that A
occurs given that B has occurred is denoted and defined as
P(ANB)
P(A|B) = ———
. J
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Figure 4: The Conditional Probability P(A|B)

Q
Returning to our card selection example,
) P(king and a face card)
P (king|f: d) =
(King|face card) P(face card)
Since a king is always a face card, this becomes
, P(king and a face card) P(king) 4/52
P(kingf: d) = = = =
(Kinglface card) P(face card) P(face card)  12/52

which is the same thing we got when we reasoned our way through the problem.

0.11.1 Discrete Random Variables

Let X and Y be discrete random variables. The probability
P(X ==xz,Y =y)

1

37

is read as “the probability that X equals = and Y equals y”. This is the same thing as P(A N B) if we define
A to be “the event that X = x” and define B to be “the event that Y = y”. Thus, we know how to define the

conditional probability that X = x given that Y = y.

,
Definition 0.11.2

X = x given that Y = y is denoted and defined as
P(X =2z,Y =y)

P(X =z|Y =y) = PY =)

In pdf/pmf notation, we can write this as

frv(aly) = DD,

For discrete random variables X and Y, the conditional probability that

Note that, for any fixed y, fx|y (z[y) is just a pdf in z. As such we have that
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> Ixp(ly) =1

and, for example, that

PA<X<3Y=y)= > fxylaly).
{z:1<2<3}

Note that we did not write

3
PA<X <3y =y)=> fxy(zly)
=1

since X being discrete does not imply that X is integer-valued!

0.11.2 Continuous Random Variables

As we know, probability density functions for continuous random variables do not represent probability. They
are curves under which area represents probability. If X and Y are continuous random variables all probabilities

in Definition 0.11.2 are zero. However, we do still use an analogous definition for the conditional pdf.

4 )
Definition 0.11.3
For continuous random variables X and Y, the conditional pdf for X given
Y = y is denoted and defined as
fX Y (.Z', y)
Fxiy (@ly) = =—=——=—.
xiy (@l fr(y)

. J

As in the discrete case, for any fixed y, f X|y(x\y) is just a pdf in x. As such we have that

oo
| ravlalydz =1
—o0
and, for example, that

3
PUSX <Y =9)= [ fuylaldz

The fact that we have the given information that Y = y does not contradict what we have said about continuous
random variables and probabilities. Recall our experiment of Section 0.5.3 where we randomly selected a
student on campus and measured their height in inches. We assumed that we can measure with infinite accuracy
in order to make the height a truly continuous random variable. While there is zero probability that the randomly
selected student has a height of 64.01782317 inches, once we have measured them we do have an exact value
for their height. So, it is valid to say that a continuous random variable Y is equal to something as long as we
are on the right side of the conditional line in a probability statement.
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0.11 Exercises

0.11.3 Conditional Distributions and Independence

In Section 0.4 we said that random variables X and Y are independent if their joint pdf factors into a product
of their marginal pdfs:

fxy(@,y) = fx(x)- fyr(y)

If X and Y are independent, we have
fX,Y('Ia y) iniep fX(‘T)fY(y) — fX(x)

Davlel) ==y = T R

This is a highly intuitive result. If X and Y are independent, the fact that we are given a value for Y is irrelevant
when looking at the distribution for X.

On the other hand, suppose we know that
Ixy(zly) = fx(z). (0.11.5)

For this statement to make any sense, we have to assume that y is a possible value for Y, otherwise, it would
never have been observed. This implies that fy (y) # 0 and so the left-hand side is defined. Rewriting (0.11.5),

we have Fe )
xy\&,Yy)

and therefore that

fxy(@,y) = fx(x)- fr(y)

This gives us an alternate equivalent definition of independence.

Definition 0.11.4

X and Y are said to be independent if
fxy (zly) = fx(2).

Chapter 0 Exercises

1. Suppose that X and Y are discrete random variables with joint pdf

2Tty
flz,y)=c iyl Lo, 3 (@) 012,53 (Y)

(a). Find the constant c.

(b). Find the marginal pdfs of X and Y.

(c). Are X and Y independent? Explain.
2. Let X and Y have the joint pdf

fx,y) = ce™ Vg4 (%) (0,00)(¥)

46



0.11 Exercises

for some constant c.
(a). Find the value of c that makes this a valid pdf.
(b). Find the marginal pdfs for X and Y.
(c). Are X and Y independent? Explain.
(d). Find the expected value of X.
3. Let f(z) = ce"Ij1)(x) + ce” 211 o) where ¢ is some constant.
(a). Find the constant c that will make f a probability density function.
(b). Find the corresponding cumulative distribution function F'.
4. A regular tetrahedron (4 sides) with sides numbered one through four is tossed twice. Let X be the larger
of the two “down faces”. (The tetrahedron shape does not allow a side to be face up. Just think of this as
a four sided die and let X be the larger value obtained in two tosses.)
(a). Find the pdf of X.
(b). Find the expected value of X.
5. Suppose that X ~ Bernoulli(p). Verify the following quantities that can be found in the table of
distributions from Appendix A.
(a). Find the expected value of X.
(b). Find the variance of X.
6. Suppose that X ~ exp(rate = ). Verify the following quantities that can be found in the table of
distributions from Appendix A.
(a). Find the expected value of X.
(b). Find the variance of X.
7. Suppose that X and Y have joint pdf given by

f(w,y)={

(a). Rewrite this joint pdf using indicator notation. (Note: There is more than one way to do this.

172, -l<z<y<l
0 , otherwise

Choose one!)
(b). Find E[X] and Var[X].

8. Suppose that X and Y are independent random variables with X ~ Bernoulli(p) andY ~ Poisson(\).
(We have not talked about the Poisson distribution yet in this text but you can find the necessary pdf in
the table of distributions in Appendix A!)

Find the joint probability P(X = 1,Y = 3).

9. Suppose that X is a continuous random variable with pdf

@) = {75 oo @)

(a). Find, using your table of distributions, the expected value of X . That is, first identify the distribution
by simply matching this pdf with one in the table and then pulling the expected value (mean) from
the table without any actual computation.

(b). Find E[X?]. (Don’t make this too much work. Can you get this from the table of distributions?)

(c). Consider a random triangle whose sides are of length X and X + 1. Determine the expected value
of the area of the triangle. (You may also quote values from the table of distributions here.)

10. Suppose that X is a continuous random variable with pdf f(z) = 3z 1)(x).

(a). Find, using the table of distributions from Appendix A, the expected value of X. That is, first
identify the distribution by simply matching this pdf with one in the table and then pulling the
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0.11 Exercises

11.

12.

expected value (mean) from the table without any actual computation.
(b). Consider a random rectangle whose sides are of length X and (1 — X). Determine the expected
value of the area of the rectangle. (You may also quote values from the table of distributions here.)
In this chapter, we had a brief discussion about the covariance between random variables X and Y and,
in particular, the relationship between X and Y when they have a positive versus negative covariance.
The magnitude of a covariance, however, is difficult to interpret on its own and may only be interesting
when compared to another covariance. Instead, one may wish to consider a “standardized” version of
covariance that is bounded between —1 and 1.
The (linear) correlation between two random variables X and Y is often denoted as px y and is defined
as
XY ‘= TXY
0X0y
where ox y := Cov(X,Y).
(a). Show that —1 < pxy < 1.
(b). What can one say about the relationship between X and Y if their correlation is a perfect plus or
minus 1?

Suppose that X and Y are continuous random variables with a joint pdf of the form

fz,y) = [9(z) Ia(2)] - [h(y) Tn (y)]
for some functions g and h and some sets of real numbers G and H. As the notation suggests, the sets
sets are constant in that, for example, we do not have G = G(y).
Show that, even thought g and h are not necessarily pdfs, X and Y must be independent.

. Suppose that X7, Xo b Poisson(X). Find P(X = z|X +Y = n). Can you name this conditional

distribution?
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Chapter 1 MathStat Preliminaries: Four Important Tools for

Mathematical Statistics

1.1 Wait. Where are we going?

Recall the exponential distribution introduced in Section 0.5.3. If X ~ exp(rate = ), then X has the pdf

fz) =

Xe ™™ x>0
0 , <0

which looks like this.

Recall that probabilities associated with X are determined by computing areas under this curve. Since the bulk
of the area is on the lower end of the positive x-axis, we have higher probabilities of seeing lower values of X.
(Though without any scale shown on the axes it is difficult to say what “lower” really means!)

Suppose that we are going (in the future) to observe an actual numerical value for X. Actually, suppose we
are going to observe n values for X. Let’s call these, yet unobserved (so still random) values X1, Xo, ..., X,,.
For example, if this is the exponential distribution of Section 0.5.3 that describes a grocery store customer
interarrival time, let’s position ourselves at the door and get ready to record the interarrival times for the next n

customers.

Once customers start arriving, we will record actual numbers for the interarrival times. These numbers are
said to be “realizations” of the random variables X1, Xo, ..., X,,. The probability that a customer interarrival
time is less than 0.3 minutes is theoretically given by the area under the curve depicted above over the interval
(0,0.3). If we want to try to estimate this using our “data”, we should compute the proportion of values in our
list of realizations that are less than 0.3. In general, if we make a histogram of these realizations, scaled in such
a way that the area of a bar over an interval represents the proportion of values in that interval, then the area of
that bar should be approximating the desired probability and therefore should be approximating the true area
under the pdf.



1.1 Wait. Where are we going?

Here is such a histogram of 10 realizations of X where X ~ exp(rate = 15.2).

Histogram of 10 Interarrival Times

20

15

10

Density

[ T 1
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

That doesn’t look much like the exponential pdf. However, with more data/realizations, we get the following.

Histogram of 10,000 Interarrival Times

10

Density

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Overlaying the pdf f(z) = 15.2¢71%2% for x > 0 gives us a pretty good fit!
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1.1 Wait. Where are we going?

Histogram of 10,000 Interarrival Times

10

Density

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Suppose now that we only have those 10,000 data points and the belief that they came from an exponential

distribution, but we do not know the value of A\. How would you estimate \?

We could use the fact that 1/ is the expected value (mean) for the exponential distribution. Recall that this is a
probability weighted average. We could just average the 10,000 values we sampled/recorded. They already have
their “probability weights” built-in in the way they were generated, with, for example, lower values coming out
more often. This average is known as a sample mean and is denoted by Z. If we have yet to record numerical
values but are planning on recording 10,000 of them and averaging them, we would denote the sample mean

with the X, which is another random variable.

Using the observation above about the expected value or “distribution mean” and the sample mean, one plan for

estimating A is to think that
1A~ X

and to solve for A. This gives
A~ 1/X.

So, once we get the data and compute the sample mean, we could flip it over and use that to estimate the
unknown A. Note that those two approximations are weird things to write because, in both cases, the left-hand
side are non-random constants and the right-hand sides are random variables! We will talk about what is really

meant by such an approximation in Chapter 2.

An alternative way to estimate the unknown A might be to notice that it is the y-intercept on the graph of the
pdf. Could we make a more refined histogram with really thin bars and try to estimate A using the height of the
first bar? In the last histogram shown above, the first bar is quite a bit lower than 15.2. If we made each bar half
as wide, the first bar would likely shoot up much higher. What if we made them one quarter as wide? Surely we
couldn’t keep shrinking them because we only have a finite amount of data and so we would only have a very

small number of values in very small intervals. Indeed, the first bar height/area might shrink to zero!
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1.2 Important Tool I: Finding Distributions of Transformations of Random Variables

It seems that the “y-intercept idea” is somehow not as “solid” as the sample mean idea. A large part of
mathematical statistics is coming up with ways to estimate parameters after we first quantify what is meant by
a “good estimator” and what is meant by a “better estimator”. This is the subject of Chapter 2. Before we get

started, we are going to need some more tools under our belts! Oh, and a very special trick.

1.1.1 A Very Special Trick

Suppose that we want to compute the following integral.

(oo}
/ 3e %% dz.
0

While the computation is not too hard, we can avoid integrating completely by noting that the integrand almost
looks like the pdf for an exponential distribution. In particular, ignoring the constants and just looking at “the
x part" of the integrand, this appears to be an exponential pdf with rate A = 2. Still, the constant in front of the

integrand is not quite right. Let’s make it right! We can write

* —2x 3 [ 2 3 3
3 e dr = — 2e de=—--1=—.
0 ~— 2 Jo — 2 2
like an is an
exp(rate=2) exp(rate=2)
pdf pdf

We managed to compute an integral by recognizing that it is basically a pdf integrated over it’s entire support
set after is is adjusted a bit. The more pdfs you come to know, the better your chances will be to be able to turn
an integrand into a pdf that you know integrates to 1. We will call this “integrating without integrating”". What

a clever name!

There is, of course, an analogue to be made for “summing without summing" when working with sums and

comparing them to discrete distributions.

1.2 Important Tool I: Finding Distributions of Transformations of Random

Variables

1.2.1 The Discrete Case and the Binomial Distribution

Let’s use this opportunity first to introduce, or possibly recall, another distribution.

Consider a sequence of n independent trials of an experiment where each trial can result in either “success” (.5)
or “failure” (F'). Suppose that the probability of success remains the same from trial to trial. Call it p where
0<p<1l
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1.2 Transformation Distributions

Let

X = # of successes in n trials.

While it looks similar, this is different from the geometric random variable introduced in Chapter 0. There, we
continued trials until the first success. Here, we will have a n (a fixed number) of trials and will count up all of
the successes.

In this case, X is said to have a binomial distribution with parameters n and p.

We write

X ~ bin(n,p).
As the number of successes in n trials, X can take on values in {0, 1,2,...,n}.
The pdf is

f(z)=P(X =x2)=P(SSFSF...F or SFSFS...S or...)

where each listed configuration of outcomes includes exactly x S’s and exactly n — x F’s. Since the outcomes

are disjoint, we get

f(x) = P(X =) = P(SSFSF...F)+ P(SFSFS...S)+--- (1.2.1)

Since the trials are independent,
P(SSFSF...F)=p-p-(1-p)-s-(1-p)---(1=p)=p*(1—p)""
In fact, every term in (1.6.3) gives that same probability since every term has the same number of S’s and F’s!

So,
f@) = P(X =2) = ¢ p*(1 - )~

where c is the number of terms in (1.6.3).

How many ways are there to write down sequences of n .S’s and F’s with exactly x S’s? We need to choose x

slots out of n in which to put the S’s. There are

n n!
< x ) - zl(n —z)!

So, we have seen that X ~ bin(n, p) means that X has pdf

ﬂmzmxzmz(

Check out the binomial distribution in the distribution tables in Appendix A.

different ways to do this. Thus,

n

. ) p*(1=p)"""Loa,. ny() (1.2.2)
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1.2 Transformation Distributions

We are ready for our first transformation.

Example 1.2.1 ]

Suppose that X ~ bin(n, p). Find the distribution (Name it!) for the random variable Y :=n — X.

The answer to this one is quite “guessable”, but let’s go through the motions anyway since this will not
always be the case.

The pdf for Y is
rly) = PY =y)=7

What choice do we have but to use the fact that Y = n — X? We don’t know anything else about Y. Just

do the problem and don’t worry about a “formula” for transforming the pdf! We have,
frly) = PY =y)=Ph-X=y)
Now, we do know how to compute probabilities of the form P(X =?), so, solve for X here to get
frly) = PY =y)=Pn-X=y)=PX =n-y)
and use the pdf for X, plugging in n — y where there were s in (1.2.2):
frly) = P¥ =y =Ph-X=y)=PX=n-y)

1.2.2 n
(1.22) ( > Pyl _p)"_("_y) 1{0,1,.,.,n}(n —y)
n—y

— ( " > p" V(1 =p)¥ Lo, (Y)

n—y

We simplified the exponent n — (n — y) for obvious reasons, but we also simplified the indicator (see below

for an explanation of how) for two reasons.

1. It’s good form. After all, you are reporting a function of y. Why would you say “This holds for n — y
in the set {0,1,2,...n}.” as opposed to saying what y alone can be?

2. It will make it easier to recognize the distribution of Y.

To simplify the indicator I1g 1 . »}(n — y), note that is is equal to 1 whenever

n—y=0,1,2,....,n.
But,
n—y=0 = y=n,

n—y=1 = y=n-1,
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1.2 Transformation Distributions

n—y=n = y=0.
So, y takes on values in {0, 1,...,n}.

(Another note on good versus bad “form”: order is unimportant for listing elements in a set, but, in my
opinion, to say that “y takes on values in {n,n —1,...,0}” is kind of weird and, also in my opinion, shows
that you are just “plugging and chugging” through steps of a problem without really thinking about what

you’re doing.)

In summary,

Lo,y —y) = Lo, 0y (),

so the pdf for Y is
n

> pY(1 —p)n () Lo 1,03 (Y)-

n—y

When trying to match this up to a distribution in our table of distributions, you will see only two discrete
distributions with this type of indicator. One is the discrete uniform distribution whose pdf does not at all

resemble this pdf and the other is the binomial distribution. Note that

n\ n! B n! B n! B n
y ) Y=y (-yly m-»n-n-y) \n-y)
Moving the p’s around, we can write the pdf for Y as

fr(y) = ( Z ) (1=p)p" VI, . (Y)

to see that

’owz’n(n,l —p).‘

Surprised? Probably not. If X is the number of successes in n trials, then Y = n — X is the number of

failures. Relabeling successes as failures, the “success probability” is now 1 — p.

Probability density functions of transformations of random variables do not always turn out to be those of
nice “named” distributions. When we ask you to “Find the distribution.”, we will mean a named distribution,
otherwise we would have just asked you to “Find the pdf.” To be more clear, we will follow “Find the
distribution.” with “(Name it!)” Looking first at the indicators in the table of distributions is a good way to

narrow down the possibilities.

1.2.2 The Continuous Case and the Gamma Distribution

In the discrete case, we didn’t need some sort of general formula for making a transformation of pdfs from one
random variable to another. Since pdfs were probabilities, it was easiest just to write out what we want and what
we know and to go! In the continuous case, the pdf no longer represents probability (i.e. f(x) # P(X = x)), so

the approach from the discrete case will not make sense. The good news though is that we do have probabilities
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1.2 Transformation Distributions

in the cdfs! So, the plan will be to find

Fy(y) = P(Y <y) ="+

and then in the end to find the pdf for Y using the fact that

fr(y) = ;;Fy@).

Suppose that X has pdf fx(z) and cdf Fx(x).

Suppose that Y is defined as Y = g(X).

We will assume that g is invertible. (If it is not, it doesn’t mean we are out of luck, it just means that this

approach and the formula we are about to derive won’t work.)

Note that

1. g invertible = g is either strictly increasing or strictly decreasing.

2. If g is increasing (alternatively decreasing) the g—!

is also increasing (alternatively decreasing).

To see that second point in the increasing case, note that g increasing means that z; < x2 implies that

g(x1) < g(z2) and that x1 > x9 implies that g(z1) > g(x2). (It might help to draw a picture.)

We want to show that g~ i

g~ !(x2). Suppose (incorrectly) that

9 (z1) = g N (x2).

is also increasing. Suppose that 71 < x2. We want to show that g~ (1) <

We are going to take g of both sides. Since g is increasing, it preserves the order of the inequality:

(g™ (21)) > glg™ (22)).

Canceling g and g~ ! gives

I Z x9.

This contradicts the original assumption that x; < xo. Thus, we must have that g~ (1) < g~ !(z2) and

thus that g~ is increasing.

We are ready to find an expression for the cdf, and then the pdf, for Y.

Case One: g is increasing.

Fy(y) = P(Y <y)=P(g(X)<vy)

Applying g~ ! to both sides of that inequality, and using the fact that g increasing = g~
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1.2 Transformation Distributions

applied to both sides of an inequality will preserve the order, we get

Fy(y) = P(Y <y)=P(g(X)<vy)

= Pl (9(X)) < g ()

= P(X<g7'(y)

= Fx(g7'(y))

Thus, the pdf for Y is

d d

fr(y) = —Fy(y) = —Fx (g7 (1) "= fx (g () -

=4 9 ' (y)

dy

Note that g~ ! increasing implies that that derivative is greater than zero.

Case Two: g is decreasing.

Fy(y) = P(Y <y)=P(9(X)<y)

Applying g~ ! to both sides of that inequality, and using the fact that g decreasing = ¢g~! decreasing = ¢!

applied to both sides of an inequality will flip the inequality, we get
Fy(y) = PY <y =PgX)<y)

= Plg'(9(X) =9 (v)
= P(X>gYy)
= 1-P(X<g )

coptin  q _ P(X < g l(y))

Thus, the pdf for Y is
frly) = AR =4L0-Fxe'®)

chain:’rule [0 N fX(g—l(y)) . diyg_l(y)]
= —Ixl W) W)

1

Note that, since g~ is decreasing (actually strictly so), we have d% g_l(y) < 0, so, no, we did not end up with

a negative pdf! Furthermore, note that —d% g~ Y(y) is positive and equal to ‘d% a ().
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1.2 Transformation Distributions

In the previous increasing case, % g~ 1(y) is positive and equal to |% g (w)|.

In summary, we can write both the increasing and decreasing cases together as follows.

( N\
i} Continuous Transformation PDF

Let X be a continuous random variable with pdf f,. Let Y be a random

variable defined by Y = ¢(X) where ¢ is invertible (and differentiable).

Then the pdf for Y can be computed as

fr(w) = fx(g7 () ddygl(y)‘ :

Example 1.2.2

Let X have a “gamma distribution with parameters a and 3~ We write X ~ I'(a, 3). This means that X

is a continuous random variable with pdf

fx(z) = L

a, a—1_—pBx
F(a)ﬁ e Lg,00) ()

for some parameters o > 0 and 8 > 0.

Notes:

1. We are using the X subscript on the pdf because we will have multiple pdfs in this problem- one for
X and one for a new random variable Y.

2. For some people/books, X ~ I'(«, ) means that X has pdf

fx(@) = F(la)u/m%a—le—w/@ Ti0.00) ().

Here, o and § are known as the “shape” and “scale” parameters, respectively.
For our form of the gamma pdf, 3 is known as the “inverse scale parameter”.

3. The pdf involves the “gamma function” I'(«). It is just a constant. We will define it after finishing
this example. The constant I'(«) should not be confused with I'(«v, §) (two arguments) which is the

name of a distribution.
Let Y = 5X. Find the distribution of Y. (Name it!)

Answer:

Here we are looking at the transformation Y = ¢g(X) where g(z) = 5z.

y=g(x)=5z = x=g"'(y)=y/5
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1.2 Transformation Distributions

So,

= B ()T e Lo (y/5)-|

T10,00)(3)

Y=

[0
= (g) v e~ (B 1 (y)
which is the pdf for the I'(c, 3/5) distribution. Thus we see that
¥ ~T(a, 5/5).]

A pdf is not completely specified without its support. If you do not use indicator functions, you must take
a moment to figure out the support of the transformed random variable. Notice that by using the indicator

notation, we just made this part of the process.

An Aside: The Gamma Function

The pdf for the gamma distribution was defined using the gamma function which is denoted by I'(-).

,
Definition 1.2.1

The gamma function, is defined, for o > 0, as

I'(«) :/ z* le ™ dx.
0

Note that, for any 5 > 0,

/ B e P dp = / (Bx)* " te P Bdx e / u*te " du = T'(a)
0

0 0
(Here we have used the fact that du =  dx and that if  goes from 0 to oo, then © = S also goes from 0 to co

since 8 > 0.)
Now,

OOL a,.a—1_—px _L > o, a—1_—pBx _L _
/0 F(a)ﬁx e dx—r(a)/o Bz e dx_F(a) INa) =1,

so basically 1/T'(c) is the constant that makes 32~ 'e~#* into a proper pdf over = > 0!
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1.3 Important Tool II: Bivariate Transformations

Properties of the Gamma Function

L. D(1) =1
Proof: T'(1) = [y a2 e dr = [T e ¥ dx = 1.
2. Fora > 1,
MNa)=(a—-1) -T'(a—1).

Proof: T'(a) = [;° 2“ e~ dz Using integration by parts

/udvzuv—/vdu

withu = 2%t and dv = e * dz (So du = (o — 1)z 2dz and v = [ e % dx = —e~%.), we have

Da—1) = —z* e |7+ [C(a—1)2*2e " da

= 0+ (a—1) [Ca 2 "de=(a—1) - T(a—1)
3. If n > 11is an integer,

I'(n)=(n—-1).

Proof: By repeated application of property 2,
'n) = (n—DIT'(n—1)=(n-1)(n—2)T'(n—2)

= --':(n—l)(n—2)--~(1)l;(’l_)/:(n—1)!
1

1.3 Important Tool II: Bivariate Transformations

Suppose that X; and X are continuous random variables with joint pdf fx, x,(x1,x2) and suppose that new

random variables Y7 and Y5 are defined by

Y1 = g1(X1, X2) and Yo = g2(X1, X2).

For the purpose of algebra, we can think about these functions without the random variables plugged in:

y1 = g1(x1,r2)  and  y2 = ga(w1, 22).

Solve for x1 and 2 as functions of y; and yo. Call them g; Land Gy ! Thatis

z1 =97 (yr,y2)  and 3y =gy (y1,02).
The notation g, Land 9y ! is mostly symbolic here. 91 1 is not the inverse of g;. The two equations, in general,
can not be inverted individually. It is the system of two equations which is inverted. When we get x; written as
a function of (y1, y2) we will simply name that function g; * (y1,2). Similarly, we get x5 written as a function

of (y1,y2) we will name that function g5 1(y1, Y2).
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1.3 Bivariate Transformations

({? Bivariate Transformation PDF ]
Analogous to the one-dimensional case, the joint pdf for Y; and Y5 is given
by

Friya (i, v2) = Fxi x (91 (Wi, 2), 92 (1, 92)) - | ]

where |.J| is the absolute value of the Jacobian of the transformation which

is given by the determinant

Oz Oz
J= Oy1  Oy2
Oz Oz
Jy1 Oy
o J

We will not go through the derivation of this formula here, as it is too far a tangent into Calculus and will
really distract us from Mathematical Statistics! See Appendix B if you wish to read more about Jacobians. It is
completely optional (and tedious) reading! This formula can be extended in an obvious way for making a transfo-
mation from the joint pdf of X7, X», ..., X, to the joint pdf of Y1, Y5, ..., Y, where V; = ¢;(X1, Xo,..., X,,).

The above formula is for “bivariate-to-bivariate” transformations, but you may also find it useful for a “bivariate-

to-univariate” transformation as in the following example.

[ Example 1.3.1 ]

Let X1, Xo Y I(a, B).

Thisisread as “Let X and X be ‘eye-eye-dee’ I'(«v, #).” the “iid” stands for “independent and identically
distributed”. It means that X; and X5 are independent and come from the exact same distribution— in this
case, the I'(«, 3) distribution.

Alternatively, one might say that X, X is a random sample from the I'(«, §) distribution. The words

“random sample” include the concept of independence!

Let
X1

Y=—""—"—.
X1+ Xo
Find the distribution (Name it!) of Y.

Why is this example in the “bivariate-to-bivariate” transformation section? It’s here because perhaps the
easiest way to find this distribution is to think of Y as some Y] and then to define a convenient Y5 for which

we can write down the joint pdf for Y; and Y5> after which we can hope to be able to integrate out Y5 to find

the marginal pdf for Y7 !
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1.3 Bivariate Transformations

Technically, Y5> can be anything you want, but some choices are more convenient than others— especially

for the integration down to the marginal pdf for Y7 at the end.

If Y, is a ratio, it is almost always a good idea to choose Y5 to be the denominator.

Let
X1

= — and Yo = X7 + Xo.
X1+ Xo 2 ! 2

Yy

Then y; = g1(z1,22) = z1/(x1 + x2) and yo = go(x1, x2) = x1 + x2. Solving for x; ad x4 gives
r1=y1y2  and T2 =y2 — Y1y2,

which become the definitions of g; ! (y1,42) and g5 * (31, y2), respectively.

The Jacobian is then

dn gm Y2 0
J=|gn o= ‘ ) =y2(1 — 1) — (—v1y2) = v
1 Oya —Y2 -

Since X1, X> %4 T'(a, ), their joint pdf is

indep

fxy, 5 (21, 22) Ixi@) - fxa(72)
= ﬁ ﬁo‘x?_le_ﬁm ‘I(O,oo) (551) . ﬁ Bamg—le—ﬂm .[(0700)(332)

= [F(i)]Q B2a(x1x2)a7167/5(m1+x2) .[(0700)(551) .[(0700)(:@)

Thus, the joint pdf for Y7 and Y5 is
fvye) = fxix(90 W,y2), 97 (w1, 92)) - 1)

= fxi,x.(y1y2, y2 — y1y2) - |J|

= e B3 — yiyd) e - Tg 00y (12) - L(0,00) (92 — y192) - |12

We are going to need to simplify this in order to integrate out s and, really, just to be “good citizens of the
world”. First, note that the product of indicators is the one looked at in Section 0.9.4. From there, we know
that

T0,00)(192) * T(0,00) (Y2 — ¥192) = L1010 (11) - L(0,00) (42)-

Since this product of indicators tells us, in particular, that y2 > 0, we can drop the absolute value on ys in

a—1

the joint pdf for Y7 and Y. Since we will be integrating out 15, let’s separate out the (y1y3 — y3y3)
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1.3 Bivariate Transformations

partto (y3)*~1 - (y; — y?)*~ L. After multiplying in the lone |y2| = y2 from the Jacobian, we get
1

fvi v (Y1, 92) = Tl B2 5y (1= y1)]* e P2 T4 (1) - Tio,00) (2)-
Now for the marginal...
M) = JZ% My, y2) dys

= m /8201 [yl(l - yl)]ail I(O,l) (y1> fooo y%a_1€_6y2 dy2
N
like a

I'(2a, B)
pdf

= e (U= y0]° o (1) J5*

2, 2a—1 _—PBy2 d
F(20é) ﬁ y2 € y2

actually a I'(2ay, )
pdf, so integrates

tol
r(2 _
= e (1= v o ()
If you look in your table of distributions (continuous side) you’ll see that there are only two possibilities
for this distribution based on the indicator. One is the uniform distribution on the interval (0, 1). This is a

flat line distribution with height 1 on the interval. It has pdf f(z) = I 1)(z). The marginal pdf we have

computed is a little more complicated than this.

The second distribution on a finite interval, and, in particular on the interval from (0, 1), is called the Beta
distribution. This distribution has two parameters, « and 3, and is given in the table as having pdf
1

f(z) = Bla.b) 24711 — z) " da.

We would write X ~ Beta(a,b).

Our marginal pdf for Y7 looks a lot like this one (written as a function of y;). But... what about our “I"

stuff” versus this thing we have yet to define written as B(a, b)? (This is known as the “Beta function™.)

The “T" stuff” and the “Beta stuff” are just constants. They have to match in order for these both to be pdfs!
For example, we know that f(z) = 2e72% [ (0,1) () is a pdf. It’s the exponential with rate 2 pdf. From this,

we know that the function 5e~2% | (0,00) (%) is mot a pdf! It can’t integrate to 1 if 2e 2% | (0,00) () integrates

to 1. In fact, - - . .
/ 56_2Idl':*/ 2 X dr==.1=—.
0 2 Jo 2 2

If you followed our transformational procedures correctly, you are guaranteed to get a pdf in the end. Thus,
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1.3 Bivariate Transformations

our pdf
I'(2«)

[C(e)]?
must be the pdf for the Beta distribution with parameters a = oo and b = . We write

’Y ~ Beta(a, o). ‘

() = [y1(1 = y1)]* " Tio,1)(11)

Note that we did not need to integrate anything in the previous example. When we wrote the marginal pdf for Y;
out with an integral, you’ll notices that it has separated out into a “y;-part” and a “ys-part”. Since we included
the indicators, this is enough to say that Y; and Y5 are independent. That integral is just going to be a constant.
The pdf for Y is

yi T 1 = y)* o) (1)

multiplied by a bunch of constants. Let someone else sort them out! If you did everything correctly, then you

have a valid pdf that must integrate to 1. There is only one constant that can make this happen.

1.3.1 The Beta Distribution

Let’s talk about the Beta distribution a bit more. Let X be a continuous random variable with pdf

f(z) = @xa—lu ) ()

for some parameters a, b > 0. Here, B(a, b) is known as the Beta function which we will define in a moment.

The notation (since there is no x in it) suggests (correctly!) that this is a constant.

This distribution is a nice flexible distribution that is suitable to model things that are supposed to be between 0
and 1.

T o
o
w ©
oo
[

Note that when a = b = 1, it is the uniform distribution on (0, 1). For a,b < 1, it has a “u-shape”. For a,b > 1
it is a unimodal distribution that is tied down to 0 at both endpoints and various values of a and b in this range

can move the high point around to wherever you want it!)

Just for the record though, we define the Beta function.
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1.4 Important Tool III: Minimums and Maximums

4 N\
Definition 1.3.1

The Beta function is defined, for a,b > 0, as

1
B(a,b) = / 2% (1 —z)> L da.
0

J
We have the following fun relationship.
4 )
Property
[(a)L'(b)
B(a,b) =
(.5 = e+ p
- J
D@Db) = (f5°av e d) (f5° 9" te v dy)
= [ ey et Y da dy
Now make the change of variables x = uv, y = u(1 — v). The Jacobian of this transformation is
Oz Oz
— | ou 0
=1 o o
ou  Ov
and v and v range over (0, co) and (0, 1), respectively. We now have
D) = J5° f ety e dudy
Jo J5% ()= u(1 — )P~ Lemww e — 4 du du
— fO fOO a+b—1,a— 1(1 )b—le—u du dv
_ (foo atb—1,—u du) (f[)l va—l(l _ U)b_l d?))
= I'(a+0b)B(a,b)
as desired.
1.4 Important Tool III: Minimums and Maximums
1.4.1 Introduction and Notation
Suppose that X7, X, ..., X15 is a random sample of size 15 from the uniform distribution over the interval

(0,1). Here are three different realizations of such samples.
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1.4 Minimums and Maximums

)
§
(4
]
[
1
]
]
a1}
#
a1}

- S . et A A Uﬂ”'l
1
e B AT S N At i i

Because these samples come from a uniform distribution, we expect them to be spread out “randomly” and
“evenly” across the interval (0, 1). You might think that you are seeing some sort of clustering but keep in mind

that you are looking at small samples of size 15. After collecting more values your view would surely change!

Consider the single smallest value from each of these three samples, highlighted here.

V

R o = =5 i

L]
[ar}

l Ly oo o0 A =

.

L
§

L = A= oo = |

Collect the minimums onto a single graph.

Not surprisingly, they are down towards zero. It would the interval. In fact, we can show, using the techniques
be pretty difficult to get a sample of 15 uniforms on in this Section, that if we keep collecting minimums

(0,1) that has a minimum up by the right endpoint of of samples of size 15, they would have a probability
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density function that looks like this. =)

1.4 Minimums and Maximums

15

08

Note that the bulk of the area under the curve is between 0 and 0.2.

Similarly, we could collect the maximum values from each sample to get a sense of how they are distributed.

We would expect the bulk of this distribution to be in the upper part of the interval, say, between 0.8 and 1.
Let’s introduce some notation.

-

{1% Notation

~
Let X1, Xo,

., X, be a random sample of size n from some distribution
We denote the “order statistics" by

= min(Xl, XQ, cen ,Xn)

the 2nd smallest of X1, X5,..., X,

= maX(Xl, Xg, 0o ,Xn)

(Another commonly used notation is X7.,, Xo.p,

, Xp:n for the minimum
through the maximum, respectively. It is maybe more clear since we know

that we are talking about the minimum, next smallest, et cetera, out of n,

but we will still use the first notation given here.)
.

In the next Section, we will derive probability density functions for the minimum and maximum of a sample.

1.4.2 The Distribution of a Minimum by Example

Let’s just jump right in with an example.
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1.4 Minimums and Maximums

Example 1.4.1 ]

Suppose that
X1, Xo,..., Xy id exp(rate = \).

Let’s find the distribution of

X(l) — min(Xl, XQ, cen ,Xn)

To find the distribution of a maximum or a minimum, it is most convenient to look at cdfs.

The cdf for X (1) the minimum, is:
Fyx, (z) = P(Xq) <z)=Pmin(Xy, Xs,...,X,) <z).

(Note that « is just an argument for the function. We can call it y, z, or anything else! There is no reason

to use the cumbersome notation zy).)

Since we know the distribution for the individual X; through X, it would be useful to us to figure out
how the minimum value in the sample relates to these individual values. The cdf for the exponential rate A
distribution is

F(:U)Z/ f(u)du:/ Xe Mdy=1—e* for 2> 0.
—00 0

Note that if the minimum of a group of observed random variables is less than or equal to x, some in the

group will be less than or equal to x while others may be greater than x.

(]

[}
(]
[}
[}

It is not clear how many of them should be on each side of z. However, if we consider the equivalent

expression

P(min(Xi, Xs,...,Xp) <z)=1- P(min(Xy, Xo,...,X,) > z)
things become more clear. If the minimum of a group of random variables, X1, Xo,..., X,, is greater
than x, we are forced to have every X; > z. On the flip side, if every X; in X3, Xo,..., X, is greater

than z, then the minimum of this group will definitely be greater than x. In other words, the “event that

min(Xy, Xo, ..., X,,) > x is equivalent to the event that X1 > 2 and Xy > z and - -- and X,, > x. Thus,
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1.4 Minimums and Maximums

the cdf for X (1) the minimum, is:

Fx, () = P(Xq) <z)=Pmin(X;,Xy,...,X,) <)

= 1—P(min(X1,X2,...,Xn)>1‘)

P p(Xy > ) P(Xe > ) P(X, > ).
Since X1, Xo, ..., X, are all identically distributed, all of these individual probabilities are the same, thus,
we have that
FX(1>(:L') = P(X(l) gx) :P(min(Xl,Xg,...,Xn) S{I})
= 1—P(min(Xy,Xo,...,X,) >x)
AP p(Xy > 1) P(Xe > x) - P(X, > 1)
ident

ent ) [P(Xy > )]

To compute P(X; > x), we could integrate the exponential pdf from x to co, or we could use our already

computed cdf, F(r) = P(X; < x) = 1 — e, We then have
P(X;>z)=1-P(X;<z)=1—-(1-¢e7) =,
So, the cdf for the minimum X is

Fy, (z)=1- (e =1 — e ™7,

The pdf for the minimum can be found by taking the derivative:

d d —n\zx —nAx
fX(l)(x) = @FY(Q) =—[l—e | =nle .

Note that X 1), as the minimum of a bunch of values in (0, o), also lives in (0, o). For completeness we

write

d

fX(l)(x) = 7FX(1)(:L‘) =

d —NAT —NAT
I —[1 — e ™) = Ane ™ 119,00\ ().

dx

So, we have seen that

Xy ~ exp(rate = n).

It should surprise you to find that the minimum of exponential random variables is also exponential. There

is no reason at this point in your MathStat journey to have seen that coming. Given that is is exponential
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though, you should not be surprised at the larger rate.

The graph of the exponential rate A pdf starts at A N
when z = 0 and goes down, well, "exponentially".
The pdf of the exponential rate nA starts higher up at
nA and so it must come down faster if the total area
under both curves is supposed to be one. That is, it by

has more area closer to = 0, like this. =)

Note also that the mean of the distributions are 1/ and 1/(n\), respectively. So, the expected value of

the minimum X ) is smaller than the expected value of any of the individual X; which is not surprising!

(One might even say that it is expected!)
1.4.3 PDFs for Minimums and Maximums

In this section, we will derive the pdf and cdf for minimums and maximums for any random sample with pdf f

and cdf F'.

Minimums:

In the example of Section 1.4.2, we have already basically derived an expression for the cdf of the minimum in
terms of F, the cdf for the original random variables.

F)((l)(x) = P(X(l) S a;) = P(min(Xl,X2, . ;Xn) S .T,')
= 1— P(min(X;, Xo,...,Xp) > x)
P p(Xy > @) P(Xa > 1) P(Xn > 1)

et P(Xy > )]

= 1-[1-F()"
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1.4 Minimums and Maximums

This expression for the cdf of the minimum holds for both discrete and continuous random variables. To get the
pdf for the minimum in the discrete case, one would have to take differences of the cdf as described in Section

0.5.4.

For continuous random variables, We are able to get a nice formula for the pdf by taking a derivative.

= fX(1)(x) = %FX(I)(x)
= L1 [1-F()]"}
= 0—n[l-F@)]" - (-f(x))

— [l - F()]"" f(a).

(ﬁ PDF for a Minimum ]
In summary, if X(;y = min(Xy, Xo,..., X,,) where X3, Xs,..., X, is a
random sample from a continuous distribution with pdf f and cdf F, the
pdf for X q) is

Fx (@) = n[l - F(@)]" f(@).

The support set for the minimum is the same as the support set for the

individual Xj;.

Please don’t memorize this! Just work it out when you need it. It is quick and things will go a lot more smoothly

for you in learning MathStat if you rely on understanding what you are doing rather than regurgitating a formula.

As per our discussion at the end of Section 0.8, if you are deriving the pdf for a minimum or maximum from

scratch with cdfs, make sure to tack on an indicator at the end when reporting the final pdf!

Maximums:

Now let’s derive an expression for the pdf of the maximum in terms of f and F'. Consider the following 5 point

“data set".

[+]
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1.5 Important Tool IV: Moment Generating Functions (MGFs)

We can see that the maximum of a collection of random variables is less than or equal to x if and only if every

random variable in the collection is less than or equal to x.

FX(n)(x) - P(X(n) < .7}) = P<ma'X<X1aX27 s 7X7’L) < .’E)

= [F@)"
As with the minimum, this expression for the cdf of the maximum holds for both discrete and continuous random
variables. In the case of discrete random variables, we can get the pdf from the cdf by taking differences as
described in Section 0.5.4. In the continuous case, we can get a nice formula for the pdf by taking the derivative

of the cdf.

fX(n> (x) = EFX(n) (l’)

(ﬁ PDF for a Maximum )
In summary, if X(,) = max(Xy, Xo,..., X;) where X1, Xs,..., X, is a
random sample from a continuous distribution with pdf f and cdf F, the
pdf for X ;) is

X (@) = n[F(@)]" 7" - f(2).

The support set for the maximum is the same as the support set for the

individual Xj;.

This is easy to derive when needed. Again, whether or not you use indicators, make sure to report the support

of the pdf.

For fun, you might want to work out the pdf of the maximum of exponential random variables. The resulting
pdf is not from a nice, known, “named” distribution that you will find in the table of distributions. Similarly,

not all transformations of pdfs for random variables, such as in Section 1.2 will result in recognizable pdfs.
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1.5 Important Tool IV: Moment Generating Functions (MGFs)

1.5 Important Tool IV: Moment Generating Functions (MGF’s)

P
Definition 1.5.1

For a random variable X, the moment generating function (mgf), denoted

by M (t) or Mx(t) if necessary, is defined as

M(t) = E[e!].

If it becomes necessary to distinguish between two moment generating functions, for random variables X and

Y, we will write M x (t) and My (t).

Moment generating functions are extremely useful tools for both computing “moments” of distributions which
are the expectations E[X], E[X?], E[X?], ..., and for identifying distributions of some transformed random
variables. Most notably, if you are asked to find the distribution of the “big fat sum” of iid random random
variables X1, Xo, ... X}, you are surely going to want to try the moment generating function approach described

in this section!

1.5.1 The Expectation of a Function of X

We know how to find the expectation E[ X ] but do we know how to find an expectation of a function of X such
as E[g(X)]? Before we can find any moment generating functions, we’ll need to know how to do this! We begin

with a simple discrete example.

Example 1.5.1 ]

Suppose that X is a discrete random variable, taking on the values —1, 0, and 1, with probabilities

x‘—l 0 1

P(X =) ‘ 4/12 3/12 5/12

Now suppose that we want to find E[X?]. Note that this is the expected value of a new random variable
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1.5 Moment Generating Functions

Y := X?2. Further, note that Y takes on possible values 0 and 1 and that Y has pdf given by
Y ‘ 0 1
P(Y =y) | 3/12 9/12

We now have
! 3 9 9
E[X?] = E[Y] = PY =) =0 = 412 =2
[X7] = E[Y] yEZOy Y =y) TR TIET
However, note that

ElX? = E[Y]=0-3+1 -3

Basically, what we are seeing here is the following.

Property

Let X be a random variable with pdf f,(z). Let g(z) be some function.

o If X is discrete, we have have

Elg(X)] = >_ g(z) fx ().

o If X is continuous, we have have

Elg(0)) = | g@)fx(z)do.

—0o0

So, even though g(X) is a new random variable, when finding E[g(X)] it is unnecessary to find a new pdf!
That’s kind of surprising if you think about it, but a lot of people don’t think about it— they just do it sort of
naturally without realizing how big of a deal it is. This is why this new formula for E[g(X)] (in either the

discrete or continuous case) is known as the Law of the Unconscious Statistician!

We will now prove the Law of the Unconscious Statistician for E[g(X )] in the case where X is continuous and

g is invertible and differentiable.
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1.5 Moment Generating Functions

Suppose that X is continuous and g is a nice invertible and differentiable function. Define Y = g(X). Then,

since we know from Section 1.2 that fy (y) = fx (g~ 1(y)) ‘d%g*l(y)

, we have that

Elg(X)] = E[Y]= [y fr(y)dy

= [y fx(7 W) e )| dy

Since g is invertible, we know that it is either strictly increasing or strictly decreasing. Let’s consider each case

separately.

Case One: g is strictly increasing

1

If g is strictly increasing then g~ is as well. So, the derivative %gfl(y) is always positive and we can drop

the absolute value in the above integral. We now have

o0 d
Elg(X)] :/ yefx(g7 W) 59 (v)dy
—00 y
Consider the change of variable z = g~!(y). Note that dz = % g~ ' (y) dy. Making the substitution, we have

Elg(X)) = | g(@)- fx(a)do

for some limits of integration ? and ?’.

As for the limits, note that, even the original limits of integration went from —oo to co, they might actually
have ended up being cut off by the support set for the pdf fy (y). That is, the pdf fy (y) may only be non-zero
on some smaller interval. Furthermore, even if y = g(x) does go from —oo to oo, the inverse might not. For
example, if y = g(z) = Inz, then y goes from —oco to oo, but x = ¢g~!(y) only takes values from 0 to oo.

However, in this example,

| @ @de= [T @) xtw)da
0

—0o0

because the pdf for X will be zero outside of (0, 00).

So, when we make the substitution z = g~!(y), it will be safe to have limits all the way from —oo to oo since

g~ ! is increasing and since the pdf will cut off the limits in the appropriate places. That is, it is safe to use the

limits ? = —oo and ?’ = oo and we have

Elg(X)) = [ gla)fx(a)dr,

—00

as desired.

Case Two: g is strictly decreasing

1

If g is strictly decreasing then g~ is as well. So, the derivative d% g~ 1(y) is always negative and we have that
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1.5 Moment Generating Functions

’d%g—l(y)’ — —diyg—l(y). Thus, we have that

Elg(X)] = [y Fxla7 ) |59 )| dy

= =%y Ix(g7 (W)

Y) - g (y)
da -1
dy

Making the substitution z = g~!(y) and again noting that dz = % g~!(y), we have that

Elg(X)] = — / ' g(x) - fx(x)da

for some limits of integration ? and ?’.

Since ¢!

is a decreasing function, as y increases, x = g~ !(y) decreases. As per the discussion in the increasing
case, even if the random variable X takes on only a limited range of values, we can let  decrease from oo all

the way to —oo and the pdf will cut us off appropriately. Thus,

Elg(X)) =~ [ ga) Sx(@)de = [ g(a) - fx()

[e.9] —00

as desired.

Now that we know how to compute the expectation of a function of a random variable, we can get back to

moment generating functions!

1.5.2 Finding MGFs and the Poisson Distribution

Example 1.5.2 (Discrete) ]

A discrete random variable X is said to have the Poisson distribution with parameter X if X has pdf.

—AAx
J(@) = P(X =) = " Tga2,.(2).

We write X ~ Poisson(\).

Recall how we motivated the exponential distribution. We imagined events (arrivals at the door of a grocery

store) occurring with two assumptions. They were that

1. the arrival/event rate is a constant A per unit time, and

2. the number of arrivals/events in non-overlapping periods of time are independent.

Under these assumptions, the exponential distribution describes the amount of time between any two

consecutive arrivals/events. One can show that the number of arrivals in one unit of time has the Poisson
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1.5 Moment Generating Functions

distribution with parameter A. (Again, we would direct you to a course in Markov chains or stochastic

processes.)

So, suppose that X ~ Poisson()). Let us find the moment generating function for X. Since this is a

discrete random variable, the expectation is computed as a sum and not an integral.

Mx(t) = E[etX]:Zem'P(sz)

e\

z!

[e'e)
— etw

o0 67/\(A€t)x

x!

=0

At this point, you could pull out the e~ and recall the Taylor series expansion of e® is
) ﬂjk
T _ PR
e = Z k!
k=0
In our moment generating function expression, the & is actually = and the = is Ae’. So,
o t\x
IR N Ot S W VA V!
Mx(t)=e Zoix! =e e =e .
o

Alternatively, you could do what will become our “standard MathStat trick” that we usually use for integrals.

The sum we need to compute looks almost like the sum over all values of the Poisson pdf except, in place

of \, we have \e!. To make it into the Poisson pdf, we need the “e~* part” which, in this case is e,

Putting this in (after pulling out the ) and adjusting for it by putting e’ out front, we have

Mx(t) = 52,9

=0 !

= e)‘(etfl) io: M

|
=0 X

sum of Poisson

pdfis 1

_ 6)\(et—l) ]

Take a moment to make sure you can find this in the moment generating column on the table of distributions!
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Example 1.5.3 (Continuous)

Let X ~ exp(rate = \). Let us find the mgf of X.
Mx(t) = E[eX]=[% e f(z)dz

= [Ce® Ne M dz

= [P Ae Mt gy
To integrate, it is convenient to factor out the x in that exponent so we are integrating something like e“*.
However, by taking out the negative as well, we can see something that looks like the exponential pdf with

A — t in place of A.
Mx(t) = / Ae~ AT g
0

Note that, in order for this integral to converge we must have A — ¢ > 0, otherwise the integrand is blowing
up. (Alternatively, when comparing this to the exponential pdf, the usual parameter restriction A > 0 has

become A — ¢ > 0.) Either way you look at it, this mgf is only defined for t < A.

So, fort < A,
Mx(t) = [ O D74y

= ﬁ JooA— t)e~ At dg

- A 1=

since that integral is that of a pdf over its entire support.

Example 1.5.4 (Continuous)

Suppose that X has a normal distribution with mean ;. and variance o2. The pdf for X is the classic “bell

curve" given by

We write X ~ N(u,0?).

There is no indicator because this pdf is defined for all —oco < x < oo. Because there is no “and zero
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1.5 Moment Generating Functions

otherwise”, there is no need to describe the support with an indicator. If we did, it would be I(_, ) (),

which is always 1. For fun, why don’t you multiply every function you write down today by 1!

In what follows, we will use the “exp” notation which is another way to write e to a power and is quite

useful when one has superscripts on top of superscripts.

Let us find the mgf for X . For simplicity, we will start with X ~ N (0, 1). The moment generating function

is given by
Mx(t) = E[e*] = [Z e f(z)da

1 2
o _tr 1 — 5 (z—p)
e e 2 dz.
f,oo ,/271.0.2 7

Squaring that exponent out and bringing in the e*, we have

t)

We are going to try to bring the two z-terms together and to complete the square to get this back into a

Mx I25 = expl—5i (2% — 2um + p?) + ta] da.

X \2mo?

—~

normal distribution form so that we can “integrate without integrating".

Mx(t) = [ \/2;7 exp[—4 “2 7] expl—5 e L (2% — 2ux) + tx] dx
00 2
= /% \/2;? expl—ooz] exp[— 5 (22 — 2ux) — 7( 20%tx)| dx
00 2
= [7 \/2;7 exp[—fﬁ} exp[—#(a:2 —2(u+ o?t)x)] dx
_1

= /%% exp[— 2}exp[ g (z — (4 0%t))? + 2z (n+ 0?t)?] da

2mo?

2

= oxp[—45s] - explgyz (i + 02)?] [, % exp[—5az (z — (u+ 0*t))? da.

0'

Note that the integral is 1 because the integrand is the pdf of the normal distribution with mean p + ot

and variance o2. We are left with

2
Mx(t) = exp[—M—Q] exp[21

1
5 (1 + 0%t)?] = exput + =o*t%].

2

This holds for all ¢t from —oo to co.

Why do we care about moment generating functions?
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1.5 Moment Generating Functions

1.5.3 Finding Moments

For a random variable X, or its associated distribution, “moments” are expectations of the form E[X k] for
k = 1,2,3,.... (Sometimes such moments are called “non-central moments”, as opposed to the “central

moments” E[(X — u)*], where X is first “centered” around its mean p = E[X].)

Consider taking a derivative with respect to ¢ of the moment generating function Mx (t).

Myx(t) = E[eX] = M) = %Mx(t) _ %E[&X] iy [iet’f] — E[X ]

At that question mark, we pulled a derivative inside of an expectation. Since an expectation is a sum or integral,
we really just exchanged a derivative and a sum or integral. In general, this may or may not be a valid thing to
do. If the sum/integral converges and the sum/integral of the differentiated integrand also converges, they will
converge to the same thing. In this text, things are mostly well behaved and we will make the exchange with

reckless abandon!

If we plug ¢t = 0 into the derivative of the moment generating function, we get
M (0) = E[X €] = E[X].

So, by differentiating the moment generating function and plugging in a 0 we get the first moment of this

distribution.

With a second derivative, we have
d d

My (t) = ﬁMk(t) =7

So, plugging in ¢ = 0 now gives us

E[XeX]=E {ZXJX] = E[X 2.

M(0) = E[X?") = E[XY,

which is the second moment of the distribution.

\J

:

N

Note

In general, for a random variable X with mgf Mx(¢), the kth moment
is given by M®*)(0), where M *)(t) is the kth derivative of My (t) with

respect to ¢t.
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1.5 Moment Generating Functions

Example 1.5.5 ]

to get 1.

So,

which implies that

Furthermore,
M (t)

From this we get

So, we have that

as expected.

Let X ~ Poisson(\). One can show, using the definition of expectation and variance that E[X]| = X and
Var[X] = \. While the variance is a bit messy, you should try to show that E[X] = )\ using our “summing

without summing” trick of rewriting things so that you are ultimately summing a pdf over its entire support

Let us now find the mean and variance for the Poisson distribution using moment generating functions.

Recall that My (t) = M€~ = exp[A(e! — 1)].

My(t) = exp[A(e' —1)]- FA(e" —1)]

= exp[A(et —1)] - e,

E[X] = M%(0) = A.

exp[A(ef — 1)] - Xet + Ae! - exp[A(ef — 1)] - Ae!

el -exp[A(el —1)] - (1 + Aet)

ME0) =M1+ N) =X+ N

Var[X] = E[X?] — (E[X]) =X+ A2 - (V)2 =),

1.5.4 The MGF Uniquely Identifies the Distribution

Here is an exciting claim.
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1.5 Moment Generating Functions

A moment generating function for a random variable X uniquely determines

its distribution!

For example, if you compute the mgf for some random variable X and get, for example, exp[\(e! — 1)], you

know that X must be a Poisson(\) random variable!

This claim is arguably one of the most important reasons for learning about moment generating functions. It is

especially useful for finding the distribution of sums of independent random variables.

We will see several examples of this in Section 1.5.6.

1.5.5 A Proof in a Simplified Setting

Suppose that we have two random variables X and Y with an infinite sequence of matching moments:
E[X]=E[Y], E[X?’=E[Y?, EX°|=E}Y’, etc..

Does this mean that X and Y must have the same distribution?

Unfortunately, the answer is no. A famous example is given by Heyde [2], where he gives the family of pdfs

Fulz) = Nlﬂ e~ 1/20 9% (1 4 g sin(2r In(x))) T 00 ()

indexed by

-1 <a<]1.

One can compute (though it is not fun), the moments

EX]=Ve, EX?=¢  EX’]=¢"7
ElXY =¢®  E[X°]=e®/2 = E[X=¢8,

Note that these moments do not depend on the pa-
rameter a! (This continues for the infinite sequence.)
Therefore we have (many!) different distributions, for
example f,, (x) and f,,(z) where a; # ay with the
same infinite sequence of moments. Two examples are

shown here. =)
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1.5 Moment Generating Functions

Now that we have this example out of the way. you might wonder whether if there is any moment criterion for

identifying distributions that would ensure that two distributions are identical.

The answer is yes! If random variables X and Y both have moment generating functions My (t) and My ()
that exist in some neighborhood of zero and if Mx (t) = My (t) for all ¢ in this neighborhood, then X and YV

have the same distributions!

We will prove the claim here in a simplified setting. The general proof of this can be found in Feller [1].
It is an inversion problem involving Laplace transform theory. (Did you notice that the mgf bears a striking

resemblance to a Laplace transform?)

Proof of a special case:
Suppose that X and Y are random variables both taking only possible values in {0, 1,2,...,n}.
Further, suppose that X and Y have the same mgf for all ¢:
Z e fx(x Z e fy(y
For simplicity, will will let s = ¢! and we will define ¢, = fx(z) — fy(x) forz =0,1,...,n.

Now
n

Z e fx(z) =Y e fy(y)

y=0
4
n n
Z s"fx(x) — Z sYfy(y) =0
z=0 y=0
4
n n
Z s*fx(x) — Z s*fy(z) =
x=0 =0
4
n
> s fx(@) = fr(@)]
=0
4
n
Z s%cy; =0 Vs>0
=0
The above is simply a polynomial in s with coefficients cg, c1, . . . , ¢,. The only way it can be zero for all values

83



1.5 Moment Generating Functions

of sisifco=c1 =---=c¢, =0.

So, we have that

0=c, = fx(z) — fy(x) for x=0,1,...,n.

Therefore

fx(x) = fy(z) for x =0,1,...,n.

In other words the density functions for X and Y are exactly the same. In other other words, X and Y have the

same distributions!

1.5.6 Sums of iid Random Variables

Here is where the result of moment generating functions uniquely determining the distribution will really shine.
Suppose that X1, Xo, ..., X,, are iid random variables from any distribution. Let Y = > ; X;. Let’s find the

mgf for Y.
o = e €[] <l

indep )
= i1 E[etX] =TT, Mx, (t)
Note that we have not used the fact that the X; are identically distributed. We have, however, just shown the

following.

If X1, Xo, ..., X, be independent random variables. The sum

n
Y =YX,
i=1
has moment generating function
n
My (t) = H Mx, (t),
i=1

where My, () is the moment generating function for X;.

Now if the X; are also identically distributed, they share the same pdf. Let’s call this common pdf f. Consider

the expectation

Ele!] = /_O:o et f(x) dx.
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1.5 Moment Generating Functions

(We are using continuous distribution notation, but what follows holds for expectations of discrete random

variables as well.)

Note that the right-hand side, and hence the left-hand side does not depend on i. That is, E[e!*¢] and E[e!*7]

are going to be the same! In this case, the mgf for the sum Y = >~ | X is

My (1) ™97 T] M, (1) ™2 [0, (1))
=1

This will be so useful that it deserves its own box!

If X1, Xo,..., X, beiid random variables from a distribution with moment
generating function Mx (¢). Thesum Y = >"" ; X; has moment generating

function

My (t) = [Mx (®)]" -

Example 1.5.6 ]

Suppose that X1, X5, ..., X, ud Poisson(\). What is the distribution of Y = " X;?

Recall the Poisson moment generating function

My, (t) = My, (t) = exp[A(e! — 1))

For the sum we have
iid n
My(t) = [Mx,(t)]

= (exp[A(e’ — D))"

= exp[nA(e! —1)].
(Remember, if you raise something to a power and then to another power, you can multiply the two

exponents!)

The moment generating function for Y is recognizable as that of the Poisson distribution with rate nA.
So, we can conclude that Y ~ Poisson(n)\) since moment generating functions uniquely determine the

distribution!
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1.5 Moment Generating Functions

That was a lot easier than what would have been a generalized (to n dimensions) Jacobian approach to finding
the distribution and even easier than the only slightly less cambersome “conditioning approach” that one might
see in a course on stochastic processes or Markov chains. For our next example, we consider one particular sum

of random variables that we will see and use quite often.

Example 1.5.7 ]

Let X1, Xs....X,, be a random sample from the exponential distribution with rate A. That is, let

X1, X5.... X, ud exp(rate = \). What is the distribution of Y = > X;?

Recall that the exponential moment generating function is

Mx, (t) = N

fort < .

We now have

fort < .

Comparing this to moment generating functions from the table of distributions in Appendix A, we see that
Y ~T(n,\).

The sum of iid exponential random variables has a gamma distribution. Using the notation from this

text, the first parameter is the number of exponentials summed, and the second parameter matches the

exponential rate parameter. This is going to be a super important result going forward.

As a final example, we will look at the sum of independent random variables that are not identically distributed.

Example 1.5.8 ]

Let X1, Xo, ..., X, be independent random variables with X; ~ Poisson(\;).

Note that these are not “iid” random variables. For this example, the random variables are not identically

distributed. Although they all have a Poisson distribution, the changing \’s make them different Poisson

distributions.

86



1.6 Postscript: General Order Statistics

Let us find the distribution of Y = > 1" ;| X; using moment generating functions. While we have a “formula

in a box", let’s just derive it again as we go.

My(t) = Ele¥]=E[e2N] =[]

indep n
= i

tX;1 —
1 E[e" ] = TTizy Mx, (t)
Note that the moment generating functions here are not identical, so we can not just take one and raise it to

the nth power. Instead, we proceed by plugging in the individual mgfs.
My (t) = Iliz1 Mx; (%)
= [Litiexp[Ai(e’ — 1)]

= e [(TA)(e! 1))

Since this is the mgf of the Poisson distribution with rate > 1" ; A;, we can conclude that

Y ~ Poisson (31 \i) - ‘

This is consistent with our first example where \; = A forall ¢« = 1,2,...,n. In that case, > ;- | \; =

?:1 A =nA

1.6 Postscript: General Order Statistics

It feels strange to include this Section because we won’t need it for anything going forward. It also feels strange
not to include it along with the minimums and maximums in this Chapter. Feel free to skip this Section, as we

would if we were teaching or learning Mathematical Statistics.

1.6.1 Introduction and Notation

Recall, from Section 1.4 that we have defined and denoted the order statistics for arandom sample X1, Xo, ..., X,

as
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1.6 Postscript: General Order Statistics

X(l) = min(Xl,Xg,...,Xn)

X(2) = thesecond smallest of the Xs

X(n) = max(Xl,Xg, N ,X(n))

We have already derived the distribution of the minimum and maximum in terms of the pdf and cdf for the

individual X;.

In this Section, we will derive the distributions for other order statistics and joint distributions for groups of
order statistics. We will consider continuous random variables only. Imagine taking a random sample of size
15 from the geometric distribution with some fixed parameter p. The chances are very high that you will have
some repeated values and not see 15 distinct values. For example, suppose we observe 7 distinct values. While
it would make sense to talk about the minimum or maximum value here, it would not make sense to talk about
the 12th largest value in this case. To further confuse the matter, the next sample might have a different number
of distinct values! Any analysis of the order statistics for this discrete distribution would have to be well-defined
in what would likely be an ad hoc way. (For example, one might define them conditional on the number of

distinct values observed.)

1.6.2 The Joint Distribution of the Minimum and Maximum

Let’s go for the joint cdf , which we define here, for the minimum and the maximum.
FX(1)7X(77,) (z,y) = P(X(l) < va(n) <vy)

It is not clear how to write this in terms of the individual X;. Consider instead that the event { X,y < y} can

be written as the disjoint union
{Xm) Syt ={Xq) Sz, X <y U{Xqn) >z X4, <y}

Thus, we have

P(Xny <y) = P(Xy <2, Xy <y) + P(X(q) > 2, X(n) <) (1.6.3)

We know how to write out the term on the left-hand side. The first term on the right-hand side is what we want
to compute. As for the final term,

P(Xqy >z, X@n <),

note that this is zero if x > y. (In this case, P(X(1) < =, X(,) < y) = P(X(;,) < y) and (1.6.3) gives us only

P(X(n) <y) = P(X(n) <) which is both true and uninteresting!) So, we consider the case that z < y. Note
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1.6 Postscript: General Order Statistics

then that
PXyy >z, Xy <y) = Pa<Xi<yr<Xo<y,...,v<X,<y)

= [Plx< Xy <y)]"

Thus, from (1.6.3), we have that

Fxoy xm (@ y) = P(Xg) <2, Xm) <y)

for any x < y.
The joint pdf can be gotten by taking derivatives as
FxoXo@y) = HaAIF@)" —[Fy) - F(2)]"}

= L [F@)" () —nlF(y) — F@)]" " f(y)}

= n(n—1[F(y) — F@)]"*f(2)f(y),
which holds in the case that < y and for = and y both in the support of the original distribution.

Example 1.6.1

Returning to a previous example of a sample of size 15 from the uniform distribution on (0, 1), the joint

pdf for the min and max is

Fx X (B,y) = 15 - 14 - [y — 2" I g () T0.1) (1)-

The given product of indicators is one way to say that both = and y must be in (0, 1) and such that x < y.

A Heuristic:

Since X1, X3, ..., X, are assumed to come from a continuous distribution, the min and max are also continuous
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1.6 Postscript: General Order Statistics

and the joint pdf does not represent probability— it is a surface under which volume represents probability.
However, if we bend the rules and think of the joint pdf as probability, we can develop a heuristic method for

remembering it.

Suppose (though it is not true) that

This would mean that we need one value in the sample X1, Xo,..., X, to fall at x, one value to fall at y, and

the remaining n — 2 values to fall in between.

The “probability” one of the X; is = is “like” f(z). (Remember, we are bending the rules here in order to

develop a heuristic. This probability is, of course, actually O for a continuous random variable.)
The “probability” one of the X is y is “like” f(y).
The probability that one of the X is in between x and y is (actually) F(y) — F(x).

The sample can fall many ways to give us a minimum at = and a maximum at y. For example, imagine that

n = 5. We might get X3 = x, X7 = y and the remaining X2, X4, X5 in between x and y.
This would happen with “probability”
F@)[F(y) = F(@)f(y).
Another possibility is that we get X5 =  and X5 = y and the remaining X, X3, X4 in between z and y.

This would also happen with “probability”

F@)[F(y) = F(@)*f(y).

We have to add this “probability” up as many times as there are scenarios. So, let’s count them. There are 5!
different ways to lay down the X;. For each one, there are 3! different ways to lay down the remaining values
in between that will result in the same min and max. So, we need to divide these redundancies out for a total of

5!/31 = (5)(4) ways to get that min at = and max at y.

In general, for a sample of size n, there are n! different ways to lay down the X;. For each one, there are (n — 2)!
different ways that result in the same min and max. So, there are a total of n!/(n — 2)! = n(n — 1) ways to get

that

Thus, the “probability” of getting a minimum of z and a maximum of y is

n(n —1)f(@)[F(y) - F(@)]" 7 f(y),
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which looks an awful lot like the formula we derived above!

1.6.3 The Joint Distribution for All Order Statistics

We wish now to find the pdf

fX(l)7X(2)7"'=X(n) (l.l’ T2y evny xn)-

This time, we will start with the heuristic aid.

Suppose that n = 3 and we want to find

Fxy Xy X (@1, 29, 23) =" P(X(q) = 21, X(9) = 2, X(3) = 23).
The quotes around the equals sign is there to say that the joint pdf is not really a joint probability and that we
are just kind of thinking about it that way. For continuous random variables, the probability on the right-hand
side will always be zero. (We feel compelled to point this out yet again as it would be quite an egregious error

to think that the left-hand side is equal to the right-hand side!)

The first thing to notice is that this probability will be 0 if we don’t have z; < x2 < x3. (Note that we use strict
inequalities here. For a continuous distribution, we will never see repeated values so the minimum and second

smallest, for example, could not take on the same value.)

Fix values 1 < 9 < x3. How could a sample of size 3 fall so that the minimum is z, the next smallest is x2,
and the largest is z3? We could observe

X1 =21, Xo = w2, X3 = w3,
or

X1 =29, Xo =1, X3 = 73,

or

Xo = 29, Xo = w3, X3 = 71,

as well as other orderings. There are 3! possibilities to list and the “probability” for each of these disjoint events
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is f(xl)f(ajg)f(a?g) Thus,

Fxay XX (@1,22,03) - “=" 0 P(X(1) = 21, X(9) = 22, X(3) = 73)

= P(Xi;=21,X=129,X3=13)
+P(X) = 22, X2 = 21, X3 = x3)

+P(X1 =23, Xo = 22, X3 = 21)

= 3f(z1)f(22) fla3)

For general n, we have

fX(1)7X(2)7"'7X(n)(x17x27"‘71‘”) - P(X(l) :xI,X(Q) :':U2""X(TL) ::L'n)

= nlf(z1)f(z2) - f(zn)

which holds for 1 < z2 < --- < z, with all z; in the support for the original distribution. The joint pdf is

zero otherwise.

The Formalities:

The joint cdf,
P(Xq) <1, X(9) <29y, X(n) < 20),

is difficult to rewrite in terms of the individual and unordered Xj.

Instead, we will consider the quantity
Ply1 < Xy S o1,y2 < Xo) S 2,00, Yn < X(ny < )

forvalues y1 <z1 <yo < w2 <Yz <3 < --- <y, < Ty

The event inside the probability can happen if
Y1 < X1 <1, ya < Xo <@gy ...y Yn < X < Ty,
or if

1 < Xs <1, Yo < X3 <2, ..., Yp < Xp_o < T,
or in many other ways. There are a total of n! different ways to interchange the X; here.

Because of the constraints on the z; and y;, these are disjoint events. So, we can add these n! probabilities,
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which will all be the same, together to get

Plyn <Xy Sx1,00yn < Xy < n) =nl P(yr < X1 < 21,000, yn < Xy < ).

Note that
Pl < X1 a1y oy < X < 0) " T Plys < X < 1) = [[1F () — Flw))
So, - . -
Plyr < X1y S @1,y Y0 < Xy < ) =0l [[[F(2:) — F(w:)] (1.6.4)
i=1

The left-hand side can be written in terms of the joint pdf for all of the order statistics as

Tn Tn—1 z1
/ / s / fX(1>7X(2)7,__7X<n)(u1,uQ,... ,un) dulduQ...,dun. (165)
Yn Yn—-1 Y1

Taking derivatives -4 -L ... —L gjves

dx1 dxo dxn g

FX (1), X (2 Xy (X1, T2, -, Tn)
on the left-hand side.
Differentiating both sides of (1.6.5) with respect to x1, o, . . ., X, gives us
fX(1)7X(2)7"'7X(n) (331, T2y ... ,ZEn) = n‘f(xl)f(l?) t f(l‘n)

which holds for x; < 3 < ---,x, and all x; in the support of the original distribution. The pdf is zero

otherwise.

1.6.4 The Distribution of X;

We can get the marginal pdf for the ith order statistic X ;), by taking the joint pdf for all order statistics from

Section 1.6.3 and integrating out the unwanted x ;.

Let’s start by integrating out x1. (This is, of course, assuming that ¢ # 1.) Since the support of the joint pdf for
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the order statistics includes the constraint 1 < xo < --- < x,, limits of integration are —oo to x».

FX Xy (@25 -5 Tn) = T2 fx (1) X oy Xy (T1, T2, 5 ) dy
= [ onlf(x)f(z2)- - flxn) day
= nlf(w2) - flzn) [22 f(21) doy

= nlf(x2)- - flan)F(22)

forzo <x3 < - - < xp.

Now let’s integrate out xo which goes from —oo to 3.

fX(3),...7X(n)(x37"'7'7;77,) = f_mgo fX(Q) ..... X(n)<x277xn) dw2

N——
u du
= nlf(es) o fan) S

= % f(zs) - f(an)[F(zs))?

which holds for 3 < x4 < -- - < xy,.

The next time through, we will integrate out z3 from —oo to x4. Using u = F'(z3) and du = f(x3) dzs, we get

n!

fX(4)7"'7X(n) (.’E4, s ,J,'n) = (3)(2) f($4) U f(.’En)[F(.’E4)]3
Continue until we reach X ;) to get
! i
fX(i)r"7X(n) (xl} s 7$n) = (Z iL 1)|f($2) t f(xn)[F($z)] !

which holds for z; < ;41 < -+ < .
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Now, we start integrating off 2’s from the other side.

IX Xy @iy Tnm1) = o XXy (@i Tn) dg,

= @) ) [F@) 2 f) dr,

= S (@) fenn)[F (@) L = F(zp-1)]

for x; < Tig1 < ¢ ,Tp—1.

fX(i),...,X("_Q) (xi7 crty xnf2) = f:::72 fX(l)vaX(n—l) (x’i) cre 7xn71) dl‘nfl

= @) fl@a2)[F@)] 1[50, flen1)[L = Flzp-1)] dn

Letting u = 1 — F(z,—1) and du = — f(xp,—1) dzp—1, We get

XXy @i+ n2) = 2 f @)+ fn2) [P ()] =31 = F(an)]?}

Tp—1=00

Tn—1=Tn—-2

s f (@) - f(@n—2) [F(2)) 71 = F(wn—2))?

for x; < Titl, - < Tp—2.

The next time through we will integrate out z,,_2 from x,,_3 to co. Note that

S22 f@n2)[l = Fan o) dey o = —3[1—F(z, o))

u

Ty —2=00

Tn—2=Tn—-3

= M- Flaas)P.
Thus,

fX(i),...,X(n_g) (in, ceey -'L‘nfS) = (3)(2)72;_1)|f($1) e f(l'nf?m)[F(fEi)]i_l[l - F("Enf?))]g

for x; < Tip1 <+ < Tp_3.

Continuing all the way down to the marginal pdf for X ;) alone, we get

i = G Pl )l = P

for —oo < z; < 0o. (+— Note that this may be further restricted by indicators in f(z;).)
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1.6 Exercises

The Heuristic:

We once again will think of the continuous random variables X1, Xo, ..., X,, as discrete and f X (x;) as the
“probability” that the ith order statistic is at x;. First note that there are n! different ways to arrange the z’s.
We need to put 1 at x;, which will happen with “probability” f(x;). We need to put i — 1 below z;, which
will happen with probability [F(z;)]*~! and we need to put n — i above x;, which will happen with probability
[1 — F(x;)]"". There are (i — 1)! different ways to arrange the 2’s chosen to go below ;. These arrangements
are redundant and need to be divided out. Hence, we have (i — 1)! in the denominator. There are (n — i)!
different ways to arrange the x’s chosen to go above z;. These arrangements are also redundant and need to be

divided out. Thus, we also have (n — ¢)! in the denominator.

puti-1 here put n-i here
w.p. Fixq1) each put 1 fhere w.p. 1-F(x1) each

WP T(Eq)
((i-1)! different ways ; ((n-0)! different ways
to arrange) ¥ to arrange)

1.6.5 The Joint Distribution of X ;) and X ;) fori < j

As in Section Section 1.6.4, one could start with the joint pdf for all of the order statistics and integrate out the

unwanted ones. The result will be

n!

for —oo < 7; < x; < oo.

Can you convince yourself of this heuristically?

Chapter 1 Exercises

1. Consider a sequence of independent trials where each trial can result in one of two possible outcomes:
success or failure. Suppose that the probability of success on any one trial is p for some 0 < p < 1.
Recall that, in Chapter 0, we defined the geometric random variable as counting the number of trials until
the first success.

Now, let X be the number of trials until the rth success where r is some positive integer. Then X is said to

be a “negative binomial” random variable. Just as we had two different types of geometric distributions,
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1.6 Exercises

A

10.

11.

we may define two different types of negative binomial distributions.
(a). Find the correct pdf on your table of distributions. Then argue how to derive this pdf from the
scenario described above.
(b). Find the distribution of Y = X — r. (Name it!) What is the interpretation of Y in terms of the
success/failure experiment?
—1

Let g be a continuous, invertible, and increasing function. Show that g

Let X ~ unif(0,1), find the pdf of Y = .

is also increasing.

Let X ~ exp(rate = )). Find the distribution of Y = e~*. (Name it!)
Let X be a random variable with the gamma distribution with parameters « and j3, (ie: X ~ I'(«, 8)).
(a). Let ¢ > 0 be a constant. Find the distribution of Y = cX. (Name it!)
(b). Now consider a random sample, X1, Xo, ..., X,;, gamma distribution with parameters « and [,
(ie: X1,Xo,...,. X, ud I'(«, 8)). Find the distribution of Y = 3" ; X;. (Name it!)
Let n be a positive integer. Suppose that X ~ I'(n/2,1/2). This special gamma distribution is known as
the x2-squared distribution. The parameter n is known as the degrees of freedom for this distribution
and we write X ~ y%(n).

Suppose that X ~ N (0, 1). (See the beginning of Chapter 3 if you do not know what this means.)

Use moment generating functions to find the distribution of Y := X?2. (Name it!)

. Let X7, Xs,..., X}, be independent random variables with X; ~ x?(n;) for some positive integers

ni,na,...,ni. Whatis the distribution of Y := "7 | X;?

. Suppose that X is a continuous random variable with pdf

fz) = T L(0,00) (%)

T
(1+z

for some parameter v > 0.

Then X is said to have a Pareto distribution with parameter ~.

We write X ~ Pareto(7).
Find the distribution of Y = In(X + 1). (Name it!)

. Suppose that X has a Beta distribution, X ~ Beta(a,b).

(a). Find the pdf for Y = —in X.

(b). If a is a positive integer and if b = 1, what is the distribution of Y. (Name it!)
Let X have the uniform distribution over the interval (—7/2,7/2). Show that Y = tan X has a Cauchy
distribution.
Let X ~ unif(0,1).

(a). Find the distribution of Y = — In X. (Name it!)

(b). Find a transformation Y = g(X) so that Y ~ exp(rate = \).
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1.6 Exercises

12.

13.

14.
15.
16.

17.

18.

19.

20.

Let X; and X5 have the joint pdf

Ix1.x, (21, 22) = 27 72 (g 4,y (71) L(0,00) (T2)-

Find the joint pdf of Y7 = 2X; and Yo = X5 — X3, and argue that Y] and Y5 are independent.
Let X1, X9 ~ iid exp(rate = 1). What is the pdf for X;/X5? (The name of the resulting distribution
is the “F distibution” which is defined, more generally, in terms of chi-squared random variables.)
Suppose that X7, Xo ud N(0,1). Find the distribution of X;/Xs. (Name it!)
Let Xq, Xo ud exp(rate = \). Find the distribution of Y = ﬁ (Name it!)
Suppose that X, Xo, ..., X, is a random sample from the uniform distribution over the interval (0, 1).

(a). Find the distribution of min(X7y, Xo, ..., X,,). (Name it!)

(b). Find the distribution of max (X7, Xo, ..., X,,). (Name it!)
Let X and Y be independent random variables with cdfs F'x and F,, respectively.

(a). Let Z = max(X,Y). Find the cdf for Z in terms of the cdfs for X and Y.

(b). Let Z = min(X,Y"). Find the cdf for Z in terms of the cdfs for X and Y.
Suppose that X is a continuous random variable with pdf f(z). Let Y = X?2. (Note that this is not a
one-to-one, invertible transformation.)

Find an expression for the pdf of Y in terms of the pdf of X.

Suppose that X; and X, are independent random variables and that Y; = ¢1(X;) and Y5 = g2(X3).
Then Y] and Y5 are independent. Sounds reasonable yes?

Prove this in the case that X; and X5 are continuous and g; and go are invertible.

Let X1, Xo,..., X, be a random sample from a continuous distribution with pdf f and cdf F'. Find the

pdf for the sample range X,y — X(1).
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Chapter 2 Qualities of Estimators: Defining Good, Better, and
Best

If you knew any continuous distribution before coming into this course, it was probably the normal distribution,
also known as the Gaussian distribution. It’s pdf is the “bell curve” that we all know and everuse love. It is

parameterized by the mean p and variance o2 for X, and we write X ~ N (u,0?). The pdf is

flai0?) = —o—g e,

V2mo?

which looks like this.

If you do a little Calculus, you’ll see that the points of inflection, where the pdf switches concavity, are precisely

o units away from the mean p. That is, they are 1 standard deviation away from the mean.

The normal distribution with mean 0 and variance 1 is called the standard normal distribution. It is common
for people to use a Z, instead of an X for a standard normal distribution, though an X is fine. Conversely,

seeing a Z in a statistical problem does not guarantee a N (0, 1) distribution.

Estimation:

Let X1, X5,...,X, be a random sample from the N(u, 1) distribution. If n is large and if you make a
histogram of your sampled values, you should see the histogram roughly matching up with the pdf for the
N (1, 1) distribution. In particular, you will see the majority of sampled values towards the center (which is y)

29

and not so many out “in the tails’.
Question: How might you estimate the mean ?

Answer: The most “natural” answer would be to use the sample mean:

1
X:ﬁ;Xi.



2.1 Notation, Statistics, and Unbiasedness

The true mean p for the distribution is a probability weighted average. The sample mean is the average of the
sampled values and it already has the “probability weighted” part “built in”” since the values are falling mostly

in the high probability regions and not so much in the low probability regions.

We will use the notation i to denote an estimator for u. So, we write

i—X.

Note that the X in “X bar” is capitalized. At this point we are considering it as a random variable. We are
going, in the future, to sample values X1, Xo, ..., X,, from this normal distribution and then we are going to
average them. Once we do, we will have observations =1, x2, . . . , £, which have sample mean . While x is an
unknown constant, i is a random variable. It does not make sense to say that ; = X but it does makes sense to
say i = X. The word “estimator” is used to refer to the random variable X while the word “estimate” is used

to refer to the actual observation .

Estimating the mean 4 with the sample mean X seems like the “obvious” thing to do. However, the following

questions arise.

1. How “good” is this estimator? What does “good” even mean?
2. Can we do better?
3. How would you go about estimating parameters with a less obvious interpretation, such as the « from the

I'(«, ) distribution?

Before we can propose good estimators for parameters of various distributions, we need to be able to talk about

several measures of the quality of an estimator so that we know what to aim for.

2.1 Notation, Statistics, and Unbiasedness

We will use # to denote a generic parameter. It might represent  in a normal distribution, A in the exponential
distribution, S in a gamma distribution, or a number of other things. It might even represent a vector of

parameters such as 6 = (u,02) or § = (a, ).

From now on, we really want to emphasize that our pdfs have parameters. So, instead of writing f(x), we will

write f(x;6). The semicolon will be used to separate variables and parameters. For example, when referring
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2.1 Notation, Statistics, and Unbiasedness

to a joint pdf for X, Xo, ..., X,, with parameters o and 3, we might write f(x1,x9,...,Tn; , 5).

Let X1, Xo, ..., X be a random sample from the distribution with pdf f(x;0).

The goal is to estimate the parameter 6, or some function of the parameter 7(0)!, based on what we see in the

random sample X1, Xo, ..., X,.

Our estimator will be a statistic which is defined as some function of the data. A statistic is a random variable
that we will denote
T =t(X1,Xo,...,X,) = t(X).
The statistic may be one-dimensional such as
T=tX)=X,
or it may be higher dimensional such as
n
T=tX)= (X, STXZ, X(1)> :
i=1
In general, we can have ¢t : R" — R*, but for now we will assume that k& = 1. Similarly, we will assume for

now that 6 and 7(0) are one-dimensional.

When estimating 7(#) using the statistic 7' = t()z' ), one thing we might want is for the estimator to be “on

average” correct.

)
Definition 2.1.1

We say that 7" is an unbiased estimator for 7(6) if

If you are not completely comfortable with properties of expectations and with computing variances, now would

be a good time to go back to review Section 0.10.

1An example would be the case where you wanted to estimate 7(6) = 6. Should you estimate # and square the result? Not necessarily!
The answer depends on what properties you want your estimator to have.
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2.1 Notation, Statistics, and Unbiasedness

Example 2.1.1 ]

Let Xy, Xo, ..., X, be arandom sample from any distribution with mean  and variance o2.

(Note that 12 and o2 denote a generic mean and generic variance. We are not necessarily talking about the
normal distribution, for example, where the symbols i and o2 are already used. Suppose that the random

sample is from the I'(cv, 3) distribution. Then i = o/ and 0% = /%))

Suppose that we want to estimate the mean 4 with the sample mean X . This is a new random variable with

its own distribution and own properties! It’s mean is

This is true for the sample mean for a random sample from any distribution!

- N
Property
Let X1, Xo,..., X, be a random sample from any distribution with mean
. Then
E[X]=pu
(. J

Now what can we say about the variance of X in terms of the original variance for the distribution? Variance
is a measure of spread. We see that, when using X to estimate 1, on average we will be correct. However, if
this estimator has a large variance, we will see wild swings between values if we take many samples. Most of
the time you only get one sample to work with, so this “high variability” isn’t good because it means that your
one sample mean can potentially be quite far away from p. For example, suppose the true (but unknown to you)
mean is © = 15.3. Suppose you estimate it with some estimator 1. Would you rather this estimator produce
values like —117.8, 124.29, 8.55, and so on, that, when themselves averaged give you 15.3 or would you rather

it produced values like 15.1, 15.8, 15.47 Remember, you only get to see one estimate so, even though the first
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2.2 Mean Squared Error and Bias

estimator gives you the correct value on average, the second estimator is much more desirable! In fact, you

might actually prefer a little “bias” in your estimator if it is “almost unbiased” and has small variance.

Example 2.1.2

Let X, X, ..

Itis

|

ident

., Xp, be a random sample from any distribution with mean p and variance o~

2

Suppose, as in the previous example, we chose to estimate z with X. What is the variance of this estimator?

n

n
ind
g Z Var|X;]
i=1

So, no matter what distribution we are considering, X is always an unbiased estimator for the mean s of the

distribution. Also, the variability of X is smaller than the variability of a single X;. For example, suppose that

2,000 Calculus I students are divided into 50 recitation sections, each of size 40. If we look at the Midterm 1

scores for all 2, 000 students, they will likely vary quite a bit between, potentially, single digit scores and perfect

scores. However, if we look at the 50 sample mean scores for each recitation section, we wouldn’t expect to see

such variability!

Note that we have derived an expression for the variance of the sample mean for a random sample from any

distribution!
( )
Property
Let X1, Xo, ..., X,, be arandom sample from any distribution with variance
o2. Then
—  Var|lX 2
Var[X] = VarlXi] =
n n
. J
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2.2 Mean Squared Error and Bias

2.2 Mean Squared Error and Bias

We have produced some estimators for the mean (1) and variance (02) What about other parameters like the p

in the binomial distribution of the 3 in the gamma distribution?

Let 6 be a generic parameter. We will denote an estimator of 6 by 6. We know that if 0 is an unbiased estimator

A

of 6 then E[0] = 6.

)
Definition 2.2.1

The bias of an estimator 8 of @ is denoted and defined as

B() = E[0] — 0.

If 6 is an unbiased estimator of 0, its bias is zero.

The variance of a random variable X is a measure of spread about its mean ¢ = E[X]. In particular, it is
Var[X] = E[(X — p)°] = E[(X — E[X])?].

For an unbiased estimator 0 (which is a random variable) of 6 (which is a constant), realizations of 0 will be,

on average, f with repeated sampling. Again, in the case of one sample, this is not so useful if realizations of 6

have really wide swings to the left and right of the true 8. We will only get to see one value and it may be way

off. Thus, we would like the variance

-~

Var(d) = E[(0 — E[0))%] """ E[(D - 0)*]

to be small so that this wild swinging is unlikely to happen.

In the case that § is a biased estimator of 6. We still want it close to 6 in the sense that we want E[(6 — 6)2] to

be small. It's just that this is no longer the variance of 6 since E[f] # 6. We call E[(§ — §)2] the mean squared
error of the estimator 8 of 6. If § is an unbiased estimator of 6, the mean squared error and variance are the

same.
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2.2 Mean Squared Error and Bias

~N

)
Definition 2.2.2

The mean squared error (MSE) of the estimator 0 of 0 is

MSE(9) = E[(§ — 6)?].

By the definitions of variance and mean squared error, we can see the following.

Property

If 6 is “unbiased for 6”, then

MSE() = Var[d).

In general though, we can derive a relationship between MSE and variance as follows.

Var[d) = E[(0—E[0])2] =E[# -0+ 6—E[0])?

= E[(0-0-B(0)
Squaring that out and running the expectation across, but keeping the 6—6 together gives
Var[d] = E[(d—6)%—2B(H) E[0—6] +(B(H))?
——

A,

E[0) — 6

Property

If 4 is an estimator for 0, then

Var[d] = MSE() — (B(6))>.
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2.2 Mean Squared Error and Bias

From this relationship, we can again see that if 6 is unbiased for 8, Var[] = MSE(f) since the bias of the

estimator is zero.

Example 2.2.1 (Long Estimation Example!)

Let X, Xo,..., X, be a random sample from the exp(rate = \) distribution. Assume that n > 3.

We will consider estimating the mean of the distribution 7(\) = 1/ and then A itself.

—

Since 7(A\) = 1/ is the mean for this distribution, we know that 7(\) := X is an unbiased estimator for

7(A). It's MSE is

—

MSE(T/(X)) unbigsed Var[r(\)] = Var[X] = Var[Xy] _ (1/2%) _ 1

n n ni2"

Now consider estimating )\ itself. While it is perfectly reasonable to use 1/X, we might not want to do this

if, for example, we want an unbiased estimator for A.

IsA:=1 /X an unbiased estimator of \?

E[\]=E [1}
X
but THIS IS IN NO WAY SHAPE OR FORM EQUAL TO
1 1
EX] 1A

Expectation just doesn’t work this way.

Instead,

- 3] -] -rlie] o]

where Y = > X; ~ I'(n, A). (We showed that the sum of exponentials has a gamma distribution in

Example 1.5.7 of Section 1.5.6.)

We now have
Elg] = /S indy

= e LAyl dy

= 0" Aty Re M dy
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2.2 Mean Squared Error and Bias

We can proceed by “integrating without integrating". Ignoring all constants, we really want to integrate

yn—Z €—>\y‘

Comparing this to the non-constant part of the gamma distribution,

xa—le—ﬁx’

we see that we are integrating something that almost looks like a I'(n — 1, \) pdf. We will put in the
constants needed to make this an actual I'(n — 1, \) pdf and compensate by putting the reciprocal of the

constants in front of the integral. We have

c[t] = g

_ l“(n—l))\/oo ;)\nfl n—2,-X\y 4
T'(n) 0 F(n — 1) Yy € Yy

Putting things back together we have

Conclusion: This is not A, so A = 1 /X is not an unbiased estimator of \!

Let us now try to find an unbiased estimator of A.

X = 1/X came close in the sense that it was just a constant times . If we put (n. — 1) /n in front of X then

the resulting random variable will have expectation

E[”_ll}—"_lE{l]—”_l " _y=
n X n n n—1

Thus

is an unbiased estimator of \!

Comparison of MSEs:

Let’s find the MSE of the original A.

st — a3-s1-e[(k -] ~e[p -]
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2.2 Mean Squared Error and Bias

where Y ~ T'(n, \).

So,
MSE(R) = E[(3-N]

= n%E [&] - 20E [$] + 22
We already know that E[1/Y] = \/(n — 1). We still need to find E[1/Y?].
Since Y ~ I'(n, \), we have
(4] - o
— f() I‘(n )\n n— 3 -y dy

That "~ 3e~*Y part of the integrand looks like a I'(n — 2, \) pdf. In order for that pdf to be complete, we

also need ﬁ)\” 2. So, we rewrite things as

1 _ D(n=2)y2 n—2 n 3 —)\y
El] = S / rn_z))‘ dy
integral of a pdf
_ I(rn=2)y2 1 _ 1 2
= T Nl T et

Putting all of the pieces together (check this), we get

We will now compute the MSE for the unbiased estimator Xz. Since Xz is an unbiased estimator of ), its

MSE is simply its variance:

MSEQ(Rg) "2 Var[Xy) = Var [Zﬂ (n—1)2Var [§]

where Y ~ T'(n, \).

Note that

varl3] = €[] - (1)
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2.3 Convergence in Probability

So,
1 1

= M2
(n—1)%(n—2) n—2

MSEQw) = (n—1)2Var m — (n—1)

From two unbiased estimators of a parameter, you should choose the one with smaller variance. When
comparing a biased estimator with an unbiased estimator, as in this case, it makes more sense to look at
MSE. The variance of an estimator represents its spread about its mean while the MSE represents its spread

about the thing you are trying to estimate!

We still don’t know how to really come up with estimators of parameters. At this point we are sort of guessing
and then evaluating that guess. (i.e., Is it unbiased? Does it have small variance? Small MSE?) Eventually we
will learn systematic approaches for coming up with estimators. For now, we are still just going to talk about
how to evaluate the quality of estimators so that we know what to aim for when coming up with methods for

finding estimators.

Often we are interested in “large sample properties” of estimators. For example, when estimating the mean
of a distribution, it seems natural to assume that the sample mean X is not only a good idea, but will become
an even better estimator of the true mean for larger and larger samples. It’s time to talk about limits for random

variables!

In general, given a random sample X1, Xo, ..., X, an estimator g for a parameter 6 will also be based on the
sample size. For example, i = X = % 1 X;. Sometimes we will emphasize the fact that an estimator 0 of
a parameter 6 depends on n by writing 6 = 0,. It would be nice to be able to say that 0., converges, in some
sense, to the true value §. We know what it means for a sequence of numbers to “approach" another number.
Estimators, however, are not numbers. They are random variables or “potential numbers”. In order to talk about

convergence, we need to use probability somehow. There are several ways to do this.
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2.3 Convergence in Probability

2.3 Convergence in Probability

,
Definition 2.3.1

A sequence of random variables { X, } converges in probability to a random variable X

if, for any € > 0, we have

lim P(|X, — X|>¢)=0.

n—oo
(Equivalently if nh—>Holo P(|X,—X|<e)=1)

We write X, £> X.

Take a moment to think about why one of these probabilities should go to 0 and the other should go to 1.
Here are some things to note.

1. Probabilities are numbers. The limit in this definition makes sense as it is for a sequence of numbers.

2. One can talk about convergence in probability of a sequence of random variables to a constant. A constant
is just a very boring random variable. The constant “3” can be thought of as a random variable X where
X = 3 with probability 1.

3. In this text, the sequence of random variables will usually be a sequence of estimators 6 = 6, of a
parameter 6 that we hope will converge in probability to the constant 6.

4. The “strictness” of the inequalities in the definition of convergence in probability is not important. It is

fine to say, for example, that lim P(|X,, — X| > ¢) = 0.
n—oo

In order to show convergence in probability, you might find the inequalities in the next Sections useful.

2.3.1 Markov’s Inequality

Markov’s inequality is as follows.

p
ﬁ Markov’s Inequality

For a random variable X and any numbers 7, ¢ > 0,

P(X| 5 o) < EIXTT.

c’l"
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2.3 Convergence in Probability

Markov’s inequality is sometimes stated in terms of a non-negative random variable in which case the absolute

values can be omitted.

In order to prove Markov’s inequality, we will first prove something more general. We will refer to it as the

“generalized Markov inequality”.

( )
i} The “Generalized' Markov Inequality
If X is a random variable and g(z) is a non-negative real-valued function,
then for any ¢ > 0,
Elg(X
P(g(X) > ¢) < 24X
c

- J

Once we prove this more general inequality, we can establish Markov’s inequality as a simple special case as

follows.

Since r > 0,
P(|X[>¢c)=P(X]" > ").

Using g(z) = |x|" in the generalized-Markov inequality, and replacing ¢ with ¢”, we know that

E[| X"
POt 2. < EIXT1
So,
E[X1"]

CT‘

P(IX] > o) <

which is Markov’s inequality!

It remains to prove the generalized Markov inequality. It will be useful to use the notation

/A f(x)dx

to represent the integral over all values in the set A. For example,

5
/z f(z)dx = /{$:2S$§5} f(z)dz.

The purpose of this notation is to allow us to easily and compactly denote more complicated regions of
integration. For example, suppose that we want to integrate a function g(x) over all z in the region where

g(z) > 5. If g goes above and below 5 many times, this region may consist of a lot of disjoint intervals which
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2.3 Convergence in Probability

will result in a sum of several integrals. However, with this new notation we can simply write

/ g(x)dz.
{z:g(x)>5}

Note that if f is the pdf for a random variable X,

/ f(x)de = P(2 < X <5).
{z:2<z<5}

(generalized-Markov Inequality)
Let f(z) be the pdf for X. Then,

Elo(X)) = [ g@)f)ds

—00

Jtzg@)zey 9@) (@) dz + [rp.0(0)<cp 9(2) f(2) da

> f{x:g(c{:)ZC} g(x)f(x)dz

since both f and g are non-negative.

Since g(x) > c on this region of integration,

Elg(X)] = f{z:g(:ﬁ)Zc} g(x)f(x) de > f{x;g(x)ZC} cf(x)dw

¢ Jizg(zyey f(@) dz = cP(g(X) = ¢)

as desired!

2.3.2 Chebyshev’s Inequality

Chebyshev’s inequality gives a lower bound on the probability that a random variable X is “within %k standard

deviations of its mean".
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2.3 Convergence in Probability

( N\
ﬁ Chebyshev’s (Tchebychev’s) Inequality
Let X be a random variable with mean p and variance 0? < oo. For any

k>0,

1
P(X = pl <ho) 21— .

Equivalently,
1

P(X - p| > ko) < 7.

Here, 0 := Vo2 > 0 is the standard deviation of X.

(Chebyshev’s Inequality)

Let g(z) = (z — p)?. Using the generalized-Markov inequality again with ¢ = k%0 gives us

X -0 1
P((X — p)? > k%% < R =53 =

Note that the left hand side is equivalent to P(| X — p| > ko).

2.3.3 The Sample Mean and Convergence in Probability

Let X1, Xo, ..., X, be a random sample from any distribution with mean y and finite variance o2. Note that

the sample mean

depends on the sample size n. We know that X is an unbiased estimator of 1. One would think that X becomes

an even better estimator of 1+ when n gets large. Specifically, we have the following.

' N\
{} The Weak Law of Large Numbers (WLLN)
Let X1, Xo,..., X}, be a random sample from any distribution with mean p and finite
variance o2. Then,
XL,
. _J

So far we only have one type of convergence (convergence in probability) for a sequence of random variables.
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2.3 Convergence in Probability

Once we have others, we will see that some types of convergence are “stronger” than others and some are

“weaker”. This is the reason for the use of the word “weak’ here.

It may look weird to you to have a limit without an apparent sequence of random variables. For this reason, we
sometimes switch to the notation X,, for a sample mean in order to emphasize its dependence on the sample

size. Similarly, we might rewrite an estimator 0 of 0 as 0,,.

(WLLN)

Recall Chebyshev’s Inequality. For any k > 0, P(|X — p| < ko) > 1 — 5.

Applying Chebyshev’s Inequality to the random variable X, we get

_ 1
P(X ~ gl < hog) 21— 3.
But, pir = pu and 0% = o /n, which implies that o = o///n. So, we have
— 1
P(X — ul < ko/Vn) 21~ 2.3.1)

for any k£ > 0.

Let € > 0. Choose k such that ko /\/n = €. i.e., Choose k = ey/n/o. Then (2.3.1) becomes

0_2

P(X —pl<e)>1— —.
(K-ul<e)21- 2
Therefore,
: — . o?
nlbngoP(|X—u| <€)Z7}LH(%O [1—{52” =1-0=1.

Since probabilities can’t get greater than 1, that limit on the left-hand side must equal 1.

So, we have shown that X £ L

Example 2.3.1 ]

Let X3, Xo, ..., X,, be arandom sample from the exponential distribution with rate A, then
—p1
X = -
A

since u = E[X;] = 1/
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2.3 Convergence in Probability

Example 2.3.2 ]

If Xy, Xo,...,X,is arandom sample from the I'(cv, 3) distribution, then

x4

™[ Q

since p = E[X;] = a/p.

2.3.4 Consistent Estimators

_
Definition 2.3.2

Let 9\” be an estimator of 6. én is a consistent estimator of 6 if

6, 50

So, if someone asks you to show that you have a “consistent” estimator of something, they are simply asking

you to show convergence in probability.

Here is a most useful theorem!

( N\
i} Theorem 2.3.1
An unbiased estimator §n of 6 is a consistent estimator of 8 if
lim Var[f,] = 0.
n—oo
. _J/

By Chebyshev’s Inequality, we have, for any & > 0
1
In this theorem, our random variable is §n and, since it’s unbiased, its mean is 6. Let us use a,% to denote its

variance: 02 = Var[f,]. Chebyshev’s Inequality becomes

1

P(|f, = 6] < ko) > 1— .
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2.3 Convergence in Probability

Take any € > 0. Setting ko,, = €, we see that, by choosing k = ¢/0,,, we have

2

~ O'n
(I8~ <) > 1- 2.

Now take the limit as n — oo of both sides. Since are given that that lim,, 0721 =0, we get

lim P(|0, — 6] <e) > 1.

n—oo

Since that probability can’t get greater than 1, we have shown that

lim P(|0, — 0] <e) = 1.

n—oo

~ P ~ . .
Thus, 6,, — 0 and so 6,, is a consistent estimator of 6.

You will be happy to know that this Theorem can be generalized a little bit. Before we do this, we will need a

definition.

[ Definition 2.3.4 )
§n is an asymptotically unbiased estimator of 8 if
lim E[6,,] = 6.
(. J

We now have the following.

Recall the relationship
Var[0,] = MSE[6,] — (B[6,])? (23.2)

“Asymptotically unbiased” means that

)

lim E[

n—oo

>

n} =0.
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Since the bias is,

B[6,] = E[6,] — 6,
“asymptotically unbiased” gives us that the bias of our estimator goes to 0 as n — oco.
Since are given that the variance goes to zero, by (2.3.2) we now have that the MSE must go to zero.

. - T N _ 2
Jim MSE[6,] = lim E[(0,, — 6)7]

Recall the inequality

Applying this here, we have, for any € > 0,

~ ~ E[(6, — )
P(|6, — 6] >¢)=P((A, —0)* > &%) < M
€
Thus, R
_ E[(0, — 0)*

lim P(|0, — 0| >¢) < lim ( n2 )] =0.
n—00 n—00 5

Since a probability can’t be negative, we must have

nh_)ngo P(l6, — 6| >¢)=0.
So, b, £ 0, as desired.
Example 2.3.3 ]
Suppose that X1, Xo, ..., X, i f(0,0). Show that the maximum, X, is a consistent estimator of 6.

Our sampled values are uniformly distributed over the interval (0, #). If 6 is unknown, it seems reasonable

to estimate the right endpoint of the interval of possible values by using the maximum value in the sample.

It also seems like we would get a better idea about where 6 is if we collect more data. When including

additional data, the maximum can only go up.
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2.3 Convergence in Probability

In this example, we are going to show that, as the sample size increases, the maximum value in the data set

is approaching the right endpoint § in the sense that it is converging in probability to 6.

To begin, we find the distribution for X,,). The cdf for the unif(0, §) distribution is

0 , <0
F(z) = x/0 , 0<z<@
1 , x>0.
Thus, the cdf for the maximum is
FX(n) (x) = P(X(n) <)

= [P(Xy <a)]"
= [=/0]"
for0 <z < 6.
The pdf for the maximum is then
d n

fX(n) (aj) = %FX(M (Jf) = 97.%

for x between 0 and 6. We will write this with an indicator as

n

fx o (@) = ejxn_l L(90)(x).
The expected value of the maximum is
ElXm) = [ fx,,(z)dx

_ 0 n ,.n—1
= Joz gra"do

= foe gra” dx

n+1

This is less than 6 and is getting closer and closer to 6 as the sample size n gets large. In particular, we have
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2.3 Convergence in Probability

" _g—y,

lim E[X(,]= lim

n—00 n—oon + 1
0 X(,) is an asymptotically unbiased estimator for 6.
If we can show that lim,,_,~ Var[X (n)] = 0, we can use Theorem 2.3.2 to conclude that X (n) L.

To find the variance, we first compute the second moment
2 —_ [ .2
= 09 a? - gea"dx
K R

- 0 on

Then

2
_ 2 7 2 _ " g2 n _ n 2
VarlXo] = X)) - EXw)? = 50— (59) = oo™
which goes to 0 as n — co. So, we have that

which means that X, is a consistent estimator of 6.

2.3.5 Things About Convergence in Probability That Will Not Surprise You

P
ﬁ Theorem 2.3.3

Suppose that { X, } and {Y},} are sequences of random variables with
X £ X and Y. £ Y for some random variables X and Y.
Then
L Xp+ Yo B X4y
2. X, Y, 5 Xy
3. X,/Y, 5 x /Y as long as the denominators are non-zero with
probability 1

4. g(Xy) Ei g(X) for any continuous function g
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2.3 Convergence in Probability

For our estimation purposes, we will be most interested in the case where X and Y are constants which, as
mentioned before, can be thought of as really boring random variables. We will prove parts 1 and 4 of this

Theorem and leave the others as exercises.

(Theorem 2.3.3, Part 1) We will use the Triangle Inequality: |a+b| < |a|+ |b| on the random variables
like this
X+ Yo — (X +Y)] = (X, = X) + (Y = V)| < [ X, — X| + [V, — V]| (2.33)

(Incidentally, an inequality X <Y, for example, means that P(X <Y) = 1.)

Take any € > 0. Note that (2.3.3) implies that
P(X,+Y,— (X+Y)|>e) <P(|X,—X|+|Y,—-Y]|>e). (2.3.4)
Further, we have that
P X, —X|+|Yn=-Y|>e) < P(|X,— X|>¢/2)+ P(|Yn = Y| >¢/2), (2.3.9)

as described in the following aside.

Aside:

In order to have | X,, — X| + |Y,, — Y| > €, we must have at least one of the events
{|Xn — X| > ¢/2}, {IY, = Y| >¢e/2}
be true. i.e.,
{|Xn - X|+1|Y, -Y|>¢} = {|Xn — X|>¢/2} or {|Y, —Y|>¢e/2} orboth.

Equivalently

{1 Xn = X|+ Y —Y|>e} C{|X, — X| >e/2} U{]Y, - Y| >¢e/2}. (2.3.6)
Recall that for events A and B,

P(AuB)=P(A)+ P(B)—P(AnB) < P(A)+ P(B).

So, (2.3.6) implies that

P(X,-X|+|Y,-Y|>¢e) < P{|Xn,—X|>¢e/2} U{|Y,-Y]|>¢/2})

< P(IXn—X|>e/2) + P([Yn — Y| > £/2).
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2.3 Convergence in Probability

Finally,
(2.3.4)
lim P(| X, +Y,— (X+Y)|>¢e) < lim P(|X,, — X|+1|Y, —Y]|>¢)
n—oo n—oo
(2.3.5)
< lim [P(|X, — X|>¢/2)+ P(|Y, = Y| > ¢/2)]

n—oo

= nlgngop(|anX| >8/2)+7}LngoP(]Yan| > ¢e/2)

= 0+0=0
since X,, = X and ¥, & Y. Since P(|X, +Y, — (X +Y)| > ¢) can not be less than zero, we have
lim P(|X,+Y, — (X +Y)[>¢e)=0
n—r00

and therefore X,, +Y,, B x + Y, as desired.

We will prove Part 4 in the case that convergence is to a constant a. That is, we will assume that X = a for
some real number a. The more general proof requires a bit of measure theory. Furthermore, we are really only
interested in convergence to constants as the entire point of our diversion into sequences of random variables is

to talk about a sequence of estimators (random variables) of a constant 6 getting close to 6.
(Theorem 2.3.3, Part 4, X = a)

Let ¢ > 0. g continuous implies that, for any real number «a, there exists a § > 0 such that, for all x with

|z — a| <, we have |g(x) — g(a)| < e.

Note that

[z —al <0 = |g(zx) —gla)| <e
and yet |g(z) — g(a)| may be less than ¢ for other x that are not within ¢ of a.

Plugging in the random sequence, this means that the event that | X,, — a| < ¢ happens implies that the event

|g(X,) — g(a)| < e but not necessarily the other way around.

Writing these events as sets, we have

{IXn —al <0} S {lg(Xn) —g(a)| <e}.

Using the fact that A C B implies that P(A) < P(B), we have

P(lg(Xn) —g(a)| <) = P(|Xyn —af <)
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2.3 Convergence in Probability

Since X, Baasn— 00, the right-hand side goes to 1. Hence

lim P(lg(Xn) —g(a)| <&) =1

n—00 -

Since the probability can not be greater than 1, we have

lim P(|g(Xn) —g(a)| <e) =1

n—o0

and so g(X,,) K g(a), as desired.

4 N\

£ 4| Note

-

Note that we didn’t need g to be continuous everywhere, only at a. We can
also relax continuity of g for the more general result g(X,,) £ g9(X) as
long as, for any point ¢ of discontinuity of g, we have P(X,, = ¢) = 0 and

P(X = ¢) = 0. In other words, if there are problem points with g, it doesn’t

matter because we will never be evaluating g at those points!

Example 2.3.4 ]

If X, £> b and a is a constant, a X, £> ab.

This is either a result of Part 2 of the Theorem, using the random variable sequence {Y,, } with Y,, = a with

probability 1 or as a result of Part 4 of the Theorem with g(x) = ax.

Example 2.3.5

Let {a, } be a sequence of real numbers such that

lim a, = a.
n—oo

There are no random variables here but, as mentioned before, constants can be thought of as really boring
random variables. Technically, we can talk about convergence in probability of a,, to a. The limit in this

example says that, for any € > 0, there exists a constant N such that |a,, — a| < ¢ foralln > N.

So, we have, for eachn < N, the probability P(|a, —a| < ) iseither O or 1. However, P(|a,—a| <€) =1

foralln > N.
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2.3 Convergence in Probability

Thus,

lim P(lan, —al <e) =1,

n—oo

P
and we have that a,, — a.
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2.4 Convergence In Distribution

Example 2.3.6 ]

Suppose that X1, Xo,..., X, d unif(0,0). In Example 2.3.3, we saw that the maximum, X, is a

consistent estimator of §. We proved this using Theorem 2.3.2.

Suppose that we did not know Theorem 2.3.2, only knew Theorem 2.3.1, and still needed to prove the

result. We would need E[X,,)] = 0 and lim;, o Var[X(,,y] = 0.

We saw, however, that

n
E[X (] = —0#0.

n -+

All is not lost. We could define a new sequence of random variables {Y;, } where

1
y, = F

X(n)

By design, Y,, is an unbiased estimator for  since

n+1 n+1 n+1 n
E[Y,] = E[ i X(n)} =R = =,
Furthermore,
2
VarlY,] = Var {”THX(,Z)} = (”TH) Var[X ]
2
_ 1 2
- (%) (n+1)g(n+2) 0
_ 1 2
—  n(n+1) 0%,
which goes to 0 as n goes to co.
By Theorem 2.3.1, we now have that
v, 50
So, we also have
n P
Xy = Y, 1-0=0
(n) n+1"" -

by Part 2 of Theorem 2.3.3. Here we have used Example 2.3.5 and the fact that n/(n + 1) converges to 1

as a sequence of real numbers.
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2.4 Convergence In Distribution

2.4 Convergence In Distribution

g
Definition 2.4.1

Let {X,,} be a sequence of random variables with cdfs F),(z) = P(X,, <
x). Let X be a random variable with cdf F'(x).

X, converges in distribution to X if

lim F,(z) = F(x)

n—oo

for all z where F' is continuous.

We write X, i> X.

Other notations are X,, = X as this is sometimes called “convergence in law”, and X,, = X. When someone
asks you to find the “limiting distribution” for a sequence of random variables, they are referring to convergence
s T . . e P

in distribution. Convergence in distribution is weaker in convergence in probability in the sense that X,, — X

= X, < X but not necessarily the other way around. We will prove this.

Example 2.4.1 ]

Let X1,Xo,..., X, ud Pareto(1). Investigate the convergence in distribution of Y;, := nX (1) where

X(l) = min(Xl, XQ, v ,Xn).

The Pareto(1) pdf is

Y =1 1
fla;y) = WI(O,OO)(x) = m—’(o,oo)(x)-
The cdf is
F(x) —/x(1+u)72du— -1 x—l— !
o T l4uly 0 14z

We need to find the cdf of Y,, and then let n — oo.
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2.4 Convergence In Distribution

Fy,(y) = P(Yn<y)=PnXq <y =PXy <y/n)

= 1= [P > y/m)" =1- (h7)
= 1-(14y/n)™"—1—eY
as n — oQ.

This is the cdf of the exponential distribution with rate 1. (If you don’t recognize it, take the derivative to

find the pdf.)

So,
Y, 5Y ~ exp(rate = 1).

Example 2.4.2 ]

Let X1, Xa, ..., X, % uni f(0,1). Consider Y, = Xy = max(X1, Xo,..., X,).

The cdf for the uni f(0, 1) distribution is F'(z) = P(X < z) = [ 1du = =z, for 0 < 2 < 1. Note that the

cdfisOforxz < Oandis 1forxz > 1.

The cdf of Y, is
Fy,(y) = P, <y)=PXun <vy)

for0 <y < 1.

The complete cdf is

0 , y<o0
Fy,(y) =3¢ y» , 0<y<1
I, y=>1
Letting n — oo, we get the limiting cdf
0, y<l1
Fly) =
L, y=1

which looks like this
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-

This is the cdf of a random variable that equals 1 with probability 1. We say
Y. 4y where Y = 1wp. 1

or simply

Y, 4 1.

Important Note: Cdfs are always right-continuous functions. This means that if and when you have a jump,
you will have a “hole” on the lower piece and a “filled in point” on the higher piece. The proof of this is not
that difficult but requires a lot more “machinery” in place than we have here. Sometimes, when trying to show
convergence in distribution, you will end up with a left-continuous function. This is not a cdf but it is the same
as the function you would get if you switched out the point and the hole which would be a cdf. Fortunately, to
show convergence in distribution, we only need to show convergence of the sequence of cdfs to a cdf F' “for all

x where F' is continuous.” In other words, we don’t care about these particular trouble points!

2.4.1 Convergence in Probability is Stronger

ﬁ Theorem 2.4.1

| X, 5 x=x,3%4x

Let ), (z) = P(X,, < z). Let F(z) = P(X < x). Lete > 0. Let = be a point of continuity of F.

Note that

F.(z)=P(X,<z)=PX, <z, X<z+e)+P(X, <z, X >z+e¢).

Also, note that the “event” that { X,, < z, X > = + ¢} is contained in the event that {|X,, — X| > ¢}. That is,

if the first event is true then the second is too. (The second event says that X,, and X are more than € apart. In

127



2.4 Convergence In Distribution

the first event, X,, and X are more than € apart but in a very specific way involving a fixed z.)

Thus,
Fo(z) < P(X, <z, X <z+e¢e)+ P(X, — X|>e).

This is “trivially”
<PX<z+e)+P(|X,—X|>e)

since we have removed a restriction. So,

Fo(x) =F(z+¢)+ P(|X, — X| > ¢).

On the other hand,
Flx—e) = PX<z—-¢g)=PX<z—-eX,<z2)+PX<z—-¢X,>2)
< PX,<z)+P(|X,—X|>¢)
= Fyu(x)+ P(|X, — X|>¢e).
So, we have

Flx—¢e)—P(| X, —X|>¢) < Fy(z)+ F(z+¢)+ P(| X, — X| > ¢).

Letting n — oo all the way across, and using the fact that X, Bx , we get

Flx—¢)—0< lim F,(x) < F(x+¢)+0

n—oo

or

Flz—¢) < Jim F,(z) < F(z+e¢). (2.4.7)

Notice that we did not write F'(z) in the middle— we are not yet sure that F},(x) has a limit! But.... letting ¢
become arbitrarily small in (2.4.7) makes both the right and left-hand sides go to F'(z), squeezing in of the limit
in the center. So,

lim F,(z) = F(x).

n—oo

Therefore, X, i X, as desired!
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Example 2.4.3 ]

Counter-Example: ‘

In general, X, 4 x = X, £ X. For example, consider X7, Xo, ... all iid with distribution
PX;=1) = 1/2
PX;,=-1) = 1/2

Let X be a random variable with the exact same distribution. Clearly (since the cdfs are all the same and

are not changing) X, 4 X,

However,

P(|Xn—X[22)=1/2/40

P
so X,, A X.

The Reverse is Sometimes True
We have already proven that
X, & X implies X, % X

and we have seen an example showing that
Xn % X does not imply X, 2 x.

However, if X is a constant, we do have the reverse implication!

i} Theorem 2.4.2

. P
| Suppose that X % ¢ where cis a constant. Then X, —ec
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2.4 Convergence In Distribution

Let £ > 0. Note that
P(| X, — | >¢)

P(X, >c+¢e)+ P(X, <c—e¢)

P(Xp,>c+e)+P(X, <c—¢)

1—FXn(C—|—€)+FXn(C—€).

Since X,, % ¢, limy, o0 Fx,(c+¢) = F(c+e¢)and lim,_,o Fx, (c — ) = F(c — €), where F(z) is the cdf

of the “constant random variable” X = ¢. This cdf is

F(z) = P(X < )

So,
lim P(| X, —c|>¢)
n—oo

Since a probability can’t get less than 0,

lim P(|X,, —¢|>¢) <0

n—o0

P
so we have X,, — c.

0,
1

ifx<c
=P(c<z)=
, ifx>c

< nli_}rgo[l — Fx,(c+¢e)+ Fx,(c—¢)]
= 1-140=0.
= lim P(|X,, —¢|[>¢)=0

n—o0

2.4.2 The Continuous Mapping Theorem

Suppose we have a sequence of random variables with X, % X. Can we say that, for example, X794 x29

The answer is yes and, in fact, convergence in distribution is preserved when put through any continuous

function! When doing this, you should cite the Continuous Mapping Theorem.

p
{k The Continuous Mapping Theorem

Suppose that X, % X and g is a continuous function. Then

9(Xn) — g(X).

In Part 4 of Theorem 2.3.3, we proved the analogous result for convergence in probability. That result is also

referred to as the Continuous Mapping Theorem. While that proof was relatively easy, the proof here is omitted
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2.4 Convergence In Distribution

as it is lengthy, much more difficult, and would require us to take a significant detour from our discussion about

estimators to build up the result.

Convergence in distribution is “weaker” than convergence in probability in the sense that
P
X, 2x = X, %X

but
X, 2x 4 X,%X.

If you are wondering why the Weak Law of Large Numbers, which is a convergence in probability result, has
the word “weak” in the title, it is because convergence in probability, while “stonger” than convergence in
distribution, is weaker than other types of convergence. From this point of view, convergence in distribution
of a sequence of random variables seems extra weak. Indeed, it has nothing to do with the random variables
getting closer together and everything to do with their distributions getting closer together. It is still quite useful

as knowing the distribution in the limit tells us about the behavior the the sequence in the limit.

Here is a silly, yet illuminating, example.

Example 2.4.4 ]

Let X1, Xo,... be a sequence of iid N(0, 1) random variables. Let X be another independent N (0, 1)

random variable.

The cdf for X, is denoted by F},(x) = P(X,, < x), but this is just the standard normal cdf ®(z), which has

no dependence on n. (This is as opposed to an example where we have something like X,, ~ N(u,1/n).)

Since X ~ N(0,1), we also have that its cdf is F'(x) = ®(z). Thus, we have that

lim F,(z) = lim ®(z) = ®(x) = F(z),

n—oo n—oo

so we can conclude that X,, <4 X. Nothing is moving though— this is akin to saying that

lim 3 =3.

n— oo

If you were to observe these random variables, you might see values like these.
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2.4 Convergence In Distribution

They can be anywhere between —oo and oo but they are mostly piled up in the high-probability center.
(For the standard normal distribution, approximately 99% of the area under this curve is between —3 and
3.) By symmetry of the distribution about 0 you are equally likely to observe a value in, for example, the
interval (—2, —1) as you are in the interval (1, 2). Again, we have convergence in distribution of the X, to
X, but if the sampled values are independent, there is no reason to expect consecutive values to be close to

one another or to anything! This is why convergence in distribution is considered to be so “weak”.

In Section 2.3.5 we discussed results such as
P P P
X,>Xad YV, —-Y = X,+Y,—>X+Y.

The Section was called “Things About Convergence in Probability That Will Not Surprise You”. If you agreed

with that title then you will surely be surprised by this next statement.

If X, i> X and Y, i> Y, then we do not necessarily have that

Xp+Y, % X +Y.

Example 2.4.5 ]

As in Example 2.4.4, suppose that we have a sequence X1, Xo, ... of iid N (0, 1) random variables and X

an independent N (0, 1) random variable. We know that

X, % x.

Now define a second sequence Y7, Ys, ... with

By symmetry of the standard normal distribution about 0, it is easy to see that the Y}, are iid N (0, 1) random
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variables. As such, we know that

where Y ~ N(0, 1), just as in Example 2.4.4

We can say that both sequences are converging to a standard normal random variable. For the first sequence
we denote it with an X and for the second sequence we denote it with a Y. The X and Y are not really

connected with the original sequences. In particular, we do not have Y = — X because when we write
d
X, = X ~ N(0,1),

we are really just saying

X, % N(0,1).
X is used as a “placeholder” random variable from the limiting distribution.

Consider now the sequence {X,, + Y, }. Since Y;, = —X,, this is a sequence of zeros. You can think
of the elements of the sequence as random variables that are equal to the value 0 with probability 1. The
sequence is converging to 0, in distribution or in any other sense. On the other hand the distribution of
X + Y is normal with mean 0 and variance 2. Thus, we do not have X,, 4+ Y,, converging in distribution

to X + Y. Surprise!

All that said, a random variable can be more than one-dimensional. If we look at the random vector Z,, =
(Xn,Yy,) and it converges in distribution to Z = (X,Y’), then the Continuous Mapping Theorem says that
X, +Y, 4 x + Y because we can put Z, 4z through the continuous function g(x,y) = = + y. We will

discuss what is meant by convergence in distribution for vector-valued random variables in Section 2.4.3.

2.4.3 Slutsky’s Theorem: Mixing Convergence Types

Here is a Theorem that can be used for mixing convergence types.

p
ﬁ Slutsky’s Theorem

Suppose that X, £ aand Y, Y. Then
L Xp+Y, Saty
2. XY, % ay
3. Yo /Xn 3 Y/a(if a # 0)
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2.4 Convergence In Distribution

It should not be surprising that, in all cases we are only guaranteed the weaker type of convergence!

We will now prove Part 1 of Slutsky’s Theorem. In order to do this, we need the notion of a joint cumulative

distribution function (joint cdf). The joint cdf for random variables X1, Xo, ..., X} is denoted and given by
F(xl,xg,... ,a:k) = P(X1 S .%‘1,X2 S Ty vn ,Xk S .Z'k)

Using this definition, we can talk about a vector-valued random variable (X ,,, X2, ..., X} ) converging in

distribution to a random vector (X7, Xo, ..., Xj) if

lim P(X1, <21,Xon <@o,..., Xpp <) = P(Xy <21, Xo < 29,..., X, <p).

n—oo
(Part 1 of Slutsky’s Theorem)

We will prove that X, £ o and Y. Ly implies that X, and Y;, converge jointly in distribution to @ and Y.
In other words, we will look at the cdf of Z,, = (X,,,Y,,) and show that it converges to the cdf of Z = (a,Y).
Once this is done, we will have the desired result by the Continuous Mapping Theorem using Z,, % Z and

putting it through the continuous function f(z1, z2) = 21 + 22.

The joint cdf of X, and Y, is
Fn(xay) = P(Xn <z,Y, < y)-

Let F'(z,y) be the joint cdf of (a,Y’). We have that

PY<y) , ifa<z
F(z,y)=Pla<zY <y)=
0 Cifa>az

Let C denote the set of points of continuity of the cdf for Y. The points of continuity for F'(x,y) are then given
by
D={(z,y):x#a,y €C}.

These are the points for which we need to show that

nangO F.(z,y) = F(z,y).
Take any (z,y) € D.

Case One: = < a
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2.4 Convergence In Distribution

Note that

IA
|
.
3
A
8

= P(X,—a<z-—a)

= Pla—X,>a—x)
>0

IN

Pla—X,>a—z)+Pla— X, <—(a—1x))

= P(la—X,|>a—z)=P(X,—a| >a—=x).
Since X, Ei a, this last expression goes to 0 as n — co. Thus, we have
Jim Fo(z,y) <0

which implies that

li (o) =0
since the joint cdf is a probability and must be between 0 and 1.

Recall that we are in the case where x < a and so F'(z,y) = 0. Thus, we have
Jim F(z,y) = F(z,y)

when x < a.

Case Two: © > a

Note that
Fn(‘ray) = PX,<z,Y, < y)
< P(Y,<y)
So,
Tim Fy(2,y) < lim P(Y, <y) = P(Y <y) (2.4.8)

. d
since Y,, — Y.
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2.4 Convergence In Distribution

On the other hand,

= P, <y —P(X,>xzY,<y)

[V
]
<

Sy)_P(Xn>x)
= PY, <y —-PX,—a>z—a)

> P(Y,<y)—P(X,—al>z—a)

Since the first term goes to P(Y < y) and the second term goes to 0, we have

lim Fy,(z,y) > P(Y <y). (2.4.9)

n—o0

By (2.4.8) and (2.4.9), we have
lim Fy(2,) = P(Y <y).

Since we are in the case where x > a, F'(21, 22) = P(Y < y) and we have the desired result!

2.4.4 Convergence in Distribution and Moment Generating Functions

We have already claimed that moment generating functions uniquely determine a distribution. A distribution,
for us, is defined by a pdf which we have then used to define a cdf. So, you might find the following theorem,

which we will not prove, highly believable.

4 \
i} Theorem 2.4.3

Let X7, Xo, ... be a sequence of random variables.

Let F,,(z) be the cdf of X,,.

Let M, (t) be the mgf of X,.

Let X be a random variable with cdf F'(x) and mgf M (¢).
Then,

lim M, (t) = M(t) = lim F,(z) = F(z).

n—o0
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2.5 The Central Limit Theorem

Notes:
1. Just for the record, the first limit only needs to hold only for all ¢ in an open interval containing
zero. The second limit needs to hold at all points of continuity of F'.
2. This result would go in “both directions” if moment generating functions always existed, but

they don’t. The mgf is defined as an expectation which is defined by an integral that sometimes

doesn’t diverges to co!

3. This is how we prove the Central Limit Theorem!

2.5 The Central Limit Theorem

[ {} The Central Limit Theorem (CLT) )
Let X1, Xo,..., X, be a random sample from a distribution with mean x and variance
0? < 0.
Consider the sequence of random variables { Z,, } where
X —
I 1= -/ \/T%L .
Then Z,, iZwN(O,l) as n — oo.
G J

Note:

o The CLT requires a finite variance. (This implies a finite mean.)

o We will prove the CLT in the case that the mgf exists. (Recall that the mgf is an expected value. We say
that an expected value “exists” if it is finite.)

o The CLT can be proved more generally by using “characteristic functions” in place of mgfs. The
characteristic function, ¢(t), for a rv X is defined to be: ¢(t) = E[e’**X] where i is the imaginary unit.
Characteristic functions always exist but since complex variables are not a prerequisite for this text we

will only prove the Central Limit Theorem using moment generating functions.

2.5.1 Proof of the Central Limit Theorem

First note that
7 VX —p)  n(EX Xi—p) (O X —np) S (X — )
n

o Vno Vno V/no

137



2.5 The Central Limit Theorem

For notational simplicity, let m(t) denote the mgf of X; — u for any particular ¢ in {1,...,n}. Note that
m(0) = 1, m'(0) = E[X; — p] = 0, and m”(0) = E[(X; — u)?] = o2.

Expanding m(t) about 0 using Taylor’s formula, there exists a & (“ksi”), between 0 and ¢ such that
m” ( €)t2
5

Note that we did not say 0 < £ < t because ¢ could be positive or negative.

m(t) = m(0) +m'(0)t +

Plugging in m(0) = 1 and m/(0) = E[X — pu] = 0, we have
m//(é’)tQ
2

m(t) =1+

and by adding and subtracting 0?2 /2, this becomes
0'2t2 (m"(f) o 02)t2

t)=1
m(t) +2+ 5

Now we are ready to find the mgf of Z,,. Since the rv’s (X; — p) are independent, it is easy to find the mgf of
the sum > (X; — p).

2 (X _ t
Zy= 2= = My, () = Myyx, ) (7h)

_ '1 + o2t2 + (m,/(§)702)t2:|n

2no?

for £ between 0 and ﬁ

Remember that our goal is to consider lim,,_,o, Mz, (%).
Well, as n — oo, t/y/no — 0so & — 0since £ < t/y/no.

Now, m” (t) is continuous at 0, and m” (0) = E[(X — u)?] = 02, so

lim (m” (&) — o?) = 0.

n—oo
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2.5 The Central Limit Theorem

Therefore,

Mz, (1)

n

1 _
+2n+ n

e d<>]

where d(n) — 0 as n — oo.

So we have that

lim My, (t) = e'*/?

n—oo

which means that

Zn % 7 ~ N(0,1).

2.5.2 Asymptotic Normality

( ~\
Definition 2.5.1

We say that X, has an asymptotically normal distribution with mean g,

and variance o2 if

Xn = pn L N(0,1).

On

(Note that, even without the limit, that thing on the left side has mean 0 and variance 1.)

( N\

5 Notation

If X, has an asymptotically normal distribution with mean p,, and variance

2

o, we will write

X, R N, o).

It is not correct to write X,, AN (pin, 02) since the first part “X,, LG implies that n is going to co and so there

should not be any n’s on the right-hand side of the arrow!
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2.5 The Central Limit Theorem

Example 2.5.1 ]

According to the Central Limit Theorem, if X7, X, ..., X, is arandom sample from any distribution with

mean p and variance 0% < oo,

X =X, “&% N(u,02/n).

Example 2.5.2

According to the Central Limit Theorem, if X7, Xo, ..., X, is a random sample from any distribution with

mean / and variance 02 < oo, we also have that 3" ; X; is asymptotically normal since

X—pu 4
Z ~ N(0,1
ez~ No

and since o
X—p_aXXi—p _ngXXi—p _ Y Xi—np
o/\/n o/v/n n  o/yn Vno/

Therefore, we see that

n
3 X L N(np, no?).

i=1

2.5.3 A Numerical Example for the CLT

Let X denote the mean of a random sample of size 100 from the x?(50) distribution.

Give an approximate value for P(49 < X < 51).

Answer:

Just for the record, we can give an exact value since
. 100
X1, Xa, o X100 ©x3(50) =T(25,1/2) = Y X; ~T(2500,1/2).
i=1
So,
P(49 < X <51) = P(4900 < 3" X; < 5100)

2500 1
5100 1 1 2499 —iz 5 . .
= J1900 T(2500) (2) x e 2% dxr ~ 0.6827.

(This computation requires 2, 500 iterations of integration by parts and was done using Mathematica!)

140



2.5 The Central Limit Theorem

With the Central Limit Theorem, we know that the distribution of X is approximately normal for large sample

sizes. In statistics textbooks, a sample size of n > 30 or sometimes n > 40, is generally considered “large”.

The mean for X, normal or not, is

e = = 25/(1/2) = 50

and the variance is

27_072_25/(1/4)_1
X n 100 @

We can “standardize” X into something with mean 0 and variance 1, which, for large samples, will be

approximately a standard normal random variable. (See the gray box at the end of this Section.) So,

— 49-50 X— 51-50
P49 <X <51) = P(lO/lO < a/\/% < 10/10)

= P<—1<§/\_/’%<1)

~ P(-1<Z<1)

where Z ~ N (0, 1) is a standard normal random variable.

Now, using the z-table in Appendix C, we have

P(-1<Z<1) “%" p(-1<zZ<1)=P(Z<1)-P(Z<-1)

T 0.8413 — (1 - 0.8413) = 0.6826.

This seems to be a pretty decent approximation!
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2.5 The Central Limit Theorem

Computing Probabilities for the Normal Distribution

Let X ~ N(u,0?). Then the pdf for X is
1

2mo?

Flaio®) =~y -

While we can integrate the pdf from —oo to co by converting to polar coordinates, we can not
integrate over other regions very easily. In particular, there is no closed-form expression for
the cdf of the normal distribution. Table C.1 in Appendix C gives numerical approximations
to the cdf for the standard normal distribution. It is known as a “z-table”.

Let Z ~ N(0,1). While the cdf for Z could be called F' or F, it is so special that it gets its
own name. We define

®(z):= P(Z < 2).

To find, for example, (2.47) = P(Z < 2.47) in Table C.1, we look down the column on
the left side of the table to find the row labeled 2.4 and then move across the row until we are
in the column labeled 0.07. At the intersection of this row and column we find the desired
probability

$(2.47) = P(Z < 2.47) = 0.9932.

To evaluate the cdf at negative values, use the symmetry of the N (0, 1) distribution about 0.

To find probabilities for other normal distributions, we use the fact that any linear combina-
tion of normal random variables is again normal. This can easily be shown using moment
generating functions and is left as an exercise at the end of this Chapter. For example, if
X1, Xo, ..., X, each have normal distributions (with possibly different parameters) then so
do
o a1 X1 +axXo + - + a, X, for any constants ay, as, ..., a,
e a1X1 + ao for any constants a; and ag
and
° % for constants by, bo, and b3. (This is a special case of the previous example with
a1 = b1 /bs and ag = ba/bs.
So, if X ~ N(u,0?), we can easily verify that (X — 1) /o has mean 0 and variance 1 and we
now know that
X—p

Z = ~ N(0,1).
o

On the other hand, if Z ~ N(0,1), then Z + p has mean p and variance o and

X :=0Z+pu~ N(u,o?).
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2.5 The Central Limit Theorem

2.5.4 The Delta Method

Let X1, Xo,..., X, be a random sample from any distribution with mean s and finite variance o2. By the
Weak Law of Large numbers, we know that
X 5
Since this implies convergence in distribution, we can also say that
X %
By the Continuous Mapping Theorem we can say that

X242

. . D R )
The question now is what can we say about the asymptotic distribution of something like X~ ?

. e 2 o
Note that we are not asking about the convergence in distribution of X ~. Recall that the Central Limit Theorem

says that X is asymptotically normal in the sense that

This was denoted like this.

Can we say something like

for some sequences {a,, } and {b, }?

The answer to this question is given by the “Delta Method”. As our interest with convergence of random

variables is ultimately in terms of evaluating estimators (which are random variables) we state the Delta Method

in terms of estimators.
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2.5 The Central Limit Theorem

p
{} The Delta Method

Suppose that we have a sequence of estimators 0, for 6 such that
V0, — 0) % N(0,0?).

Suppose further that g : R — R is continuously differentiable in a neighborhood of 6.
Then

Vi(g(8a) — 9(9)) % N (0,02[¢'(O)]) -

Recall the Mean Value Theorem (MVT) from Calculus
that says if f is a continuous function on a closed in- )
terval [a, b] that is differentiable on (a, b), there exists
a point ¢ in (a, b) such that A

o= 1010,

Note that it doesn’t really matter that a < b. These are a c b X

two endpoints of an interval and there is a c somewhere

between them.

Here, we will take f to be g, b to be @n, and a to be 6. Note that é\n is a random variable that, when observed
may be less than or greater than . However, in one direction or the other, 6 and 6,, form an interval with a

random endpoint. By the MVT, there is a (random!) point 6,, between them such that

-~

9(0) — g(0) = ¢'(6,)(8,, — 0).

Now

Vi(g(0n) — 9(9)) = g'(0,) Ve (0, — 0). (2.5.10)

By assumption, we know that

What can we say about ¢'(6,,)?

Note that
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2.5 The Central Limit Theorem

by Slutsky’s Theorem since 1//n Eo.

So, we have §n % 9 which implies that

by Theorem 2.4.2, since 6 is a constant.

Since 6, is stuck between 6, and 6, and since 6, Ei 9, we must have 6, Zo. (Can you prove this formally?)

So, by property 4 of Theorem 2.3.3, we have that

since ¢’ is continuous.

Returning to equation 2.5.10, we have, by Slutsky’s Theorem,

Vi(g(8n) — 9(0)) = ¢'(Bn) V7 (B, —0) 5 ¢'(6)- N(0,0%) = N

—_— ——
1P 1d

g'(0)  N(0,0?)
as desired.

distribution.)

(0,079’ (0)]2).

(Here we have used the fact that a constant ¢ times a random variable X ~ N (u,0?) has a N(cu,co?)

Example 2.5.3

Let X1, Xo, ..

by the Central Limit Theorem that

>

U/?/Tﬁ: 4 N(0,1).

This implies that
V(X = p) % o N(0,1) = N(0,02).
Using the Delta Method with g(z) = 22, we now know that

V(X = i) % N(0,02[g ()]

N(0,4u%0%).
Thus, we have that

X2 e N(u?,4u0?/n).
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2.6 The Sample Variance

2.6 The Sample Variance

Let X1, X, ..., X, be a random sample from any distribution with mean p and variance 0. We have seen

that 1 = X is an unbiased estimator for .

Suppose that we want to estimate the variance. The interpretation of the variance (02 = E[(X — u)?]) as the
mean squared deviation from the sample mean p leads us to the kind of natural or common sense estimator that

involves averaging the squared deviations in the sample from the sample mean as follows.

o S (X=X

g
! n

Some books/people refer to this quantity as the sample variance. However, many other books/people define

the sample variance to be B
) _ Y (Xi — X)?

0% =
2 n—1

because it is an unbiased estimator for o2 while 3% is a biased estimator. (See Exercise 1 in this Chapter.)

In this text, we will always be referring to the unbiased estimator when talking about the sample variance.

The sample variance is denoted by the symbol S2. So, in this text we have

(X — X)?
n—1 '

S? =

With a little manipulation, i.e. expanding out the square in the numerator and running the sum through, S? can

also be written as

2 _ Z?:l Xi2 - (Z?:l Xz')Q/n
n—1 '

S

The first version is preferable from the point of view of interpretation. We are averaging squared distances of
all data point to the same mean. The second version is preferable from the computational point of view as it can

be computed knowing only two summary statistics, > X; and (3 X;)? from the data set.

S? is a random variable that is used as an estimator for o just as the sample mean X is used as an estimator for

the mean p. As stated, E[S?] = o2, and it is possible (albeit tedious!) to show that
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2.7 Postscript: Convergence in Probability for Vector-Valued Random Variables

where 1) is the forth central moment given by

= E[(X — ).

For distributions with a finite fourth central moment, which implies that lower order moments like 02 =

E[(X — p)?] are also finite, we can see that Var[S?] — 0 as n — oo. Thus, we have in this case that
5% 5 o2

by Theorem 2.3.1.

We now also know that the biased version of the sample variance also converges in probability to o because
. n—1
03:75251-02202
n

since (n —1)/n 5 1and $2 5 o2,

2.7 Postscript: Convergence in Probability for Vector-Valued Random

Variables

The absolute value in Definition 2.3.1 of convergence in probability is the Euclidean norm

1 Xn = X|| = /(X0 = X)? = [ X — X].

This observation allows us to easily generalize the definition for vector-valued random variables. If Y,, =

(an,XnQ, . .. 7Xnk:) and Y = (Xl,XQ, ... ,Xk), then

k
Yo =Y = \l > (Xni — Xi)2.

i=1
The definition for convergence in probability for a vector-valued sequence of random variables is as follows.
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2.7 Postscript: Convergence in Probability for Vector-Valued Random Variables

)
Definition 2.7.1

A vector-valued sequence of random variables {Y;,} where Y, =

~N

(Xn1, Xn2, - .., Xni) converges in probability to a vector-valued random

variable Y = (X1, Xy, ..., X}) if, for any € > 0, we have
nh_)ngOP(HYn -Y||>¢)=0.

(Equivalently if nlingo P(|Y,=Y]||<e)=1)

We write Y,, £> Y.

Fortunately, this can be characterized in terms of one-dimensional sequence convergence.

(i} Theorem 2.7.1
The sequence of vector-valued random variables {Y,, } where Y, = (X1, Xp2, .-+, Xok)
converges in probability to a vector-valued random variable Y = (X1, Xo, ..., Xj) if
and only if X,,; 5 X; forall j =1,2,... k.

. J

(=) Suppose that Y, By.

Forj=1,2,...,k, we have

k

P(| X, — X;| >e) <P (J 3 (X — Xi)? > g> = P(|[Y,, = Y]|| > ¢)

i=1
Thus we have
Jim P(1X,; X[ > &) < lim P([¥, ]| >¢) =0
since Y, £> Y. This implies that
nlgrgo P(|Xn; — Xj| >¢)=0,

as desired.

(<) Now suppose that X, ; LS Xjforall j =1,2,... k.

Write the event that

k
J (Xpi — X;)2 >¢ (2.7.11)
=1

(2
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k
{\l (Xm'—XZ')2 >€}.
=1

One line here is simply an inequality while the other represents the “event that the inequality happens”.

“occurs’ as

Note that (2.7.11) implies that at least one of the \/(X,,; — X;)? = | X,,; — X;| must be greater than /k. (If

not, there is no way that the sum can be greater than €.)

In event notation, this is

k k
{\l (Xm'—Xi)2 >5}QU{‘XM_XZ“>5/I€}-
i=1 i=1

(2

This implies that

P (\l k (Xni — X;)? >5) < P<6(|Xm-—Xi| >5/k)
i=1 1=1
k
< Y P(|Xni — Xi| > ¢/k).
i=1

(Think Venn diagrams. For example, P(AU B) = P(A) + P(B) — P(ANB) < P(A) + P(B).)

Take the limit as n — oo on both sides:

k k
Tlim P (J ’ l(Xm X2 > 5) < JL%O;P(\XM — X;| > ¢/k)
= 1=

)

k
= anggoP(|Xm — Xi| > ¢/k)
=1

=1
since X,; Lt X;.
Thus, we have that
k
: _ — 1 X2 —
lim P(|Y, —Y||>¢€) = lim P ;(Xm X;))2 >¢e| =0

andso Y, Ry,
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Chapter 2 Exercises

1. Let Xy, Xo,..., X, be arandom sample from any distribution with mean y and variance o

Consider the sample variance o
i (Xi — X)?

5% =
n—1
and a biased version of the sample variance
512 - ’?Zl(Xi B Y)2
2 . n .

(a). Show that

n n
X X = X7 (3 X/,
i=1 i=1 i=1
(b). Use part (a) to show that S? is an unbiased estimator of o2.
(c). Use part (b) to quickly find the expected value of S%. (Hint: Don’t make this too much work!)
2. Let X1, Xs, ..., X, be independent random variables with X; ~ N(u;,0?) fori = 1,2,...,n. Let
ai,as,...,a, and a be constants.
Use moment generating functions to show that
n
Y = Z a; X;+a
i=1
also has a normal distribution. What are the mean and variance of Y'?

3. Let Y3,Y5,...,Y,, denote a random sample from a distribution with mean 1 and variance o2. Consider

the following two estimators for p:

Vot ...tV
Y1+2+ + Yn1

_ 1 1
=Y d _— 2y,
i mef2=y dm—2) ar

(a). Show that fio is unbiased for .
(b). Compute and compare Var|[i1] and Var|fis]

4. Let X1, X, ..., X, be arandom sample of size n from a population whose pdf is given by
f(@) = az® /0% - I g9 ()
where o > 0 is a known fixed value, but 6 is unknown.
Since 6 is the right endpoint of the support for this distribution, we will consider estimating it with the
maximum value in our sample. That is, we will consider the estimator
é = X(n) = maX(Xl,Xg, ce ,Xn)

(a). Show that 0 is a biased estimator of 6.
(b). Explain why it makes sense that 6 is biased for 6 and why the “direction” of the bias makes sense.

(c). Find a multiple of 0 that is an unbiased estimator of 6.

150



2.7 Exercises

10.

11.

12.

. Suppose that X1, Xo,..., X, is a random sample from any distribution with mean p and variance o~.

(d). Find the variance of your estimator from part (c).

. Suppose that X, X2, ..., X, is arandom sample from the geomg(p) distribution. (This is the geometric

distribution that “starts from 0.)

(a). Consider the sample mean X. To what does this converge in probability? Explain.

(b). Consider the new random variables Y1, Y, ..., Y, where Y; = I x,~0y. To what does Y converge

in probability? Explain.
2
Define 114 = E[(X; — p)*]. This is called the “fourth central moment”. One can show that
-3 2\2
VCLT[S2]:&— (n )(U )

n n(n—1)
(You do not have to show this.) Assuming that the fourth central moment is finite, show that S? is a

consistent estimator of 2.

. Let X)) = max(Xi, Xo,...,X,) where X1, Xs,..., X, is a random sample from any continuous

distribution that has cdf F'(x) and pdf f(z). Define Z,, = n[l — F(X(;)]. Find the limiting distribution

(convergence in distribution) of Z,,. You may assume that F’ is invertible.

. Suppose that X,, has the I'(n, ) distribution. Investigate the convergence in probability of Y,, := X, /n.

(That is, to what does this converge in probability?)

. Let X1, X3,..., X, be a random sample from the Bernoulli distribution with parameter p. Consider

Y, = >, X;. Use moment generating functions to accomplish the following.
(a). Find the distribution of Y,,. (Name it!)
(b). Find the limiting distribution of Y;, (Name it!) in the case that p is decreased while n is increased
in such a way that pn = pu for some fixed constant p > 0.
Consider a random sample X7, Xo, ... X, from the Pareto distribution with parameter v = 1.
(a). Find the limiting distribution of Y;, = nX(y).
(b). Does the limiting distribution of W,, = X (1) exist? If so, find it.
(c). Does the limiting distribution of V,, = X (n) exist? If so, find it.

Let {ay, }5° ; be a sequence of real (and not random) numbers. Suppose that

lim a, = a
n—oo

for some real number a. Show that a,, f) a.
Suppose that X7, X5, ..., X,, is a random sample from the geomg(p) distribution. (This is the geometric
distribution that “starts from 0.)

(a). Consider the sample mean X . To what does this converge in probability? Explain.

(b). Consider the new random variables Y7, Ys,...,Y,, where Y; = I (x,>0}- To what does Y converge

in probability? Explain.
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2.7 Exercises

13. Consider a random sample of size 65 from the distribution with pdf f(z) = ﬁ I(9,00) (). Compute
the approximate probability that more than 40 of the observations are less than 3.
14. (a). Inequalities are useful for showing convergence in probability. Let X be a random variable with

finite mean and let g be a convex (concave up) function. Show that
9(E[X]) < E[g(X)].
This is known as Jensen’s inequality.
(b). Now suppose that g is concave (concave down). Use part (a) to show that
9(E[X]) > E[g(X)].
15. Suppose that { X, } is a sequence of random variables and that X is another random variable such that

Jin € %] =0

Show that X, £ x.

16. Suppose that X7, Xo, ... is a sequence of random variables such that
V(X — ) 5 N(0,1).
Show that this implies that X, = fu.

17. Let X1, Xo, ..., X, be arandom sample from any distribution with finite fourth moments. Consider the

sample variance. We already know that S? is an unbiased estimator of o2. You COULD show that

Var[S?] 1 (uﬁl _nz 304)

:ﬁ n—1

where /) is the fourth “central” moment yy := E[(X — p)*]. Then, since this variance goes to 0 for this
unbiased estimator of o2, we know, by Theorem 2.3.1 that S 2 f) o2.
(a). Show that
=Ly x4 L
- (2
i=1 n

(b). Show that

(c). Show that

(d). Use part (c) to find the asymptotic distribution of S2.
18. Consider the sequence of random variables {X,,} where X, takes on the value n with probability 1/n
and 0 with probability 1 — 1/n.
(a). Show that lim,_,~ E[X,,] = 1.
(b). Show that X,, 5 0.
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2.7 Exercises

(c). Explain why this sequence of random variables does not contradict Theorem 2.3.2.
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Chapter 3 A “Mostly Normal” Introduction to Confidence

Intervals

Still and seemingly forever on the horizon is how to find estimators for parameters of distributions. We have
found a few “common sense estimators” just by guessing and making some adjustments to our guesses. We
have looked at few properties of estimators, finding their expected values, variances, and MSEs, and we have
shown that some have good large sample properties in the sense that they convergence in probability and/or

distribution to the parameter of interest. Soon, we will stop guessing at estimators. Soon.

In this Chapter, we give a brief introduction to confidence intervals. Most of the examples will involve the
normal distribution but it is crucial that you pay attention to the process as opposed to a “resulting formula in a

box" so that you will know what to do when not working with a normal distribution.

3.1 A Confidence Interval for the Mean of a Normal Distribution: o2 is Known

Suppose that we have X7, Xo,..., X,,, a random sample from the N(u,c?) where o is known but p is

unknown.!

The most natural (what we might call “common sense”) estimator of p is the sample mean:
=X,
We are now going to move from this point estimator to an interval estimator of the form X “plus or minus

something”. We will make this idea more precise soon.

Since X1, Xo, ..., X, are all normal random variables, X is also normal. This is because a linear combination

of normal random variables, whether iid or not, is still normal? as seen in the Exercises in Chapter 2.

2

If X1, Xo,..., Xy, is arandom sample from any distribution with mean y and variance o, we have seen that

the sample mean X has mean

nx =EX]=E [:LZHIX] = ;XR:E[Xi] iid

SERS

n

1
Dow=—(p+p+-+p =p
=1 n

1Tt may seem kind of silly to assume that o is known when p is unknown. Most likely, neither are known. This example is just a
building block for more realistic cases!

2There are a few exceptions. For example, if X has a normal distribution, then X — X = 0 and does not have a normal distribution!



3.1 A Confidence Interval for the Mean of a Normal Distribution: o2 is Known

and variance

= Var[X]=Var [% A XZ} = H—IQVQT[ 1 Xi

g

s
|

indep ident
- n% Yim1 Var[Xi] = ,le Yot = % -no? = a?/n.

So, when X1, Xo, ..., X,, are iid N (u, 0?) distributed, we have that

X ~ N(p,0?/n).

Note that this is not from using the Central Limit Theorem. This is using the fact that X is a linear combination

of normal random variables.

We now know that we can “standardize” X into a standard normal random variable.

def X —px _ X—p
o a/v/n

N(0,1).

Consider trying to find two values that capture 90% of the area under a standard normal curve.

0.90

We’ve drawn these values as symmetric around zero for a reason we will discuss later.

Note that 10% of the area is outside those cutoff values, with 5% on each end. Therefore, the value “?” cuts off

area 0.95 to its left.
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3.1 A Confidence Interval for the Mean of a Normal Distribution: o2 is Known

“Reverse reading” our standard normal table, (looking for the probability in the body of the table in Appendix
C) we see that the cutoff value “7” is about 1.645. (In this particular case, the value we were looking for fell
exactly between 1.64 and 1.65 and so we took the value in the middle. In general, just go for the closest value.

Interpolation is not worth much in terms of accuracy.)

So, we know that P(—1.645 < Z < 1.645) = 0.90. Thus,

090 = P(—1.645 < Z < 1.645)

- P (—1.645 < f/—;% < 1.645)

Solving for p in the middle, we get

090 = P (—1.645ﬁ <X-u< 1.645%)

=P (—1.645% ~X < —p< 16455 —Y)

- P (Y — 16455 <p < X + 1-645%)

We are used to seeing random variables in the middle of inequalities. In this case however, 1 is a constant, not

a random variable and we have put it between two random endpoints with probability 0.90.

We say that a 90% confidence interval for y is given by

— g — g
X — 1.645—, X + 1.645——
( 645, +65\/ﬁ>,

or, in shorthand notation
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3.1 A Confidence Interval for the Mean of a Normal Distribution: o2 is Known

— ag
X +1.645——.
NG

Interpretation:

Once a sample of some given size n is taken, we compute T and the above confidence interval endpoints turn
into numbers. Once you have done this, there is no more probability involved. The true value of y is either in
that interval or it is not. The probability comes in from the sample. If you were to take another random sample
of size n from this normal “population”, you would get a different value for =, which would give you different
endpoints for the confidence interval. A third sample gives you yet another T which gives you a different
confidence interval again. Repeating many times, you will have that the true value of p is captured between the
endpoints 90% of the time. Usually you only get one sample but if you are going (future) to collect one one and
use the formula we derived in this Section, you have a 90% probability of that interval correctly capturing the

true value of u.

3.1.1 Standard Normal Critical Values

We will use the notation z,, to be the cutoff value for a standard normal curve that captures area « to the right.3

This is also called a critical value.

If we want to capture a certain area, say 1 — «, in the middle while distributing the remaining area « equally on
both sides, the two cutoff values are —z, /5 and z, /5. (Note: In general, the values are denoted by z;_, /2 and

Zq/2, but, by symmetry of the N (0, 1) distribution about zero, we have that z;_,, /2 = —Za/2-)

3Be aware that some authors will use the notation z, for a critical value that captures area « to the left!
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3.1 A Confidence Interval for the Mean of a Normal Distribution: o2 is Known

area a/2 area o/

For our 90% confidence interval, we put area 0.90 in the middle. i.e., 1 — a = 0.9. So, a/2 = 0.05, and, in

this new critical value notation, zp g5 = 1.645.

- N
In general, if X1, Xo,..., X, is a random sample from the N (u,c?)

distribution with o2 known, a 100(1 — «)% confidence interval for  is
given by

— (o2
X + Za/2%.

%Rumination

When constructing a confidence interval, we want to trap a desired area
under a pdf between two values. Rather than talking about 95% area, for
example, we want to be able to talk about a more general percentage like
100(1 — &)%. You might be wondering why we don’t talk about an “a%
confidence interval" or even a “100a% confidence interval". Confidence
intervals are closely related to hypothesis testing, which we will be dis-
cussing in Chapter 4. Both can be used to convey the same information
about a parameter. Historically, in the development of Statistics, hypoth-
esis testing came first, and meaningful notation was long established by
the time confidence intervals hit the scene. The notation 100(1 — &) % for

a confidence interval is used because it is aligned with hypothesis testing.
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3.2 An Approximate Large Sample Confidence Interval for the Mean of Any Distribution

Question:

When finding a 100(1 — «) % confidence interval, we put the desired area “in the middle" under the normal pdf.

Can we put the area in other places?

Answer:

We can absolutely put the area in other places! Con- RN

sider shifting the left cutoff a little bit to the right. // \\

Notice the area that is lost by this move. It is a decent 1-a \\
amount of area because the pdf is relatively high in this [\
place. =» *Lu; (i> Zlo.:

To compensate, the right cutoff, out in the right tail
where there is less area because the pdf is lower, will
1-a have to shift further to make up the area lost by shifting

N~ <= the left cutoff.

Overall, we will capture the same area but will have a longer confidence interval. Since you are giving this to
someone (possibly yourself!) as your guess about where a parameter lives, it would be nice to give the shorter
interval. While it is easy to see that the shortest interval when working with a normal distribution will be in
the center, things are not always so clear when working with other distributions. In general, we will not be

optimizing our intervals, with respect to length unless the choice of critical values that will do this is obvious.

3.2 An Approximate Large Sample Confidence Interval for the Mean of Any

Distribution

Recall that the sample mean X for a random sample of size n from any distribution with mean p and variance
o2 has mean 1 and variance o2 /n.
Recall also that if X7, Xo,..., X}, is a random sample from any distribution with finite variance, the Central

Limit Theorem tells us that X has an approximately normal distribution for large n. (Greater than 30 is usually

159



3.2 An Approximate Large Sample Confidence Interval for the Mean of Any Distribution

considered “large”.) So, we have the following.

e N
If Xy, Xo, ..., X, is arandom sample from any distribution with mean p
and variance 0% < 0o, an approximate 100(1 — «)% confidence interval
for u, when n is large, is given by

— o
X £z240—.
/2 \/’ﬁ
N J

So far, we have assumed that o2, the variance of the distribution from which the random sample came, is known.

If it is not known, we might consider estimating it with the sample variance

(X — X)?
n—1 ’

S? =

. P . N ” .
We have seen (Section 2.6) that S? = 2. Thus, we can say that S? is getting “close” to o2, in some sense, as

the sample size n gets large and we can use

>

— U approx
~  N(0,1

to build a confidence interval for p.4

More formally, we are using the fact that

=
B

To prove this, note that

Xop _X-p o _X-p \/5—2 (3.2.1)
S/ a/vn S a/yn o o
‘We know that -
X1 d N
o/ |
and

s 5 52 \/52/02 £ \/02/02 =1

4Using “approx” above the “has the distribution” symbol is a very informal notation to convey that the random variable on the left side
behaves approximately like the distribution on the right side. In contrast, using “asymp” means something more specific and formal.
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3.3 A Confidence Interval for the Mean of a Normal Distribution: o2 is Unknown and Sample Size is Small

by the Continuous Mapping Theorem for convergence in probability (see Property 4 of Theorem 2.3.3).

By Slutsky’s Theorem, (3.2.1) tells us that

X—u q L
S/\/ﬁ_>N(O’1) 1= N(0,1).

Therefore,

s ™
If X1, Xo,..., X, is a random sample from any distribution with mean

2

p and unknown variance ¢o°, an approximate 100(1 — «)% confidence

interval for u, when n is large, is given by

— S
X + Za/gﬁ.

If the sample size is small, then we must be given a distribution since we can not appeal to the Central Limit
Theorem to get an approximate distribution for X. Otherwise, we are out of luck and can’t find a confidence
interval. We will discuss the procedure for known distributions, other than the normal distribution, later in

Section 3.5. That said, we have only one case left to consider for the normal distribution.

3.3 A Confidence Interval for the Mean of a Normal Distribution: o2 is

Unknown and Sample Size is Small
Suppose now that we have a random sample of size n < 30 from a normal distribution with unknown mean and
variance.

Since the sample is from a normal distribution, we have that X has a normal distribution. In particular,

X ~ N(p,02/n). So, would probably start by “standardizing” X as follows.

X _
£ N,1)
o/\/n

We would then place this between two “z-critical values” capturing the appropriate area under the standard

normal pdf and try to solve for p “in the middle”.

Unfortunately, we don’t know o2, and if we try to “solve for 1 in the middle”, we will end up with a confidence

interval with endpoints involving the unknown o2, This is not useful!
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3.3 A Confidence Interval for the Mean of a Normal Distribution: o2 is Unknown and Sample Size is Small

In Section 3.2, we used the estimator S? in place of o2. This was a decent idea since we saw in Section 2.6 that
P . . .
S? =5 o2, Now, however, the sample size is small and the sample variance S? may not be a very good estimator

of the true variance o2. It is not safe to say that the distribution of
X —p
S/v/n

is approximately N (0, 1).

We’re going to need a new distribution.

3.3.1 The ¢ Distribution

Suppose that Z ~ N(0,1) and W ~ x?(n) are two independent random variables.

(Recall that we defined the I'(c, 3) distribution in Example 1.2.2 and the x? distribution as the I'(n/2,1/2)

distribution.)

Define
A

VW/n'

T ~

Then we can show (using the Jacobian method from Chapter 1) that the pdf of 1" is

(2l 9\ —(n+1)/2
o= ok (1+7)

03 van
for —oco < t < 0.

This distribution is known as the t-distribution with n “degrees of freedom’. We write

T ~t(n).

The pdf is a symmetric bell curve centered at zero that is flatter than the N (0, 1) pdf. As n increases, it becomes

closer and closer to the N (0, 1) pdf, as depicted.

As with the z curve, we would like to use the notation ¢, to denote a “cutoff” or “critical value” that captures
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3.3 A Confidence Interval for the Mean of a Normal Distribution: o2 is Unknown and Sample Size is Small

area « to the right under the ¢ curve. But, there are many ¢ curves! We must include in our notation some

reference to the degrees of freedom parameter. We will use ¢, ,.°

3.3.2 The Distribution of (n — 1)5? /o for a Normal Distribution

Let X1, X2, ..., X, be arandom sample of size n from the NV (u, 02) distribution.

Consider the quantity -7 (X; — 11)? expanded as

SiaXi—p)? = (XX + X —p)?
(3.3.2)
=YX = X+ 2(X - p) XL (X = X) + X (X - p)?
Note that the middle term is zero since
n o n o n 1 n n n
YXi-X)=) X;i—nX=> X;—n->» X;i=» X;—» X;=0.
i=1 i=1 i=1 i i=1 i=1
Note that the last term of (3.3.2) is n(X — u)2.
So, (3.3.2) becomes
n n o .
SX = ) = 3 (X = X2+ (X — ).
i=1 i=1
Dividing through by o2, we have
LG =) S (X)) 533
g o o

Note that

1. The term on the left-hand side has a x?(n) distribution since

X, _
X; ~ N(p,0?) = =2 H L N(0,1)
g

5We could also use the notation ¢, (n). Be aware that other authors may use either notation as a value that captures area « to the left.
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3.3 A Confidence Interval for the Mean of a Normal Distribution: o2 is Unknown and Sample Size is Small

X;— p\?
= < L “) ~ x2(1) by Exercise 6 in Chapter 1

no(X.— )2 "o/ X — 2
= Lim(Xi—p)” > ( : M) ~ x%(n) by Exercise 7 in Chapter 1

2. The first term on the right-hand side of (3.3.3) is
(n —1)82

o2

3. The second term on the right-hand side has a x?(1) distribution since

X ~ N(p,02/n) = Xop_ VX —p) ~ N(0,1)

o/vn o
— - 2
X — p)? X —
= u = <\/M> ~ x?(1) by Exercise 6 in Chapter 1.
g g
For simplicity, rewrite (3.3.3) as
W =Wy + Wa.

So W ~ x2(n), Wy ~ x%(n), and W7 is the thing we want the distribution for. By Exercise 4 of this Chapter,
we have the rather surprising result that W7 and W5 are independent. (At first glance, this seems crazy since
they both involve X. At second glance, it seems less crazy because everything here is in terms of deviations or

“distances” from X which won’t depend on the actual location of X.)

Now

Miw(t) = My, (8) ™7 My, (1) - Wa ().

Using the appropriate x> moment generating functions, we find that

MWI (t)

1/2 \"/?
_ Mw(t) _ (1/2/—t) :< 1/2 )(n—l)/Q
My (1/153)1/2 1/2—t

which is the moment generating function for the x?(n — 1) random variable.

Therefore,
(n—1)52

2
~Y 1 .
2 X (’I’l )

Awesome!
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3.3 A Confidence Interval for the Mean of a Normal Distribution: o2 is Unknown and Sample Size is Small

%anination

At this point, we have two distributions with a “degrees of freedom™ parameter.
We have just seen one of these distributions connected to the sample variance S2.

Indeed, we will see shortly that they are both connected to the sample variance.

The sample variance S? is an estimator for o2. To compute
Py (Xi — X)?

n—1

8=

)

we need to first compute the sample mean X. Once that is done, the data

X1, Xa, ..., X, contains only n — 1 independent pieces of information.

For example, if your grade in a class is computed from 3 equally weighted exams
and I told you that your average was 87, you could make up your own scores for the
exams, but you can only make up two of them. The third score would be “locked
in” by the fact that the average needs to be 87. You are “free to vary” two out of

three of the scores.

Going back to the sample variance calculation, when X is known, there are only
n — 1 independent pieces of information that are “free to vary”. The “degrees of

freedom” associated with the calculation of S2 is n — 1.

3.3.3 Return to the Confidence Interval

Let X1, Xo, ..., X, be a random sample from the N (u, 02) distribution with n “small”. Suppose that we do
not know 2. Because X1, Xo, ..., X,, are normal, we know that X is normal, and, in particular,
X ~ N(u,0?).
So, o
X1 N0, 1).

a/v/n
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3.3 A Confidence Interval for the Mean of a Normal Distribution: o2 is Unknown and Sample Size is Small

Thus,

2
B

|
3
S
©nlQ

o2

52
. X- /52
- O’/\/%/ o2

- /=

I
S
S
&’

So, we have a N (0, 1) random variable divided by the square root of an independent (See Exercise 4 of this
Chapter.) x?(n— 1) random variable, divided by it’s degrees of freedom. This is how we defined a ¢-distribution
with n — 1 degrees of freedom. Therefore

iid X —pu

X1, Xo,..., X, ¥ N(u,o? = ~t(n—1).
Amazing how all of this stuff is coming together isn’t it?
The two numbers that can capture area 1 — o in the center of a ¢(n — 1) curve are t1_q 2 ,—1 = —tq/2,,—1 and

ta/2,n,1. SO,

X —p
l—-a=P <_ta/2,n—1 < W < ta/2,n—1)

Solving for £ “in the middle”, we get that a 100(1 — a))% confidence interval for y is

_ S S
(X - ta/Q,n—lﬁa X+ ta/?,n—l\/ﬁ) ;

or simply
S

X+ ta/?,n—l%'

/ ™
If Xy, Xo,..., X, is arandom sample from the normal distribution with

mean /. and unknown variance o2, a 100(1 — a)% confidence interval for

1, when n is small, is given by
i
v

X+ ta/2,nfl

We actually don’t need a small sample to use this result— we certainly didn’t use it in the derivation above. You
should technically use a t-distribution when giving a confidence interval for x4 any time you have normality

and o2 is unknown. However, the critical values for the ¢ and standard normal distributions become virtually
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3.3 A Confidence Interval for the Mean of a Normal Distribution: o2 is Unknown and Sample Size is Small

indistinguishable for larger n at the level of 3 to 4 decimal places given in the tables. You can get critical values
for these distributions from Tables C.1 and C.2 in Appendix C. Note that they are structured quite differently.
For the z-table, critical values are in the row and column headers and probabilities are in the body of the table.

For the t-table it is reversed.

Example 3.3.1

A random sample of size 10 from the normal distribution with mean y and variance o results in a sample

mean of T = 4.23 and a sample variance of s?> = 1.76. Give an 80% confidence interval for the mean .

2 is unknown. This means

We are in the small sample case for the mean of a normal distribution when o
that we need to use t-critical values. In particular, if we want to capture area 0.80 between two numbers,

we want 0.10 below the lower number and 0.10 above the upper number for the ¢(9) distribution.

The upper number is tg.109,9. This is our notation for a number that cuts off area 0.10 above for the ¢(9)
curve. Table C.2 from Appendix C has the reverse notation for critical values in the top row. We want to

go to the column associated with ¢g 19 and down to the row labeled with a 9. The critical value is
t(),l()’g = 1.383.

(Make sure you can find this in the Table!)

The 80% confidence interval for p is given by

— S
X+ 750.1079%7

4.23 + 1.3831776

V10

which is

which gives the interval as

(3.65, 4.81).

3.3.4 Summary of Confidence Intervals for the Mean Involving Normal Distributions

Given a random sample of size n from a distribution with mean z and variance o2, 100(1 — )% confidence

interval for p in various cases is given below.
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3.4 A Difference of Means

Distribution
Not Normal
Normal Unknown
But Known
0% | X+z400/V/n See Can’t
n < 30 —
Sample S? | X £ tajon-1 % Section 3.5 do this!
Size 0% | Xtzopo/vn | XE£zqp0/y/n | X+z,50/v/n
n > 30 - _ —
521 X 2,08/ | X £20005/Vn | X £ 2,/25/v/n

The decisions given in this Table about which confidence interval to use in a given situation reflect what people
usually do in practice. Again, the critical value in the red cell in the Table should technically be ¢/ ,—1 and

the confidence intervals given in the green cells should technically be done using the techniques of Section 3.5.

3.4 A Difference of Means

In this Section, we will consider two samples from two different “populations” and develop a confidence interval

that will be suitable for comparing the means for those populations.

3.4.1 Normal Samples, Variances Known

Suppose that we have two independent random samples: one of size n1 from the N(u1,0?) distribution and

one of size ny from the N (uo, 03) distribution.
We wish to derive a 100(1 — a)% confidence interval for pi; — po, the difference in means.

Any confidence interval starts with an estimator. Let’s estimate j1; — po with the difference in sample means

X1 — Xo.

What is the distribution of X; — Xo?
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3.4 A Difference of Means

Aside:

While we don’t think it is necessary here, we can denote the two samples with double subscripts:
X11, X12, -+, Ximg
and

Xo1, X99,..., Xon,,

and then we can more explicitly write out the sample means as

o 1 ni o 1 n2
XlszX“ and X2:7ZXQZ'
M 2i=1

We know that
yl ~ N(,ul,a%/nl) and YQ ~ N(,U,Q,O'%/TLQ).

Since a linear combination of normal random variables is again normal, we know that X; — X has a normal

distribution.

The mean is

E[X1 — Xo] = E[X1] — E[X2] = p1 — po.

The variance is

Var[X; — Xo] indep Var[X1] + Var[Xs] = 03/n1 + 03 /ns.

So, we have that

2 2
— J— g ag
Xl—X2~N<u1—u2,1+2>.

ni no

We know that any normal random variable, with its mean subtracted, and divided by its standard deviation, is a

standard normal (NN (0, 1)) random variable. So, in this case, we know that

X1 — Xy — (p1 — po2)
U2 0'2
Jivd

Let Z ~ N(0,1). Suppose we want to find two numbers that capture area 0.80 in the center of the N (0, 1) pdf.

~ N(0,1).

Using our z-table, we see that these numbers are approximately £1.28. Thus,
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3.4 A Difference of Means

0.80 = P(—-1.28< Z < 1.28)

0714,072
ni ng

- P (—1.28 < Xi=Xo(uiop) 1.28)

Solving for ;11 — po in the middle gives

2 2 2 2
0.80 =P <X1 — YQ - 128\/014—702 < py — o < 128\/H) ,
ni n2 ni na

making an 80% confidence interval

2 2 2 2
(Xl ~ X, 128/ A+ 2 X, —X2+1.28,/01+02) ,
n1 no n n2

or more simply

2 2
X, - X,+128 2L+ 22,
niy ny

For the more general percentage of 100(1 — )%, instead of 80%, we need to replace 4-1.28 with £z, /5.

s ~
In general, if we have arandom sample of size n; from the N (y1, 03) distribution

and an independent random sample of size 1y from the N (uo, 03) distribution,

a 100(1 — )% confidence interval for 117 — po is given by

2 2
— - (o} g
i, 92
X1 —Xotzgp/—+ =,
n n2
provided 0% and 03 are known.
N )

3.4.2 Large Samples, Variances Unknown

For large n; and na, the two population sample variances S? and S3 are good approximations of o2 and o3,

respectively.

So, we have that
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3.4 A Difference of Means

Xﬁ—Xﬁ—Uﬂ—ﬂﬁggyi—XE—UH—MﬁFVNm1)

2 2 2 2
S5 9 4 %
ni n2 ni n2

and therefore that an approximate 100(1 — a/)% confidence interval for the difference i1 — po is given by

o o 52 SQ
Xl—ngl:Za/Q 7_‘_72'
ni no

More formally, we are using the fact that

2 2
Sty %
ni n2

This can be shown by writing

X)X () X — Ko (i > 2\ /(o7 o2
1—Xo—(m—p2)  X1—-Xo—(m ,UQ)/\J <S1+52>/<01+02> (3.4.4)
52 Sg o nq n9 ni no

1 o 3
T T ong

ny

It can be shown (See Exercise 14 of this Chapter.) that

niy no ni no

For normal populations, we have that

0'2 0'2 ’ ‘
Ji+a

If we don’t have normal populations, we still have

T ne

from an application of the CLT after some manipulation. This limit is not entirely obvious— one must be careful
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3.4 A Difference of Means

when dealing with double limits!

e N
In general, if we have a random sample of size nq from the N (j11, o) distribution

and an independent random sample of size no from the N (uso, 03) distribution,
with o7 and o unknown, an approximate 100(1 — «)% confidence interval for

W1 — W2 is given by

- 1 1
XI—XQj:Za/Z\/SI% (n—i-v)

provided that both n; and ng are “large”.

3.4.3 At Least One Small Sample, Normality, Variances Unknown

In the case of a confidence interval for a single mean, we saw that we had to move to a ¢-distribution for critical
values when using S? in place of o2, and that it was of particular importance to do so when working with a small

sample. The same will be true when developing a confidence interval for the difference between two means.

We have two cases to consider for a confidence interval for a difference of means. The first is when 0? = 03

and the second is when o7 # 3. Even though we do not know the values for o2 and o3, there are situations
where we might believe them to be equal. For example, suppose that we want to find a confidence interval for
(41 — po where pi1 is the true mean sales volume of some breakfast cereal across all grocery stores and po is the
true mean sales volume of the same cereal across all grocery stores but in an exciting new package. You might
expect a new flashy package design to increase sales but maybe not necessarily to change the variance of sale
prices. Then again, maybe not. You probably shouldn’t bring your “expectations” into this. We will eventually
learn about hypothesis testing and we will develop a statistical test to determine whether or not it is reasonable

to assume that o3 = o3.

.22
Case: 0] = 03
We begin by giving the common value of o7 and o5 a more “sample neutral name” like o2. Thatis 02 = 0% = o3

and we will stop referring to o2 and o3 altogether.

We compute sample variances, S? and S3 for each of the samples. While we are trying to estimate a single

2

variance -, we do not just combine the samples and compute a single sample variance because variance is the

expected squared deviation from the mean and the samples are not assumed to have the same means.
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2

Since % and 52 are both estimators for the common variance o2, we should use information from both to come

up with a single estimate for the unknown o2. One possibility is the average value
S? 4+ 52
5

This is maybe not the best estimate. It would be better to use some sort of weighted average to take into account
the different sample sizes n; and ng. After all, if ny is much larger than no, the sample variance from that first
population (S?) is probably much more accurate than the sample variance from the second population (S3) and

thus it should carry more weight.

Here is a weighted average:
ny S% -+ n2522
ny+ng
This solves the issue of giving more weight to the sample variance from the larger sample but it is not

mathematically convenient. Recall that, in order to develop a confidence interval, we must be able to find the

distributions of certain quantities.

To this end consider a different weighted average, denoted by Sf, and known as the pooled variance.

ny — 1)5% + (TLQ — 1)522

512_:(
P ny+ng — 2

Note that

(n1 —+ ng — 2)55 B (n1 — 1)5% i (712 — 1)5%

2 2

g g

The two terms on the right-hand side are independent since the sample variances come from samples that were
assumed to be independent. From Section 3.3.2, we know that the distributions of these terms are both y? with
n1 — 1 and ny — 1 respective degrees of freedom. By Exercise 7 from Chapter 1, we then know that their sum

is another x? random variable with (n; — 1) 4 (ng — 1) = ny 4 ng — 2 degrees of freedom.
We are going to base our confidence interval off of the quantity

71—Y2—(/J1—M2>.
5 (3 + )

n2

(3.4.5)

Note that

X1 —Xo— (i —p2) _ Xz— (11 — / S;
1 1
SI% (n71+n72> m n2
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— Xl_Xr(Ml—Mz)/J <(”1+"22_2)S’2’>/(n1+n2—2) .
UQ(L_FL) o

ni n2

In conclusion, (3.4.5) can be rewritten as a standard normal random variable, divided by the square root of a 2

random variable divided by its degrees of freedom. This gives us that

X1 — Xo — (1 — pio)

2 (E+%)

~ t(n1 —+ ng — 2)

For a 100(1 — «)% confidence interval for p; — ua, we can place this quantity in between the two ¢-critical

values ¢, /2 1, 4y —2 a0d —14 /2 1y 4ny—2- And solve the inequalities for y11 — po “in the middle”.

e N
In general, if we have a random sample of size n; from the N (j11, o) distribution

and an independent random sample of size no from the N (uso, 03) distribution,
with o7 and o3 unknown but assumed to be equal, a 100(1 — )% confidence

interval for p; — po is given by

- 1 1
XI_XQj:Za/Z \/SZ (m+mv>

Case: 07 # o5 (The Behrens-Fisher Problem)

So far, we know how to create exact or approximate confidence intervals for a difference between two means in

the cases where the underlying population distributions are

o normal and o7 and o3 are known,
o normal or unknown where ¢ and o3 are unknown but both samples are large, and

o normal with small samples where o7 and o7 are unknown but can be assumed to be equal.

For small samples from normal populations, the quantity
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3.4 A Difference of Means

X — X2 — (/~L1 - MQ)

st 53
m T

does not have an exact known distribution. Since we are assuming the samples are small, it also doesn’t make
sense to use a convergence result for a “large sample approximation”. Indeed, the best way to proceed here is
not clear at all. This problem is known as the Behrens-Fisher problem. The most common approach people

take is to use something known as Welch’s Approximation|[5].

p
i} Welch’s Approximation

Let S? be the sample variance for a sample of size n1 from the N (p1,07) distribution.
Let 52 be the sample variance for an independent sample of size n1 from the N (u1, 07)

distribution. Then

Yl _YQ - (lu]- - /’L2) CLppNT‘O{Z‘ t(T’)

St S3

m T
where 7 is )

(5+8)
ny ng
(S7/n1)? n (S3/n2)?

ni—1 no—1

rounded down to an integer.
& J

Recall that the ¢-distribution is “flatter” than the standard normal distribution. The pdfs only get close for large
n. The reason the degrees of freedom approximation is rounded down here is because it will result in flatter
curve for which one has to go out further in the tails of the pdf to find critical values. This results in a more

conservative (longer) confidence interval in the face of the extra uncertainty in the Behrens-Fisher problem.

[ Example 3.4.1 ]

A farmer has two 10 acre fields, a “northern field” and a “southern field”, both on which they have planted
a single variety of corn. The southern field is known to have soil that is more alkaline than that from the
northern field. Just before harvesting, a random sample of 15 plants were selected from each field and

their heights were measured. The plants from the northern field had an average height of 8.2 feet and the

standard deviation of the heights in this group was s; = 1.6. The plants from the southern field had an
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average height of 7.1 feet and the standard deviation of the heights in this group was so = 2.2. (Note the
use of lowercase letters because we have observed numbers here and are no longer working with random

variables.)

Assuming that the heights of corn stalks are normally distributed, give a 90% confidence interval for
o — 1. Here, p is the true average height for the northern field and uo is the true average height of the

southern field.

Note that standard deviations are given as opposed to variances and that we have changed the direction
of the difference. Since we have small samples, sample standard deviations as opposed to true standard
deviations, and were not given any information about the true variances possibly being equal, we will use

Welch’s approximation to give an approximate 90% confidence interval for pio — 1.

The degrees of freedom calculation is symmetric in S? and S, so we do not need to adjust it for the fact

that we are looking at po — pp instead of p; — po.

2 2
sz S2 1.62 | 2.22
(nT T E) ( i5 T 75 )

(S%/n1)? | (52/np)? = (1L62/15)° 4 (2.22/15)2 A~ 25.5724
ni—1 no—1 14 14
so we will use r = 25 degrees of freedom.
We have that L
X2 - Xl - (/’[’2 - /'Ll) aperom t(25)
S3 S
m T

We want to capture area 0.90 between two critical values for the ¢(25) distribution. This means that we
want to split the area 0.10 into the two tails of the pdf. From Table C.2 of Appendix C, we get the upper
critical value

t0_05725 = 1.708.

By symmetry of the ¢-distribution about zero, the lower critical value is —1.708.

We have
YQ — Yl - 2 — M1
0.90 ~ P —t0.05,25 < (M a ) < t0.05,25
S2 S2
T s
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3.5 General Confidence Intervals

which gives the confidence interval

. . SZ 52
Xo — Xy £10.05.25\ =24 -1
ni ni

Plugging in all numerical values gives us

(—2.30,0.10).

While the interval contains mostly negative numbers, it does contain the value 0 which tells us that it is

“plausible” that the true average height for all corn stalks is the same for both fields!

The next Section is, arguably, the single most important section of this Chapter. A basic, data-oriented, “STAT
101” course will give all of the confidence interval formulas that we have come up with thus far. Students there
will “plug and chug” numbers but will really be in trouble if assumptions like normality are not met. It is up to
us in mathematical statistics to be able to derive confidence interval formulas in many different settings and for

many different types of parameters!

3.5 General Confidence Intervals

Suppose that X7, Xo, ..., X, isarandom sample from some distribution that depends on some one-dimensional

parameter . There are three steps to constructing a confidence interval for 6 or a one-dimensional 7(6).

—

1. Choose a statistic 7" = ¢(X') on which to base the confidence interval.
Example: § = p, choose X

2. Find a function of your statistic and the parameter § whose distribution is known and is “parameter free"
or at least “unknown parameter free". This will be known as a pivetal quantity.
Example: (X — u)/(o/v/n) ~ N(0,1)

3. Put the pivotal quantity between two appropriate critical values and solve for the unknown parameter “in

the middle".
Example: —z,/5 < (X — p)/(0/v/n) < zas2

Note that, for Step 1, we said “a statistic”” and not necessarily something that makes sense as an estimator for 6,

as we will see in the following example.
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3.5 General Confidence Intervals

Example 3.5.1 ]

Let X, Xo, ..., X, bearandom sample from the exponential distribution withrate A. Derive a 100(1—a)%

confidence interval for A based on the sample minimum X ).

In this example, the statistic has been chosen for us. We are going to base our confidence interval on the
sample minimum. In general, choosing a statistic can be difficult. You should start by thinking about
estimators for the unknown parameter, but what is an estimator? There is no real definition or guidance
unless you want to require certain properties like, for example, unbiasedness. The sample minimum is
maybe not something that naturally comes to mind when we think about estimating the rate parameter for
an exponential distribution, but we need to choose something “for which we can do Step 2". This comes

with experience.

In Section 1.4.2, we saw that, if X ) is the minimum of a sample of size n for the exponential distribution
with rate A, then

X1y ~ exp(rate = n)).

Can we come up with a function of Xy and A whose distribution is parameter free? In Exercise 5 from
Chapter 1, we saw that, if X ~ I'(«, 8) and c is a positive constant, then cX ~ I'(a, 5/c). The exponential

distribution with rate n\ is the same thing as the I'(1, n\) distribution. So, for this example, we know that

AXqy ~T'(1,n) = exp(rate = n).

This distribution does not depend on the parameter A, so AX 1) could be the pivotal quantity we are looking

for! However, to make the distribution even simpler, let’s consider the quantity

nAX () ~ erp(rate = 1).

Let Yy, := nAX(y). Can we find two numbers that capture Y;, in between with probability 1 — a? There

are many ways to do this but here are three possibilities.
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o/2

=@ a/2 1-a

There is no real reason for us to put the desired area "in the middle" like we did for the normal and ¢
distributions. For those distributions, since the bulk of the area under the pdfs happens to be in the middle,
choosing critical values in this way will result in the shortest confidence interval that can be made using the
given statistic. Using the shortest interval is preferable since we are giving an interval estimate of plausible
values for the true parameter. We are saying that we believe that it is between two particular numbers. A

shorter interval represents a more precise conclusion.

Although the shaded areas shown above are not displayed with proper scale (even relative to each other!),
it makes sense that the first of the three ways to capture area 1 — « will give the smallest interval. The great
height of the pdf down by zero on the x-axis implies that if we moved the left endpoint of the shaded region
up a bit, the right endpoint would have to move up further in order to compensate for all the area lost on the
left-hand side. It is left as an exercise (Exercise 9 in this Section) to show, using Calculus, that putting all

1 — o area to the left will indeed give the shortest interval.

Going back to the specific problem, we would like to solve
PO<Y,<b)=1-«
for b. Since Y, is exponentially distributed with rate 1, we know that
PO<Y, <b) = /Obe_ydy =1-e7"
Setting this equal to 1 — « and solving for b gives us that
b=—-Ina.

So, we have that
l-a = PO<Y,<—-Ilna)

= P(0<nAXq) <—Ina).
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Solving for A “in the middle", we get

|
l-a=P|l0< A< — na .
’IZX(l)

So, a 100(1 — «)% confidence interval for the rate parameter of the exponential distribution is given by
1
0, ——— .
nX, (1)

In the next example we will derive a confidence interval for the variance of the normal distribution.

Example 3.5.2 ]

Let X1, Xo,..., X, be arandom sample from the N (u, o%) distribution with both z and o are unknown.

Derive a 100(1 — a)% for the variance o2.

For this confidence interval, let’s try the “common sense estimator” and use the sample variance S? to make

a confidence interval for o2.

We need to form a pivotal quantity using S? and o2. Remember that the distribution of this quantity can
not depend on any unknown parameters. In this example, the unknown parameters are y and o2. (If ;1 was

assumed to be known for this problem, the distribution of the pivotal quantity could depend on p.)

In Section 3.3.2 we learned that, for a sample from a normal distribution, we have

n— 2
(U;)S NXQ(”—l)-

Thus, we have a function of S? and o2 whose distribution is known. Because it has a X2—distributi0n, we
will put it between two x2-critical values. Following our notation from Section 3.3.1, we will use x?x,n to

denote the value on the z-axis to the right of which we capture area o under the x?(n) pdf.®

Let W = (n — 1)S%/02. Per our discussion from the previous example, we have
P(O<W<Xi,n—1):1_aa
as well as

2 2
P(lea/2,n71 <W < Xa/Q,nfl) =1-aq,

as well as

P(X%—a,n—l <W<oo)=1-a.
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(Note that the y2-distribution is not symmetric about zero so it doesn’t make sense to use Xi /2.1 and

2
_on/Q,nfl')

We can also capture area 1 — « in the middle using, for example, a lower cutoff of X%—Qa /31 and an
upper cutoff of Xi /31" The x?(n) pdf can take on many different shapes depending on the value of n.
(After all, it is a gamma pdf with shape parameter n/2.) For a fixed n, one could use Calculus to find
critical values that will give the shortest confidence interval for 0. Here, we will just report three intervals
corresponding to the three probability statements above. Plugging in (n — 1)52/0? for W and solving for

o2 “in the middle” gives us the intervals

_ 2 _ 2 o 2 _ 2
((n2 1S 7OO>’ ((n2 1S | <Z 1)S > and (0, (n2 1S )
Xan—1 Xa/Z,n—l Xl—a/?,n—l Xi-an—1

In the previous example, we were able to find actual closed form expressions for critical values as functions

of a and n. Here, we would have to numerically integrate regions under the x2(n — 1) pdf or appeal to a

table such as Table C.3 in Appendix C once we are given numerical values for « and n.

6We could also use the notation x2 (n). Be aware that other authors may use either notation as a value that captures area « to the left.
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N

ff Super Important Note

[

The 2-distribution is central to a large number of results in Statistics. It will be important
for us to be able to transform certain statistics into chi-squared random variables so that we
can take advantage of these results. Of particular interest is the following transformation
of the sample mean for an exponential distribution.
Suppose that

X1, Xo,..., X, = exp(rate = \).

By Example 1.5.7 of Chapter 1, we know that

i=1
By Example 1.2.2 or Exercise 5 of Chapter 1, we know that multiplying a gamma random
variable by a positive constant will give us another gamma random variable with the
relationship

X ~T(e, B) = cX ~T(o,B/c).

Thus, we know that, starting with the exponential rate A distribution,

— 1
=
Recall that the x%(n) distribution is defined as the I'(n/2, 1/2) distribution. We could get

our sample mean for the exponential distribution looking more like a chi-squared random
variable my multiplying by 2nA\.
— 1
2nAX ~T (n, ) .
2
Indeed, we already have a y2-distribution since

_ 1 om 1 )
2nAX ~T <n, 2> =T <2,2> = x*(2n).

Amazing! Keep this in mind when doing Exercise 11 of this Chapter.
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Chapter 3 Exercises

5.

7.

. Let X1, Xo, ..., X,, be arandom sample from the N (1, o) distribution. Find an unbiased estimator for

g.

. Suppose that X7, X5 is a random sample of size 2 from the N (0, o?) distribution. Find the distribution

of
X1
Y= ——+.
| Xa|

(Hint: Note that |z| = v/ z2. Don’t make this too hard! You don’t have to do a “Jacobian transformation”!)

. Let X1, X3, ..., X, be arandom sample from the N (u, o) distribution.

(a). Find the variance of the sample variance S2.

(b). Show that S? is a consistent estimator of o2.
iid

. Suppose that X1, Xo,..., X, ~ N(u,o?).

(a). Show that

S FERVTCD > b FI ¢ Lo QTN
o2 o2 o2 '

(This has nothing to do with the particular distribution here.)
(b). Write down the joint pdf for X1, X, ..., X, and use the above to rewrite the “e-exponent part”.
(c). Consider the joint transformation Y7 = X,Y; = X; — X fori = 2,3,...,n.
Use the Jacobian method to find the joint pdf for Y7, Y5, ..., Y,. Show that Y] is independent of
Yo,...,Y,.
(d). Show that X; — X = — Y7 ,(X; — X).
Conclude that X7 — X is independent of X.
(e). Conclude that X is independent of the sample variance 52!
Let W7 and W5 be independent random variables with W7 ~ x%(n1) and W ~ x?(n2). Suppose that
ng > ni. Does Wo — W have a x? distribution? If so, prove it and give the associated degrees of

freedom. If not, explain why it is not true.

. Suppose that X, X, ..., X, is a random sample from any distribution with a finite fourth moment. In

Section 2.6, we saw a not so nice expression for the variance of the sample variance S2.
Now suppose that the random sample is from the N (p, o) distribution. Find the variance of S? using
the fact that (n — 1)52 /0% and without using the forth moment formula.
(a). Suppose that a random sample of size 15, taken from the N (y, 9) distribution, results in a sample
mean of 5.2. Give an 85% confidence interval for the true mean p.
(b). Suppose that a random sample of size 150, taken from the N (p, 02) distribution, results in a sample

mean of 5.2 and a sample variance of 8.3. Give a 90% confidence interval for the true mean p.

183



3.5 Exercises

(c). Suppose that a random sample of size 15, taken from the N (1, o2) distribution, results in a sample
mean of 5.2 and a sample variance of 8.3. Give a 90% confidence interval for the true mean p.

8. Let X1, Xa,...,X, be arandom sample from the continuous uniform distribution on the interval from
0 to #. Construct a 95% confidence interval for 6.

9. For Example 3.5.1, prove that using O as the left critical value will give the shortest possible confidence
interval when using the minimum to estimate \. (Hint: Make the left critical value some point a. Find
the corresponding right critical value needed to capture area 1 — o.. The length of this interval will be a
function of a that can be minimized with respect to a.)

10. Consider a random sample of size ny = 9 from the N (u1, a%) distribution and an independent random
sample of size no = 12 from the N (p2, 03) distribution. Suppose that the variances are unknown but, for
some crazy reason you do know that o3 = 303. Define a random variable that has a ¢-distribution that
can be used to find a 100(1 — «)% confidence interval for p1 — po.

11. Let X7, Xy, ..., X, be arandom sample from the exponential distribution with rate A. In this Chapter,
we constructed a 100(1 — «)% confidence interval for A “based on the minimum X ;)". Now, construct
100(1 — «)% confidence interval for A based on the sample mean X. Give your answer in terms of

x2-critical values.

12. Let X (1), X(2),- - -, X(n) denote the order statistics of a random sample of size n from a distribution that
has pdf
3
f(z) = @552 Li,9)(x).

(a). Show that
Ple<Xm/0<1)=1-c"

where 0 < ¢ < 1.
(b). If n = 4 and the observed value of X 4 is 2.3, find a 95% confidence interval for 6 based on X 4.
13. Suppose that X1, Xo, ..., X, is a random sample from a continuous distribution with pdf f and cdf F.
You may assume that F' is invertible.
(a). Find the distribution of Y; := F'(X;). Name it!
(b). Find the distribution of
-2 Zn: In F(X;).
i=1

Name it!

(c). Find the distribution of

23" Inft - F((X))
i=1

Name it! (Hint: You can do this with very little extra work after part (a)!)
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(d). Let X1, Xo,..., X, S Pareto(vy). Use part (c) to construct a 100(1 — «)% confidence interval
for . Leave your answer in terms of y2-critical value.
14. Consider a random sample of size n; from the N (u1, %) distribution and an independent random sample

of size ny from the N (uo, 03) distribution. Let S7 and S3 be the sample variances. Prove that

ny N9 ny N9

185



Chapter 4 A “Mostly Normal” Introduction to Hypothesis

Testing

If you wish to start studying formal methods of estimation at this time,! you can skip to Chapter 5 and come
back to this Chapter before going on to Chapter 6. There is a reason we put this “mostly normal introduction to
hypothesis testing” here though. Over the years, we have found that people tend to have an easier time with the
more abstract hypothesis testing presented in Chapter 6 after learning some of the basics here and then letting

it all sort of “soak in” for a bit.

Imagine a population of people with some true average height p.. We’d like to know what p is, but the population
is quite large so we restrict ourselves to looking only at a relatively small sample of members of the population,
measuring them, and computing X which is the average height in the sample. We might even make a confidence
interval. A point or interval estimator is great but, in hypothesis testing, we go further and use our estimator

to make decisions.

As with most concepts in this text, it is important to pay attention to the method of deriving a hypothesis test.

In this “mostly normal introduction” to hypothesis testing we will spend a fair amount of time deriving tests
for the mean of a normal distribution. We can put the steps we come up with into a nicely framed box for any
“STAT 101 kid” to follow. Ultimately, we do not care about the particular steps! Instead, we want to understand
the process for deriving them and to be able to come up with them as needed. In MathStat, it is our goal to be
able to seamlessly move from deriving a test for the mean p of a normal distribution to, for example, deriving
a test for the parameter ~y for a Pareto distribution without any additional instruction because really, it’s all the

same thing.

4.1 Getting Started, Some Intuition

Suppose that we have a random sample of size 10 from a normal distribution with mean x and variance 2, and
suppose that we observe a sample mean of T = 3.7. Further, suppose that we wish to test the idea that u < 3
versus ¢ > 3. We will do this by assuming that one of these statements is true and then looking for evidence to

the contrary, given by our sample, to see if it will change our minds.

1'We don’t blame you!



4.2 Hypotheses: Simple or Composite?

We will set up two hypotheses, denoted by Hg and H1, that are, for this example, written like this.

Hy:p<3 versus Hy:p>3 “4.1.1)
( )\
Definition 4.1.1
Hj is called a null hypothesis and is, initially, assumed to be true.
H, is called an alternative hypothesis and is what we will conclude to be
true if we are swayed by strong evidence from the sample.
. J

Just because the sample mean is greater (or less) than 3 does not mean that we can conclude that g, the overall
mean for the entire population from which the sample was taken, is greater (or less) than 3. As a linear
combination of normals, X has a normal distribution that can take on any value from —oco to oo, even if the null
hypothesis is true and that distribution is truly centered at a number that is less than or equal to 3. To test the
hypotheses given in (4.1.1), we will assume that Hy is true, but we will reject Hy in favor of H; if X appears to
be “significantly” larger than 3. To proceed, we need to make sense out of the phrase “significantly larger than

37

4.2 Hypotheses: Simple or Composite?

A simple hypothesis is one that “completely specifies the distribution”. For example, suppose that we have a

random sample from the N (u, 1) distribution and that the hull hypothesis is
Hy:p=3.

If Hy is true, then you know the distribution that the random sample came from the N (3, 1) distribution.

A composite hypothesis is one that does not completely specify the distribution. For example, suppose that we

have a random sample from the N (p, 1) distribution and that the hull hypothesis is
Hy:p <3,

If Hy is true, then we know the distribution that the random sample came from some normal distribution with
mean £ and variance 1 but we do not know which one. Was it the N(2.912,1) distribution? The N(0, 1)
distribution? The N (—18.237, 1) distribution?

It is a common misconception that simple hypotheses have “equals signs” and composite hypotheses have

inequalities. For example, suppose that X1, X, ..., X,, is a random sample from the N (u, o) distribution for
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4.3 Errors in Hypothesis Testing for a Simple Null Hypothesis

unknown 4 and o2. Then

H():/,L:3

is not a simple hypothesis since, if it is true, we still can’t say exactly which normal distribution the sample

came from. Was it the N(3,1.7)? The N (3,8.2)?

We will begin hypothesis testing in the simplified setting where

Hy:p=3 and Hy:pu>3. 4.2.2)

The two hypotheses are supposed to represent all possible values for . For the normal distribution, the
parameter 4 is allowed to take on any value from —oo to oo. In (4.2.2), we are missing the possibility that y < 3
but we start here as a building block towards the hypotheses in (4.1.1). Be aware though, even if we observe a
sample mean of negative 3 million, there is still no concluding that x is less than 3. We assume Hj is true and

reject it in favor of Hy if X is “significantly larger than 3”.

4.3 Errors in Hypothesis Testing for a Simple Null Hypothesis

In reality, the null hypothesis Hj is either true or it is false. Going into a test, we assume that H is true but we
will conclude that H; is true instead if there is significant evidence in our sample (data) to support it. In the

language of hypothesis testing, we either reject Hy or we fail to reject Hy but we will never “accept” Hy.

When you perform a hypothesis test, it may be the case that Hy really is true, but that the data forces you to
“reject” it, in favor of the alternative hypothesis H, because it was your bad luck to observe an extreme sample
that is highly improbable to observe “under Hy”. In this case, you have made an error through no fault of your

own. Similarly, it is possible to make an error in the other direction.

In summary, if Hy is true and we fail to reject it, we did good! Likewise, if it is false and we reject it we also

did good. In the other cases, we have made one of two types of error as shown in the following table.

Your Decision

Fail to Reject Hy Reject Hy

Hy True / Type I Error
Reality
Hy False | Type II Error /
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4.3 Errors in Hypothesis Testing for a Simple Null Hypothesis

Neither type of error is inherently worse. It depends on the context of the problem and the consequences or

what is at stake with each type of incorrect decision.

4.3.1 Level of Significance: «

,
Definition 4.3.1

For a simple null hypothesis, the level of significance of the test is the probability of

making a Type I error. It is denoted by an a:

a = P(Type Ierror ) = P(Reject Hy when it’s true ).

For reasons which will become apparent later, « is also known as the size of the test.

To illustrate a Type I error probability, let us revisit the example from the beginning of this Chapter with a fixed

variance of 02 = 1.

Suppose that we have a random sample, X1, Xs, ..., Xjg, of size 10 from the N (u, 1) distribution and that we
wish to test the hypotheses

Hy:p=3 versus Hy:p>3.
Suppose that we will perform this test by looking at the sample mean X and rejecting H in favor of Hj if

X > 4. (This is just an arbitrary “rejection rule” that we made up. At this time, we will not concern ourselves

with where it came from or even whether or not it is a good rule!)

Question:

What is the level of significance (size) of this test?
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Answer:
a = P(TypelError)

= P(Reject Hy when it’s true )

= P(X >4whenpu=3)

- P(Y_“ > 4-3 when,u:?)) (¢a standardize X)

o/v/n = 1/V/10
= P(Z > 3.16) where Z ~ N(0,1)
= 1-0.9992 = 0.0008. (<= use z-table)

Typically, the level of significance is not determined from a cutoff “rejection rule” (Certainly not an arbitrary
one!) but instead is specified at the beginning by the researcher who cares about the particular hypotheses. This
person might say, “I am willing to let the Type I Error probability be 0.05, so what should my rejection rule

be?”

4.4 Finding a Test: A Simple Null Hypothesis

Suppose that we have a random sample of size 10 from the N (u, 1) distribution and that we wish to find a test

of size or level of significance a = 0.05 that is based on the sample mean X for the hypotheses

Hy:p=3 versus Hy:p>3.

We want to reject Hy, in favor of H; if the data and, specifically, the statistic X is “large” in the sense that it is

above some cutoff value. The form of the rejection rule (for the rejection of Hy) is therefore:
“Reject Hy, in favor of Hy, if X > ¢.”

for some c to be determined.
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4.4 Finding a Test: A Simple Null Hypothesis

-

£ 4 Note

The form of the rejection rule is determined by the alternative hypothesis, BUT, the
“greater than” in the alternative hypothesis does not automatically translate to the “greater

than” in the rejection rule!

For example, suppose that you had arandom sample X, X5, . . ., X;, from the exponential

distribution with rate A and that you want to test
Hy:A=3 versus Hy: )\ > 3.
based on looking at the sample mean X.

You would want to reject Hy in favor of H; if a larger value of ) is indicated by the data.
Since X is an estimator of the mean of this distribution and since the mean is 1/, a large

value of )\ is suggested by the data if X is small.

Therefore, the form of the rejection rule for this exponential example is to
“Reject Hy, in favor of Hy, if X < ¢.”

for some c that is chosen to give a size 0.05 test.

~N

We have given the “form” of the test, but to give the actual test, we still need to find the value of the cutoff c.

This is done using the level of significance az = 0.05.

Note that

0.05 = P(TypelError)
= P(Reject Hy when it’s true )

= P(X >cwhenp=3)

= P ( UY/T/% > 1?7]1’—0 when p = 3) (<= standardize X)

_ -3
__E(Z>1%ﬁ)wmmZ~NmJ)

From the standard normal table, we know that

P(Z > 1.645) = 0.05.
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4.5 Finding a Test: A Composite Null Hypothesis

So, we must have that

c—3
= 1.645,
1//10

which implies that ¢ = 3.52.

In summary, we will reject Hy, in favor of Hy, at the 0.05 level of significance if, X > 3.52. For the original
“data” at the beginning of this Chapter, since we observed * = 3.7, we would indeed reject H( based on this

sample.

We now have a “rule” for when to reject Hy. It is known as a rejection rule. Since we will reject Hy when X

gets into a certain region, we will also call this a rejection region.

Note that our cutoff value for the rejection rule came from a transformation of the cutoff value (1.645) on the
standard normal curve. The z-critical-value 1.645 cuts off area 0.05 on the right side (upper tail) of the N (0, 1)
curve. This was translated to the value 3.52 on the N (3, 1) curve. If we had chosen a smaller « (say « = 0.01),
the critical value (which would need to cut off a smaller area to the right) would be higher. It is then possible
that we would find that we would no longer reject Hy with a sample mean of T = 3.7. In fact, this is the case,

as ¢ would be 3.74 when o = 0.01. (Check this!)

4 S \
£ ¢ Note

N

We have now, more than once, seen a step that has been labeled with the word
“standardize”. This is not a part of hypothesis testing per se, but rather it comes
from the fact that we are trying to compute probabilities involving the normal
distribution. Don’t make this part of your routine when doing a hypothesis test.

It will not always be a step to take when we move on to other distributions!

4.5 Finding a Test: A Composite Null Hypothesis

Continuing with the same example, suppose now that we wish to test

Hy:p<3 versus Hy:p>3

at a 0.05 level of significance.
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We have
0.05 = P(TypelError)

= P(Reject Hy when it’s true )

= P(X >cwhenpu<3)

_ X—p c—7? o Y
= P(a/\/ﬁ > ) When,uSS) (<= standardize X)

We have run into a problem. We can’t subtract off . if we don’t know what it is! The Type I error probability is
computed under the assumption that Hy is true. In Section 4.4, this meant that ;. = 3, while here H contains

many possible values for ;.. How can we proceed?

The answer is that our definition of « from Section 4.3.1 is just not adequate. Before we expand the definition,
we will write our hypotheses a bit more generally. Recall that, throughout this text, we are using 6 to denote
a generic parameter. Every distribution with a parameter has a parameter “space”. For example, the rate
parameter A for the exponential distribution must be positive. The mean parameter w for the normal distribution
can be anywhere from —oo to co. The vector-valued parameter § = (j, o) for a normal distribution lives on

the space (—o0, 00) x [0, 00).

( )

{% Notation

For a generic parameter 6, we will denote the parameter space by ©. The parameter
needs to be in or “an element of” ©. In symbols, we say that § € O.
Let ©( be some subset of O.

We are interested in testing the hypotheses
Hy:0c 0 Versus Hy:60€0)\0,.

The backslash here is the “setminus” notation. © \ Oy is everything that is left in © if

you remove all of the elements of ©. It can be written as
0\ 6y =06n6f§

This notation is useful when © is thought of as part of a larger space such as the real
number line. For example, let © = (0, 00) and let ©g = (1,00). Then OF = (—oo0, 1]

but © \ 8y = (0, 1].

We are now ready to define the size or level of significance of a hypothesis test for a general, possibly composite
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null hypotheses.

,
Definition 4.5.1

Let X;, Xo, ..., X,, be arandom sample from a distribution that depends on a parameter
0 that lives in a parameter space ©.
Let ©( be some subset of O.

The size or level of significance of the test of
Hy:0 €0 versus Hy:0€0)\06)
is denoted by « and is defined as the maximum probability of making a Type I error:

= max P(Reject Hy when the parameter is 6 ).
€60
We will abbreviate this by writing
= P(Reject Hy; 0).
o = max P(Reject Ho; 0)

We may also omit the notation O and write this as

= P(Reject Hy; 0).
© = M (Reject Hy; 0)

The maximum here is taken over all values of the parameter possibilities given by the null hypothesis. For

example, if Hy : p < 3, we may use the even more specific notation
a = max P(Reject Hy; )
p<3
rather than saying that . € Hy. Note that, alone, the notation
P(Reject Hy; 1),

which can be read as
“the probability we reject Hy when the parameter is p”,

does not indicate that any error has been made. If 4 is in the region indicated by the null hypothesis, then we
are in Type I error territory. By setting an o using the maximum, we are controlling a “worst case scenario” or

the highest probability of making a Type I error.

Fortunately, we do not find ourselves with two different definitions for the level of significance of a test. Our
original definition from Section 4.3.1 for the simple null hypothesis is just a special case of this one. If we want

to maximize a function f(u) over all i such that ;1 = 3, for example, then we just want to plug in = 3. In
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4.5 Finding a Test: A Composite Null Hypothesis

this case, we are maximizing a function over a single point. This point is the location of the maximum as well

as the location of the minimum! So, for the null hypothesis Hy : = 3,

a = max P(Type I error; 1) = P(Type I error; pn = 3).
neHy

We are ready for our first composite null hypothesis example.

Example 4.5.1 ]

Suppose that X1, X, ..., Xjq is arandom sample of size 10 from the N (1, 1) distribution. Further suppose
that we wish to find a test of size & = 0.05 of

H() Lu < 3
H : pu>3
based on the sample mean X.

Because of the form of the alternative hypothesis, we wish to reject Hy if the mean comes across as “large”
in our sample. If we decide to estimate y by X, a large value of  will be reflected by a large value of X.

Therefore, the form of the test is again:

“Reject Hy if X > ¢

for some c that is chosen to give a size 0.05 test.
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4.5 Finding a Test: A Composite Null Hypothesis

In order to find the value of ¢, we write
0.05 = max P(Type I Error)
= max P(Reject Hy; p)
n<3

= maxP(X >cpu)
n<3

— U
o > T

> where Z ~ N(0,1)

= maxP
n<3

(
—-

) (<= standardize X)

pn<3

1/f

_ _ c— K
= rggg{ [1 @(1/m>

where @(-) is the cdf of the standard normal distribution.

c—p
H)(l/m)’

we note that it is an increasing function of y since

In order to find the maximum of

c—p - . .
° 1/ 82 decreasing function of i,

e which implies that ® ( v, f) is decreasing since ®(-), as a cdf, is an increasing function, thereby

increasing as it’s argument increases and decreasing as it’s argument decreases,

o which implies that 1 — ® ( 1;\_/’%0) is increasing in .

So, the maximum over all ; < 3 occurs at the right endpoint of this interval where ¢ = 3. Thus, we have

_ _ c— U . c—3
e

Moving things around, we get

P <1/?ﬁ> =0.95

or

P (Z < f/}) —0.95

C —

1/\F

which again means that

= 1.645

or that ¢ = 3.52.
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LIn summary, we will reject Hy in favor of H; at the 0.05 level of significance if X > 3.52.

Let’s generalize the notation of the last example a little bit. While we’re at it, we’ll change the direction of the

inequalities in Hy and H; and we’ll break down what we’re doing into four steps.

Example 4.5.2 ]

Suppose that X, X»,..., X, is a random sample from the N (y, 02) distribution where o2 is known.

(Throughout this text, unless otherwise specified, the sample size n is always assumed to be known.)
Consider testing the hypotheses

Hy:p> g versus Hy:p < pp

for a fixed and known value . Use level of significance «.
Step One: Choose a statistic on which to base the test.

It makes sense to start with an estimator of y, though any statistic can technically be an estimator for 1 even
if it doesn’t make sense and is not considered a good estimator! As in the confidence interval Example 3.5.1
of Section 3.5 in Chapter 3, we need to choose something that we can work with when we are computing

the probability to find the cutoff c in this hypothesis test.

For this test concerning the mean i, let’s try choosing the sample mean X .

Step Two: Write down the form of the test.

If H; is true, we want to reject Hy. How would H; being true be be reflected in our statistic? For this
example, H is saying that the true mean p is smaller than it would be under Hy. If this is true, we should

see smaller values of the sample mean than we would under the assumption that Hy is true.

The form of the test is to reject Hg, in favor of H; if

X <c

for some c to be determined.

Step Three: Find the value of c.
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4.5 Finding a Test: A Composite Null Hypothesis

Here is where oo comes in. We have

a = max P(Type I Error)

= maxP(Re]ectHg, 1)
=

= max P(
HZ o

K ,u) (<& standardize X)

= maxP
M2 o

X <
- %?P(a/f
(7

W)
where Z ~ N(0,1).

Notice how we have dropped the “semicolon p””. We needed the information that “the true mean is x” in
order to transform the random variable X into something whose distribution we can handle when finding
probabilities and critical values. In this example, we have made a transformation to a standard normal

random variable and, at this point, we no longer need to know the value of 1 to compute this probability.

Because (¢ — ) /(0 /+/n) is decreasing in p, as p gets larger, the quantity gets smaller and it becomes less
and less likely for the random variable Z to be below it. Thus, the probability P(Z < (¢ — pu)/(c//n))
is a decreasing function of 1. To maximize it, we need to take p as small as possible. When looking at the

region where p > i, the smallest value for p is clearly po. Thus, we have that

a:%’ép<z<a/f) P(z= a/f)

Using our previously established critical value notation from Section 3.1.1, we must have

C—Mozz

since z1_, is the value that captures area 1 — « under the standard normal distribution to the right and

therefore area « to the left. (It might help to draw a picture!)

Solving for ¢, we have

C= o+ 21—

EA

Step Four: Give the conclusion.

Pulling it all together, our test of size or level « for

Hy:p > po Versus Hy:p < po,
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based on the statistic X, is to reject Hy if

- g
X < po+ 21—a——.

B

4.5.1 Where There’s an o, There’s a 3

We used the symbol « to denote the probability of making a Type I error for a simple null hypothesis and
the maximum probability of making this error for a composite null hypothesis. We are now going to turn our

attention to Type II error probabilities.

e N\
Definition 4.5.2

For a simple alternative hypothesis, we use [ to denote the probability of a

Type II error:

B = P(Type Il error ) = P(Fail to Reject Hy when it’s false ).

Recall that a Type II error exists in the “universe where Hy is false”. We have failed to reject [y when we
should have because it is false and H; is true. For a simple alternative hypothesis like H; : ¢ = p1, H being
true obviously means that 1 = 1 and we can use this fact when computing the probability of making a Type II
error. If Hy is a composite hypothesis, we’ll want to control the the maximum probability of making a Type 11

error over every simple hypothesis contained in H;.
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N

)
Definition 4.5.3

Let X;, Xo, ..., X, be arandom sample from a distribution that depends on a parameter
0 that lives in a parameter space ©.
Let ©( be some subset of O.

Consider testing
Hy:0 €0 Versus Hy:0 €0\ 0.
We use 3 to denote the maximum probability of making a Type II error:

B = max P(Fail to reject Hy when the parameter is 6 ).
0cO\Og

We will abbreviate this by writing
= P(Fail to reject Hy; 9).
B eé%z{éo (Fail to reject Hy; 0)

We will sometimes omit the parameter set notation and write this as

= P(Fail to reject Ho; 0).
B T (Fail to reject Hy; )

As a probability of making an error, we obviously want 3 to be a small number. Equivalently, we want 1 — (3

to be large. Note that

1-8 = 1-— P(Type II error; 0
B max ( Type I error; 0)

= 1- P(Fail to reject Hy; 6
max (Fail to reject Hy; 0)

= in [1 — P(Fail ject Hy;
52511[ (Fail to reject Hy; 0)]

— min P(Reject Hy; 6).
min P(Reject Ho; 0)

Again note that if 6 is in Hy, we should be rejecting Hy, and so we want this quantity to be large. We call « the

level of significance of a test. 5 doesn’t really have a name like this, however, 1 — /3 does.

Definition 4.5.4

1 — ( is called the power of the test.

High power is a good thing.
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In everything we’ve done so far, the rejection regions for our tests have been defined by

o a “test statistic” used (ex:X),
o the form of the alternative hypothesis, and

o the level of significance of the test.

As it turns out, after all of this is determined, the probability of a Type II error is already “locked in”.

Example 4.5.3 ]

Suppose that X7, Xo, ..., X1o is a random sample of size 10 from the N (u, 1) distribution. Suppose that

we wish to find a test of size a« = 0.05 of
Hy:p=3 versus Hy:p>3

based on the sample mean X.

We have determined, in Section 4.4, that this test is to
“Reject Hy if X > 3.52.”

In this case,

B = max P(Type Il Error)

= max P(Fail to reject Hy; 1)
>3

= mgg;P (X < 3.52 when the parameter is 1)
o

—H 3.52—p
ol Vi = V10

= maxP(
2 —
= maxP( <35 ,u) where Z ~ N(0,1)

u>3

when the parameter is ,u) (<& standardize X)

u>3 - 1/v10
3.52 —p
- o222 H
) ( 1/v/10 )

As © (i?\i}(’)‘) is decreasing in p, it is maximized when p is smallest. Technically, there is no “smallest”

 since p is strictly greater than 3 and so it seems that there is no “largest” Type II error probability. In this

case though, we define 5 to be the “least upper bound” on the probability of a Type II error. This least upper

bound is known in mathematics as a supremum and it denoted with the abbreviation “sup” (pronounced
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“soup”). It is the maximum of a function over a set when the maximum is, technically, not quite in the set!

We write,

B 352—p\ _ . (352-3) _ _
B = ig@ (1/\@ ) = <1/m ) ®(1.645) = 0.95.

Ouch! We set the Type I error probability to be & = 0.05 and we ended up with a really large Type II error

probability. At first glance it might appear that we will always get 8 = 1 — «. This is not the case.

Type I errors and Type II errors do not exist “in the same universe”. Hj is either true or or it is false. There is
no “probability it is true” or “probability it is false”. If it is true, our derived test will reject it with probability «
and therefore will fail to reject it with probability 1 — «. If Hy is false, we will fail to reject it with probability 3
and we will reject it with probability 1 — 5. In the example that we just completed, we saw what appears to be
a 1 minus relationship” between o and 3 but you will not see this for all distributions/rejection rules or even
for the normal distribution if we look at a simple null hypothesis versus a simple alternative hypothesis. The
“1 minus relationship” in our example came from the fact that the maximizing value of u for both calculations

occurred right on the boundary between the regions described by Hy and H;.

While there is not necessarily a “1 minus relationship” between « and 3, there is an inverse relationship in the
sense that if one is forced to be very small the other one will end up larger. For example, if you want « to be
very small then you will make a more extreme cutoff value for rejection in order to make it very difficult to reject

Hy. By making it difficult to reject Hy you are increasing the probability of not rejecting it when you should!

In Example 4.5.3, we set the Type I error probability and this caused us to have a large Type II error probability.
As noted, once we set «, 5 was “locked in”. In practice, if we would like to control both types of error, we
would have to free up another parameter in the model and that parameter is the sample size. In the example, we

would not have n = 10 but rather a general n in

3.92 —
— < 20eT Py
b T§§P<Z— Jn )

We could then choose n to get close to the desired .

Unless otherwise specified, for every single random sample X1, X, ..., X, in this text, n is assumed to be
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known.

4.6 Non-Normal Distribution Hypothesis Tests

As stated towards the beginning of this Chapter, you should now be ready to derive hypothesis tests for
parameters other than the mean and distributions other than the normal distribution without further guidance.

It’s a procedure after all and it is always the same. Let’s try an example.

Example 4.6.1

Suppose that X, Xo, ..., X, is a random sample from the exponential distribution with rate A. Derive a

test of size (level) « for the hypotheses
Hy: \A<Xg versus Hi:XA> X

for some fixed and known Ay > 0. Base your test on X 1), the minimum value in the sample.
Step One: Choose a statistic on which to base the test.

Since the test concerns ], it would make sense to start with an estimator of A. As noted when we studied
confidence intervals in Chapter 3, there are countless possibilities for estimators especially when we are not
restricting ourselves to those with particular characteristics like unbiasedness. For now, we will just select
something we can work with. Indeed, for this example, we are given that the test should be based on the

sample minimum X ). In Chapter 6 we will have actual methods for choosing statistics.

Step Two: Write down the form of the test.

We want to reject Hy if, when looking at X 1), it seems that H; is true. How does H; being true get

reflected in the statistic X(1)? If H; is true, the parameter A is larger than we thought is was under Hy.

Consider a graph of the exponential pdf f(z) = Ae™** [ (0,00)(T)-
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large A

small A&

It starts at a height of A when x = 0 and goes down, well, exponentially. Since the total area under a pdf is
1, the higher it starts, the faster it must go down. The red curve (smaller \) still has some significant area
out in the right tail, as opposed to the blue curve which has dropped off faster and has more of it’s area up
against the y-axis. The “bulk” of the probability in the case of a larger )\ is towards smaller values on the
x-axis. In other words, the sampled values X7, Xo, ..., X, will tend to be smaller when A is larger. This
makes, for example, the sample mean X tend towards smaller values, as well as the minimum, maximum,

and many other quantities of interest that can be computed from the sample.

Again, we want to reject Hy : A < Mg, in favor of Hy : A > )¢ if A seems large when we observe the
sample minimum X ;). As a large lambda will tend to produce a sample with a small minimum, the form

of our test is to

“Reject Hy if X () < ¢.”

for some c to be determined in Step Three.

Step Three: Find the value of c.

We find the value of c using «.

a = max P(Type I Error )

= P(Reject Hy ; A
max (Reject Ho; )

= max P( X <c;A
Ao ( (1) ) )
For our previous examples, the next step in this calculation was to “standardize X”. As mentioned, this

was because X had a normal distribution and we compute probabilities for normally distributed random
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variables by standardizing them and turning them into standard normal random variables. This is not what

we need to do here.

We started this example with the assumption that X7, Xo, ..., X, are iid from an exponential distribution.
The A in
P ( X (1) < c; )\)

says that the rate parameter for the iid exponential random variables is A. (Recall that it can be read “when
the parameter is A\”.) We know, from Section 1.4.2 in Chapter 1, that if X7, Xo,..., X, ud exp(rate = \),

then X1y ~ exp(rate = n\). This means that
P( X(l) < C;)\) continuous P( X(l) < C;A) -1_ e—n)\c.
(Here, we have used the fact that the cdf for an exponential distribution with rate X is F((z) = 1 — e=*.)

Going back to the « calculation, we now have

a = max P(Xq) <c;A)

A<Xg

= max|[l —e ™
A<Xg

= 1— e—n)\gc

A

since 1 — e~ ™ is an increasing function of \. (c is presumed to be positive. Otherwise, the rejection rule

X(1) < ¢ won’t make any sense since the minimum of a random sample of exponentials can not take on

negative values.)

Solving for ¢ gives us

- In(l-a).
c - n(l— «)

Step Four: Give the conclusion.

Pulling it all together, our test of size or level « for
Hy:A2<)X\ versus Hi: > X,
based on the statistic Xy, is to reject Hy if

1
X —— In(1 — «).
I n(l —a)

We now consider the same setup as the previous example and will derive another test of size «, this time based

on the sample mean X instead of the sample minimum. This statistic is going to be a little harder to work with
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4.6 Non-Normal Distribution Hypothesis Tests

since

X1,X2,...,Xn%iexp(rate:/\) = X ~T(n,n\).
and it is difficult to compute closed-form probabilities involving the gamma distribution.?

We can, of course, approximate probabilities and critical values for the gamma distribution numerically using
a computer. This wasn’t always the case though and, historically, people relied on tabulated values that were
worked out by hand by someone else. Recall the standard normal table in Appendix C. Although it is a table of
standard normal distribution probabilities, we are able to use it for computing probabilities for “non-standard”
normal random variables through transformations. It would be quite unfortunate if we needed to carry around
an uncountably infinite collection of tables to deal with all possible normal distributions! Similarly, we don’t
want to carry around an uncountably infinite collection of gamma tables, one associated with each («, ) pair.

Note that, in this exponential example, we have
X ~ T'(n,n\) = nAX ~ I'(n,1).

That is, we can make a transformation that allows us to look up probabilities for X with only one unknown integer-
valued parameter. This is a little more practical. As previously mentioned in Chapter 3, the y2-distribution is

central to a large number of results in Statistics. If we take our transformation further to get
— 1 2n 1
IMAX ~ T =0 (= 2) =422
n (”2) (2,2> X~ (2n),

we could appeal to a y-table for probabilities and critical values as in the following example.

Example 4.6.2 ]

Suppose that X1, X, ..., X, is a random sample from the exponential distribution with rate A\. Derive a

test of size (level) « for the hypotheses
Hy: 2<M)\ versus Hi: 2> X\
for some fixed and known A\ > 0, based on the sample mean X. Leave your test in terms of a x2- critical

value.

Step One: Choose a statistic on which to base the test.

This has been done for us. The statistic is X .

2We established this claim about the distribution of the sample mean from an exponential distribution in the “super important note” at
the end of Section 3.5 of Chapter 3.
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4.6 Non-Normal Distribution Hypothesis Tests

Step Two: Write down the form of the test.

We want to reject Ho, in favor of Hy, if X lends support to the idea that \ is “large”. As per our discussion
in Example 4.6.1, a large value of A will tend to produce smaller sample means. Thus, the form of the test

will be to
“Reject Hy if X < ¢.”
for some c to be determined.

Step Three: Find the value of c.
a = max P(Type I Error )

= P(Reject H ;
max P(Reject Ho ; A)

= max P(X <c;)\)
<o

We were asked to make a test in terms of a y? critical value. We have just seen that we can do this for this
exponential sample by multiplying X by 2n\. So that we don’t change anything, we will do the same thing
to both sides of the inequality.

a = maxP(X <c;)\)
A<Xo
= max P(2nAX < 2n)c;)\)
Ao

Define W to be 2nAX. We know that W ~ x2(2n). Since this distribution does not depend on )\, we no

longer need to carry that information through our probability statements. We have

a =max P(W < 2n\c).
Ao

The probability here is an increasing function of A since larger values of A produce larger values of 2nAc,
making it easier and easier for W to be below 2nAc. Once again, we are able to maximize a probability
without Calculus by simply plugging in the largest value of A\, which is \g.
a =max P(W < 2nAc) = P(W < 2nXoc)
<o
Using our critical value notation established in Chapter 3, this means that we must have

2
2nAoC = X1—q,2n
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4.7 Power Functions

giving us
_ X%*O{,Zn
2n>\0 '

Step Four: Give the conclusion.

Pulling it all together, our test of size or level « for
Ho: 2> X versus Hi: )\ < Ay,

based on the statistic X, is to reject Hy if

2
=~ X1—a,2n
X < —.
27‘&/\0

For a random sample X, Xo, ..., X,, from the exponential distribution with rate A\, we have now seen two

different tests for the hypotheses
Hy:A> X\ versus Hi: A< A

Which test is better? We’ll find out in the next Section!

4.7 Power Functions

Suppose that X, Xo,..., X, is a random sample from a distribution with parameter 6 taking values in a

parameter space ©. Further suppose that we wish to test the hypotheses
Hy:0¢e€ 0 Versus Hy:0€0)\0.

A power function is useful for comparing two different size « tests.

[ Definition 4.7.1 )
The power function for a hypothesis test concerning 6, will be denoted and
defined as

~v(0) = P(Reject Hy; 6)
forall 0 € ©.
(. J

It is important to note that a power function and the power of a test are two different things. The power of a
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4.7 Power Functions

test is the quantity 1 — (3, which is related to the power function as follows.

1—-p8 = 1— max P(Type Il Error)
= 1 — max P(Fail to reject Hy when true )

= 1— max P(Fail toreject Hy;0)
0cO\Og

= 1- 1 — P(Reject Hy; 0
GeHCi)a\Dé)o[ (Reject Ho; 6)]

- 11— 1—~(f
Gg%o[ v(0)]

= 1= [1 - eggl\%w] = pdain 7(0).

Note that if H; is the simple hypothesis H; : § = 61, there is only one point to minimize over. # being in the

set O \ O = {01} means that = ;. Thus

1—3=n~(6)

when H; has this form.

Let’s find our first power function.

Example 4.7.1 ]

In Example 4.5.2, we had a random sample X1, Xo, ..., X,, from the N (u,0?). We derived a size « test
for

Hy:p> o versus Hyp < po.

Our rule for the test was to

“Reject Hy if X < g + A-afe”

Let’s find the power function for this test. We have
v(n) = P(Reject Ho;p)
= P (Y < po + zl_aﬁ;u) '

As a linear combination of normals, the sample mean X has a normal distribution. If we are assuming

the mean is j, we have, specifically, that X ~ N(u,0%/n). We will compute the above probability by
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4.7 Power Functions

standardizing X to a N (0, 1) random variable.

(p) = P(7<uo+z1_aﬁ;u)

_ X Hot21—a ==
= P(a/f%< IV ’”)

v
where Z ~ N(0,1).
We have dropped the “semicolon i because the distribution of Z does not depend on 1 so we no longer

need this information. Using ®(z) = P(Z < z) to denote the cdf for the N (0, 1) distribution, we have that

the power function is

(ot s p
v(u)—@< YN )

For this particular example, we are unable to go further to get a closed-form expression. Here, /19, 02, n, and
21_q are known quantities. For concreteness, suppose that the sample size is n = 10, that o> = 1, and that
a was given to be 0.10. In this case, we can use Table C.1 from Appendix C to get z1_o = 20.90 ~ —1.28.

Further suppose that we are testing
Hy:p>2 versus Hy:p>2.

We then have that the power function is

_198-L _
fy(u)zCI)(Q 11'3%1070 M) = (210 — 1.28 — V10 ).

We can evaluate this function at various values of x. For example,

Table C.1

7(1.28) = (210 — 1.28 — (1/10)(1.28)) ~ ®(—1.03) 1 —0.8485 = 0.1515.

With many more evaluations, we can see that the power function looks like this.
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V() 2

0.8
|

0.6
|

0.0
L

The power function gives the probability that we reject Hy assuming that the random sample is from

the N(u, 1) distribution. For values of y in the region indicated with a blue arrow, the null hypothesis

Hy : p > 2istrue. When H) is true, we do not want to reject Hy and so we are glad to see that y(u), which

is the probability of rejecting Hy when the parameter is p, is relatively small in this region. In contrast, for

values of p not in the blue arrow region, the null hypothesis Hy : o > 2 is false. When Hj is false, we

want to reject it, and so we are glad to see that () is larger in this region.

Note that o = 0.10 is the maximum probability of rejecting Hy when Hj is true. Since the power function

gives the probability of rejecting Hy, we have that

0.10 = max P(Reject Hy; i)
n>2

and we can see « as a point on our graph.

(W) 27
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4.7 Power Functions

Power functions are not necessarily decreasing. For example, if we sketched a power function for a test for
Hy : p < 2versus Hy : i > 2, we would hope to see something like the plot in the above example, except that
we would expect it to be mirrored horizontally over the line ;x = 2. Power functions are also not necessarily

monotone and can look like almost anything!

In the next example, we will use power functions to compare two tests.

Example 4.7.2

Suppose that X1, Xo, ..., X, is a random sample from the exponential distribution with rate A. In Section

4.6, we developed two different hypothesis tests of size o for

Hy: A< X versus Hy: > .

The first test, which we will call “Test 1” was to
“Reject Hy if X(1) < —75- In(1 — a).”
The second test, which we will call “Test 2” was to

o 2
“Reject Hy if X < M52

The power function for Test 1 is

7 (A) = P(Reject Hy using Test 1; \)
= P (X < —3% (1 - a);))

The “semicolon A” tells us that the random sample X, X5, ..., X,, came from the exponential distribution

with rate A. This implies that the sample minimum, X1, has an exponential distribution with rate nA.

Since the cdf for an exponential distribution with rate n\ is F((z) = 1 — e, we have that
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4.7 Power Functions

nA) = P(Xq) < -7l —a);))

o efn)\<fﬁln(1fa))

- 1- eln(l—a)A/AO

= 1—(1—a)M,

For concrete values for o and A\, we can plot this as a function of .

The power function for Test 2 is

i (5 < ).
2nXg

The “semicolon \” again tells us that the random sample X7, Xo,..., X, came from the exponential
distribution with rate \. This implies that the sample mean, X, has a I'(n, n\) distribution. We can write

this power function in terms of a favored y? random variable as follows.

() = P (X <Xoga,
72 2nXho

o 2
- P <2n)\X < 2nA g2 )\>

= P(W< ,\%X%—a,zn)
where W ~ x%(2n). Unlike Test 1, we do get a closed form expression for this power function. For
concreteness, let us suppose that n = 10, a = 0.05, and that we are testing
Hy:2<1 versus Hy: x> 1.
From Table C.3 in Appendix C, we have that x3_ @20 = X(23.95,20 = 10.851. The power function becomes
v2(A) = P(W < 10.851\).

Unlike the z-table, the y2-table is not complete enough to allow us to start evaluating 72 () for many values

of \. To compute the power function at, for example, the point 1.2, note that
13.0212
v2(1.2) = P(W < (10.851)(1.2)) = P(W < 13.0212) = / fw (w) dw
0

where fi(w) is the x?(20) = I'(10,1/2) pdf. Numerical integration gives us that y2(1.2) ~ 0.1235.
Continuing with many evaluations of (), we can sketch a graph of the power function. This is shown

in the following Figure along with the power function for Test 1 (in red) when assuming that \yp = 1 and
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i}

Y(A) 2

0.8
|

0.6
|

04
|

02
|

0.0
L

The region where Hj is true is the region indicated in blue on the A-axis. This is where we want the power
functions, representing the probability that we reject Hy, to be low. For the rest of the \-axis, Hy is false
and we want the probability of rejecting it to be high. In this sense, both tests are doing the right thing but
Test 2 is doing much better as it’s power function is lower where it should be lower and gets higher much
faster than the power function for Test 1 where it should be higher. Indeed, the red curve does approach
1 as A goes to oo but it takes a very long time to get there! It is not surprising that the test based on the
sample mean X performs much better than the test based on the sample minimum X (1)- For an observed
sample of any decent size from an exponential distribution, the minimum is going to be hovering near 0
regardless of the value of A\ that was used in producing the sample. In contrast, the sample mean will be

more responsive to changes in A.

Recall that «v is the maximum probability of rejecting Hy when it is true. For our exponential example, we
can zoom in on the power function and see that the maximum value for both power functions over the region

0 < X < lisindeed 0.05.
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As mentioned, power functions can take on many shapes. It is entirely possible to make up a third test of size

a = 0.05 for the exponential example with a power function that looks like the curve shown below in blue.

0.30

Y(A) S 7

0.10 015
1 1

0.05
1

0.00
|

!

By design, the maximum value for the Test 3 power function over the region 0 < A < 1 is also at 0.05 even
though it does not correspond to a point of intersection in this case. Because the function is not definitively
lower where is should be lower and higher when it should be high, it is difficult to compare this test with the
other two. Test 3 appears to be the worst of all three tests when A is in (approximately) the region (0,0.5). It
appears to be better than Test 1 but worse than Test 2 in (approximately) the region (0.5, 0.65). It appears to be
the best test out of three in the region (0.65, 1) and the worst test in the region (1, 00). Surely we would prefer
to use this test for

Hy: A <1 Versus Hi:A>1
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when 0.65 < A < 1, no? The problem is that the entire reason we are doing the test is that we don’t know the
location of A! In Chapter 6, we will learn how to find a definitively “best test” whose power function is lower
than that of any other possible test where it should be and higher than that of any other possible test where it
should be. First, however, we will up our estimation game by moving from “common sense guesses’ to formal

methods of estimation.

Chapter 4 Exercises

1. Let X1, Xo,..., X6 be a random sample from the N (i, 9) distribution. Find a test of size 0.05 of

based on the sample mean X.
2. Let X1, Xa, ..., X, be arandom sample from the N (u, o) distribution. Assume that both  and o2 are
unknown.

(a). Derive a test of size (level of significance) « for

Ho:p=po  versus  Hy:pi # po
based on the sample mean X and sample variance S2.

(b). Carry out the test you derived in part (a) in the case that ;o = 1 with the following “data set”.
1.5, 3.2, 0.6, 2.4, —0.1.

Use a = 0.05.

3. Let X(1), X(2), X(3), X(4) be the order statistics of a random sample of size n = 4 from the unif (0, 0)
distribution where 6 > 0. Consider the rejection rule: “The hypothesis Hy : § = 1 is rejected in favor of
Hy : 0 > 1if the observed X4y > ¢.”

(a). Find the constant c so that the level of significance (the “size” of the test) is & = 0.05.
(b). Determine the power function of the test.

4. & *** Make a pooled variance test

5. Consider arandom sample X1, X5, ..., X, from any distribution that depends on a parameter 6. Suppose
we want to test the hypotheses

Hy : 6<3
H : 6>3

at level of significance . Two of your friends, Fred and Wilma, are arguing over who has a better

decision rule for performing the test. The two decision rules result in two power functions ygy.cq(1) and
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YWilma (1) shown in the graph below. & *****NEED TO ADD GRAPH
(a). Who has the better test?
(b). Where is o on this graph?

. Consider the distribution with pdf

1
f(:c;e):1—02(x—§), 0<z<l, ~1<6<1.

Find a test of size « for

Hy:0=0 versus Hi{:0#0

based on a sample of size 1.
. Let X, Xs, ..., X, be arandom sample from the exponential distribution with rate A\. In Example 4.6.1,

we derived a hypothesis test of size/level « for testing
Hy: M)\ versus Hi: 2> X\

based on the minimum value of the sample.

Now, find a test of size v based on the maximum X ,,y. Compare the power functions for both tests. Can

you conclude anything about which is the better test?

. Let X3, X3, ..., X,, be arandom sample of size n from the N (0, o) distribution.

(a). Derive a test of size o for Hy : 02 = o3 versus Hy : 02 > 03.

(b). Express the power function of your test from the previous problem in terms of the chi-squared
distribution.

. Consider a random sample of size n from the uni f (0, #) distribution. Find a test of size « for Hy : 0 > 6y

versus H : 0 < 6y based on the sample maximum X (n)-
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Chapter 5 Estimation

So far, we have estimated means and a couple of other parameters by kind of guessing and using intuitive
“common sense estimators”. For example, we estimated the mean g of several distributions with sample means.

This seems like a good idea but at least two questions arise.

o Why is it a good idea?
o What are we supposed to do for other types of parameters that do not have an obvious analogue in a

sample?
In this Chapter, we will replace guessing with more rigorous techniques for finding estimators.

Since we will be estimating parameters for various distributions, we will extend our notation for pdfs to
emphasize these parameters. In general, instead of f(x), we will write f(z; ). Note the semicolon.! Commas
will be reserved for separating multiple z’s in joint pdfs and multiple parameters. For example, if X, Xo is a

random sample from the N (u, o) distribution, we will denote the joint pdf as f (1, x2; 1, 02) or as f(T; u, 02).

5.1 Method of Moments Estimators (MMEs)

Suppose that we have a random sample X1, Xo, ..., X,, from a normal distribution with mean p. We have

decided, several times already, to estimate p with the sample mean:
n=X.
Now suppose that we have a random sample X7, Xo, ..., X, from an exponential distribution with rate \. The

mean of this distribution is = E[X;] = 1/\. Since the mean of the distribution is one over ), it might make

sense to estimate A with one over the sample mean:
A =1/X.
We, in fact, did this in Example 2.2.1 of Chapter 2. We saw then that this estimator was a biased estimator for

L, but it still felt like a decent idea.

The estimators in both of these examples are known as method of moments estimators (MMEs).? In this Section,

1Some authors will use a horizontal bar and write a pdf as f(x|0).

2Some people call them MOMs!



5.1 Method of Moments Estimators (MMEs)

we will formalize the method which will (hopefully!) make it clear how to find MMEs for parameters that are

not so “obviously” related to the mean of a distribution.

5.1.1 The Idea

In data oriented statistics, there is usually a population of individuals or objects with a “quantity of interest” that
we want to know something about. We take a relatively small sample from this population, study it, and try to
conclude things about the larger group. In theoretical statistics, the population is theoretical and the quantity of
interest is perfectly modeled by a distribution. For this reason, some things we are about to define use the terms

“population” and “distribution” interchangeably.

The idea behind “method of moments estimation” is to equate “population” (or “distribution”) moments with

sample moments.

We will need some definitions.

,
Definition 5.1.1

The k" population moment kth moment (distribution moment) of X,

will be denoted by p, and defined as

i = E[XF].

Note that 3 = p = E[X].

Some readers may recognize this as a non-central moment as opposed to a central moment where expectations

for powers of X have been centered around p = E[X]:

wy = E[(X — )],

In this text, when we say “moment”, we are referring to a non-central moment by default.

The sample analogue of a moment of a distribution is a sample moment.

( \
Definition 5.1.2
The k" “sample moment” of X, denoted by Mj, is defined by
1 n
Mp==> X}
n
Note that M; = X.
. J
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~N

( @ Idea

To find a method of moments estimator, equate population moments to sample moments

and solve for the unknown parameter(s). Use as many moments as you need in order to

solve for all parameters.

5.1.2 Examples

Example 5.1.1 ]

Let X1, Xo,..., X, be a random sample from the exponential distribution with rate A. Find the MME of

A

The first population moment is

The first sample moment is

Equate them

1 set <
il 0
)\ b
solve for )\,
A=1/X,
and “put a hat on it”
A=1/X.

We saw in 2.2.1 of Chapter 2 that this is a biased estimator for A\. So, we see that method of moments

estimators are not necessarily going to be unbiased. So sad.
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( )
[—Q

: #/| Super Important Note

%

In the previous example, we wrote

% “X  and A=1/X.

These are both nonsense statements because the left-hand sides are constants

and the right-hand sides are random variables!

They are both intermediate “placeholding” steps towards an end where we

do have equality of random variables: A=1 /X.

Don’t ever let anyone interrupt you in the middle of a method of moments

%)

estimation problem because you will look silly before you “put a hat on it

Of course you can avoid this issue entirely by using “hats” the whole way

through, but it can make the algebra seem more cumbersome than it is.

Let’s do a two-parameter example.

Example 5.1.2 ]

For a two-parameter problem, you will generally need two sets of moments. (It is possible that you may
need even more if you lose information through cancellation when solving the resulting system of equations

for the unknown parameters.)
Let X1, Xo,..., X, be arandom sample from the I'(«, 3) distribution. Find MMEs of « and .

The first population moment is

p = E[X] =a/B.

The first sample moment is

Equate them.
set

=X

™| 2

We need to solve for both « and 3. We can’t do this with only one equation. So, we will consider another

set of moments.
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The second population moment is
2 9 a2
p2 = E[X?] = Var[X] + (E[X])" = 5 + () .

The second sample moment is

=1

Equate them.

« set 1 2
e (3) =
We now have a system of equations
2 n
fo p— « o 1
- =X and +<> =-> X2
5 52 \B) " 2 :
We now solve for e and 3, Let’s plug a/3 = X from the first equation into the second equation:

—X+X :ﬁin'

g

We can then solve for 3 to get

X

b= N — (<= Nonsense!)
auXi—X

From the first equation we have

<2

=BX = T =2 (<= Morenonsense!)
auXi—X

So, the method of moments estimators for o and 3 are
72 P—
X ~ X
1—H and 5 = #
a2 Xi =X a2 Xi—X

a =

5.1.3 Properties of MMEs

Method of moments estimators are highly intuitive estimators that are usually relatively easy to produce. Here

are some pros and cons that are generally true about MMEs under “mild conditions”.3

3The population moments are functions of the parameters. The sample moments are functions of certain statistics. These functions must
basically be “nice”. Depending on what property you want out of an MME, the function might need to be, for example, continuous or
differentiable. See examples in this Section.
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Pros Cons
intuitive possibly biased
tend to be easy to find not uniquely defined

usually consistent estimators | may be outside of the parameter space

usually asymptotically normal may not exist

Most MME'’s are consistent as long as the functions defining them are “well-behaved”. Recall that an estimator
§n of 6 is consistent if §n £ 6. While we will not prove this consistency claim for all MME:s, let’s take a closer

look at the previous two examples.

Example5.1.1 Continued

In Example 5.1.1, we had an MME A=1 /X for the rate parameter \ for an exponential distribution. As

X, and hence \ depend on n, we will add some notation that emphasizes this by writing the MME as
A =1/X,

so that “convergence arrows” might make more sense.

We have

where g(x) = 1/x.

By the WLLN, we have that X, i p = 1/\. Although g has a discontinuity at 0, X ,, will, with probability
1, not take on the value 0. So, we can use Theorem 2.3.3 along with the note about discontinuity on 122,
to say that

Ao = 9(Xn) 5 g(1/A) = A

Example5.1.2 Continued ]

In Example 5.1.2, we had the MME estimator
X M
-2 A2
LS XX Mo

a:

for v in the T'(«, B) distribution.
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o From the WLLN, we know that

E[My) = E[X] 5 E[X1] = p1 = o/

o Since 1 X 3 =Y where Y; = X Z2 we know, from the WLLN, that

E[M;] = E [;i){?] —EY] B EMi) = E[X?) = o = — + (0‘>2‘

o From Theorem 2.7.1, we then have
P
(M, Mz) = (pa, pi2) -
This is joint convergence in probability that we discussed in Section 2.7.
o By an analogous vector-valued result to item 4 in Theorem 2.3.3, we then have that
~ P
a = g(My, M) = g(p, p2)

where g(z,y) = 2%/(y — 2?).
(Although g is not continuous everywhere, the probability that My — M = 0 is zero so it does not

cause problems here.)

Note that
2 2
T (a/B)
glup) = g = g =
2T s+ (3) - (9)
o Thus, we have that
P
a— «
where @ is the MME of «.

It is easy to adjust the definition of g to also conclude that

R

We have already seen, in Example 5.1.1, that MME:s are not necessarily unbiased. They are often asymptotically
unbiased though and even asymptotically normal. Note that the WLLN gives us that My, £ i as long as
Var[Xik] is finite. Asymptotic normality can usually be shown representing the estimator as a function of a
sample moment and combining the WLLN with the Delta Method (or a multiple-dimensional analogue of the

Delta Method) from Section 2.5.4 of Chapter 2.

Method of moments estimators are not really well-defined as any order moments may be used. In our exponential
example with one unknown parameter A\, we equated the first moments of the sample and population. We could

equate second moments instead, solve for A, and the result will be a different estimator for A that is still referred
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to as a method of moments estimator.

Although it does not happen that often, a major drawback of method of moments estimators is that they make
take values outside of the parameter space! (See Exercise ??) Also, they are not going to be applicable to

distributions where required moments do not exist.

5.2 Maximum Likelihood Estimators (MLEs)

While method of moments is a highly intuitive approach to estimation, maximum likelihood estimators (MLEs)

have many desirable properties and are considered the to be the “powerhouse” estimators of statistial inference.
Suppose that we have an unfair coin where p = P(“Heads”) is known to be one of 0.2, 0.3, or 0.8.
Let’s suppose that we toss the coin twice and use the results to try to estimate p.

If the result of both coin flips are “Heads”, we might be inclined to guess that the coin is biased towards heads
and that p, the probability of getting heads is 0.8. Of course, we would be much more convinced if we flipped

it 10 times and saw 9 or 10 heads, but we have to work with what we’re given!
If the result of both coin flips are “Tails”, we would be inclined to guess that p is most likely 0.2.

If we saw one heads and one tails in our two flips, we might guess that p is 0.3.

( )\
@ Idea
A maximum likelihood estimator uses, as an estimate of an unknown parameter, a value
in the parameter space that makes the observed data “most likely”.
. J

Let’s consider our oversimplified but “motivating” coin example with a little more rigor.

Example 5.2.1 ]

The coin model described above can be thought of more formally as a random sample, X1, Xo, of size 2

from the Bernoulli(p) distribution. That is,

1 , if “Heads”
X, =

0 , if “Tails”
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5.2 Maximum Likelihood Estimators (MLEs)

The pdf for each X; is
flasp) = p*(1 = p)' ™ Ijg 1y (2).

The joint pdf for X; and X5 is
ind L
f(z1,225p) =y f(z1;p) - f(22;p) = pxﬁm(l - p)2 e I{O,l}(xl)f{o,l}(@)
For these discrete random variables, this is P(X; = z1, X9 = x2). For fixed observations x; and x2, we
would like to know the value of p from the simplified parameter space {0.2,0.3,0.8} that maximizes the

probability of observing the pair (x1, x2).

For this simple example we can tabulate the probabilities. The entries of this table give various values of

f(xl, 902;1?)-

(1, 22)
0,00 (0,1 (1,00 (LD

02064 016 0.16 0.04
p 031]049 021 021 0.09
0.8 004 0.16 0.16 0.64

For each (z1, 22), the maximum likelihood estimator of p is the value of p that maximizes the probability
of seeing that (x1, x2). For example, when (z1,x2) = (0,0) the highest probability in the corresponding
column happens when p = 0.64. SO, this will be our guess for p when we make that observation.

Continuing in this way, we have that the maximum likelihood estimator for p is

0.2 ; if (xla .’EQ) - (07 0)

08 , if (w1,22) = (1,1).

In general, for fixed (z1, z9, ..., x,), we are maximizing the joint density f(Z;6) = f(z1,z2,...,x,;0) with

respect to 6.
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5.2 Maximum Likelihood Estimators (MLEs)

Note that, under our usual assumption that the random variables in the sample are iid,

F(T;0) = f(ar, 2, 203 0) Z f(21:0) - f22:0) - f(wn;0) = 11 f(zi;0).
i=1

When thought of as a function of € (the x’s are considered to be fixed constants), f(Z; ) is called a likelihood

function and is denoted by L(0).

This is also how we define a likelihood function even if the X; are not iid and the joint pdf didn’t come from a

product of marginal pdfs.

We wish to maximize this as a function of §. We will call the maximizer (if it exists) 0.

L(6)

|
| 3Le®)

L(0)

Note that the value of 6 that maximizes L(6) is the same value that maximizes 3L(6), \/%L(G), or even

(TTi2; =i) - L(6), because [[;-; =; is just another constant now.

e N\
Definition 5.2.1

Suppose that X1, X, ..., X, have joint pdf f(Z;6).
(They may or may not be iid random variables.)
A likelihood function is denoted by L(6) and is defined as any function proportional to

f(&; 0) when thought of as a function of 6.

The maximum likelihood estimator of 6 is the value of # that maximizes L(6).

For almost all of the “nice known named distributions” that people study, this maximum exists and is unique.
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5.2 Maximum Likelihood Estimators (MLEs)

5.2.1 Examples

Example 5.2.2 ]

Let’s revisit the coin toss example with n flips and with p, the probability of getting heads on any one flip
to be an unknown number in the parameter space 0 < p < 1.

The data is X1, Xo,..., X, ud Bernoulli(p), so, the joint pdf is

f(@p) % ﬁ f(xisp)

i=1
n
= pri(l — )t Igo,1y (4)
i=1
n
= p2 (1= p) 2 [ Loy ().
i=1
Since the product of indicators does not involve the unknown p, it is a constant of proportionality and hence
may be dropped to form a likelihood function
L(p) = p2"+(1 — p)" " 2",

We must maximize L(p) with respect to p.

In the vast majority of cases, it is more convenient to instead maximize the log of the likelihood function.
Note that y = Inz is an increasing function of x, so, while it will change the shape of the likelihood, it
will preserve orderings in the sense that 1 < z2 = Inxz; < Inxe. This means that L(6) and In L(0) are

maximized at the same value of 6.
We will use £(6) to denote the log-likelihood function In L(6).

Continuing, we have

l(p) =InL(p) = le Inp+ (n— Zml) In(1 — p).

Taking the derivative with respect to p gives

d Yomi N — DX set
—Ll(p) = - =0
dp“ P 1-p

Multiply through on both sides by p(1 — p) to remove the denominators:

S aill—p) — (0= Y a)p=0.
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5.2 Maximum Likelihood Estimators (MLEs)

We then have
Yowi—py wi—np+p) x =0,

which implies that

> zi—np=0 =p=>_ xi/n.

In the end, we put capital letters back in for the z’s to give an estimator! for any future sample drawn from
the Bernoulli distribution rather than an estimate for fixed x’s, and we put a hat on the parameter because

you’re done! The MLE for p for the Bernoulli distribution is

> Xi = X.

D=

This makes a lot of sense as an estimator. The parameter p is the probability that any one sampled value is
a 1 (as opposed to a 0) and X, as the sum of a lot of 0’s and 1’s divided by n is the proportion of 1’s in the

sample!

'See the discussion about the use of the word “estimator” versus “estimate” on page 100

4 N

{1% Notation

Given a likelihood function L(6), we will use ¢(f) to denote the log-
likelihood:
0(0) =1In L(6).

The maximum likelihood estimator for 6 is the value that maximizes L(6)

and, equivalently, ¢(0).

We will now look at a continuous example. We still define the likelihood function to be any function proportional
to the joint pdf even though the joint pdf does not represent probability in this case. We also still define the

MLE to be the value that maximizes the likelihood function.

Example 5.2.3 ]

Let X1, Xo, ..., X,, be arandom sample with pdf f(z;6) = 02¢~! 19,00 (z) for 6 > 0.
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5.2 Maximum Likelihood Estimators (MLEs)

Find the maximum likelihood estimator of 6.

The joint pdf is

A likelihood function is

n -1
L(#) = 0" (H a;) .
=1

=1 into (T]7, x;)? times ([]"_; z;)~'. The later is a multiplicative

Note that we can factor ([}~ ;)
constant with respect to 6 and can be dropped from the likelihood. We will leave it in though and will see

it disappear, showing us that it doesn’t matter whether or not we include it in the first place!

The log-likelihood is

() =nlnf+ (0 —1)In (ﬁ:z:l> =nlnf — (6 — 1)zn:1n:ni.
i=1

i=1

Note that the last term is

Hilnxi — ilnxi,
i=1 i=1

and the last term of this expression is going to be zero when we take the derivative with respect to 6. This
term came from the inclusion of ([]; x;)~! in the likelihood and it is going to disappear when we take

the derivative, which is

0 n - set
a—ﬁ(@) =3 +i§::1lnxi = 0.

Solving for # and “putting a hat on it”, we get that the maximum likelihood estimator for 6 is

n__ —n
0= Z::1 Xi’

Note that 92/96%¢(0) = —n /6% < 0, so we did find a maximum and not a minimum or saddle point. It is
unusual, when working with the standard “nice known and named” distributions to have a critical point of
a likelihood actually be a minimum. In this text, we will usually omit the check that we did, in fact, find a

maximum. Be careful out there in “real life estimation problems” though!
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5.2 Maximum Likelihood Estimators (MLEs)

Next up is a two-parameter example.

Example 5.2.4 (Two Parameters)

Let X1, Xo,..., X, be a random sample from the N (u, o%) distribution. Find the MLEs for z and o2,

The pdf is
flz;p,0) = 21r(726 3.7 (7=1)?
The joint pdf is
F(@pm0) = [Ty f(wis p, 02)
= A \/2;706 5oz (zi—p)?
= (27T02)7”/26_ﬁ Do (wi—m)?
A likelihood is

L(p, 02) = (27702)77#26_? Z?:l(“_“)Q.

(Note that we can split (27r02)~"/2 = (27r)~"/2(52)~"/2 and drop the 27 part, though we’re going to leave
it. Also note that we are thinking of o as a symbol and not as a “symbol squared”. It is just a parameter

with the name “sigma squared”!)

The log-likelihood is
n
U, 0?) = _5111 (2mo?) zz:

Since there are two variables, we take two partial derivatives and set them both equal to zero.

set

il 0®) = HYi(ri—p) =0

t
%g(ﬂa o?) = 72127222 + 2(012)2 Sz —p)? =0

The first equation implies that

n

n
Z(xi—,u):o = in—nuzo =
i=1

=1

=)
I
>
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5.2 Maximum Likelihood Estimators (MLEs)

.t
o2

Multiplying both sides by (02)? gives

1

(02)?

Plugging in i = X for ;1 and solving for o2 gives the MLE

The second equation, after cancelling the 27 and multiplying both sides by 2, becomes
n

> (wi—p)?=0.

i=1

n
—no? + Z(:cl —u)? =0.
i=1

—

g

2:

n

ijl(XFX) .

Remember, no matter how you did the algebra, with upper or lower case letters, in the end, make sure everything

is upper case when giving your estimator. The estimator should be a random variable unless you have actually

observed numerical data!

In the next example, we will find an MLE in the case that the support of the distribution depend on the unknown

parameters. (i.e. A parameter or parameters are in the indicator function.) For example, if X1, Xo,..., X, isa

random sample from the uniform distribution on the interval (0, #), we have that the pdf is 1/6 for = between

0 and 6 and it is 0 when z is not between 0 and 6. First though, we want to note a few things about derivatives

and logs in this case.
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5.2 Maximum Likelihood Estimators (MLEs)

( )

£ 4| Note

-

Consider the piecewise defined function

222 | 0<x<?2

g(x) =
ox , x>2
The derivative is
, dr |, O<ax<?2
g(z)=
5 , x>2
The log of the function is
In(22?) , 0<x<?2
Ing(z) =

In(5z) , z=>2.

Did you notice how the derivative and log function did not affect the inequalities defining

the two regions? In indicator notation,

g(z) = 222 Ijo2) (%) + 52 I[2 00 ().
We have,

g'(x) = 4z Lo o(x) + 5 I 12 00) (2)

and

In g(x) = In(22?) Ijp2)(z) + In(52) I[2 o)

It is important to note that we do not take derivatives or logs of indicator functions and
that, aside from a little care at the endpoints of their intervals, the indicators just “come

along for the ride”.

[ Example 5.2.5 (Parameters in the Support of the Distribution)

Let X, X5, ..., X,, be arandom sample from the distribution with pdf
J(@;0,7) = 032~ O Iy o) (2)

with 6 > 0, A > 0. This pdf is zero if z is below A.

Find MLE:s for 8 and ).
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5.2 Maximum Likelihood Estimators (MLEs)

The joint pdf is
F@0.0) = T[] f@i6.))

s
Il
—

N0 T I o ()

|

@
Il
—

= o\ ( ?:1 xi)_(6+1) H I(/\,oo)@:i)
=1

_ 9”)\”9( ?zlxi)_(0+l) I()\,oo)(x(l))

We have simplified a product of indicators into a single indicator. Note that [[;"; /() oc)(z;) is 1 if and
only if every z; in the sample is greater than A. This happens if and only if the minimum in the sample is

greater than A and so the indicator expressions are equivalent.

As per our discussion in Example 5.2.3, we may break up

) e (i) (1)

and drop the second term as a constant when forming the likelihood. We will leave it in. Other than this,

there are no other constants of proportionality when thinking of the joint pdf as a function of the parameters.

A likelihood function is

n —(0+1)

L(6,\) = gmA™? (H :g> I o0y (T(1))-
i=1

Note that we can not drop the indicator when forming the likelihood because it is a function of one of the

unknown parameters and not purely a function of the z;. However, per the note preceding this example,

we will not be taking the log and derivative of the indicator part when find the MLEs here. While we may

bring the indicator through the calculations as in the note, we choose to leave off the indicator entirely but

keep it “in mind” as it is still relevant to the problem.

no\ —(0+1)
L(O,\) = 0"\ (H x) . (5.2.1)

i=1

The log-likelihood is
0,\) =nlnf+nfln— (0 +1) Zln:pi.

=1
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5.2 Maximum Likelihood Estimators (MLEs)

The derivatives are
set

200,0) = 2+nlnA—Y" Inz =0

E no set
Z0o,n) = L=,

Note that the second equation does not give us any information. The sample size can’t be zero and the
parameter 6 is greater than 0. This (one equation giving no information) usually happens when the parameter
is in the indicator, as it was here. The goal, however, is still the same— to maximize the likelihood. So, let’s

look at the likelihood.

From (5.2.1), we see that the likelihood is an increasing function of A\. Thus, we want X to be as large as
possible. From our indicator, we see that the minimum value in the data set must be above A. If you did
not simplify the indicator, the product of indicators says that, equivalently, all values in the data set must
be above \. So, looking at the data as fixed, we see that the largest A can possibly be is the minimum value

of the data set. That is, the MLE for \ is

Plugging this in to the first of the two partial derivative equations, we solve for 8 to get

0 - i n .
Yo InXi—nln X

5.2.2 The Invariance Property of MLEs

Let X1, Xo, ..., X, be arandom sample from the exponential distribution with rate A.
Let’s find the MLE for 7(\) = A2
The pdf is

Fl@A) = de ™ I g o) ().

We can write it in terms of 7 = \2:

F@s ) = VTe VT I o0 (@).

Let’s call this new function f(z;7). Note that

FlaA) = fla; ).
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5.2 Maximum Likelihood Estimators (MLEs)

As a function of T, the joint pdf is now

£ iid 7T 7 - —\/Tx; n/2 —/7)Y 2
F@) B flair) = [[ VTe V™ Ljg oo (i) = 72 VT 2% T Lg,00 (w2).
i=1 i=1

=1

So, a likelihood function is

L(r) = 72T

The log-likelihood is
~ n
UT) = B Int — /T g z;.

The derivative gives
d Z - nl set

1
=5 gm0

Multiplying through by 27, we get
n—\/1 Z x; =0,

which implies that,
71/2 = n/z Zi

or equivalently that

So the MLE of 7 = 7()\) = A\ is

Recall that the MLE of \ was

Since 7(\) = A%, we see that

This was no accident! This will always happen for MLEs and is known as the invariance property of MLEs.
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[ ® Definition 5.2.2 ]
If § is the MLE of 6, then the MLE of a function 7(6) is
7(6) = 7(9).
This is known as the invariance property of MLEs.
. J

In words, the MLE of a function of a parameter is the function with the MLE of the parameter plugged in. This

is something that we are definitely going to want to take advantage of!
We will now see why MLE:s are, in general, invariant.

Let L(#) denote the likelihood function and let L denote the re-parameterized likelihood function. In other

words, the relationship is

We can now see that if g—g # 0, then %E(T(G)) = 0 whenever %L(Q) = 0.

Well, %L(Q) = 0 at § = 6, because that’s the definition of the MLE 6. ie:

0
%L(ﬁ) o 0
Hence
0 ~ 0

Therefore 7(f) is a solution to %E(T(@)) = 0 which is the equation that comes up in finding an MLE in the

re-parameterized case. Well 7(6) is, by definition, our solution to %E(T(G)) = 0. So
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as claimed.

We are not finished talking about properties of MLEs. In order to talk about some of their asymptotic properties,

we will need some machinery that is substantial enough to get it’s own section.

5.3 The Cramér-Rao Lower Bound (CRLB)

The Cramér-Rao Lower Bound (CRLB) associated with a parameter 6 (or for a function 7(#)) is a lower bound
on the variance of all unbiased estimators of 6 (or 7(#)).# Recall that, when we have two unbiased estimators
for 6, say 6, and 52, we say (all else being equal) that 0; is the better estimator if Var[él] < Var[ég]. These
variances are functions of § so really we can only say that 6 is the better estimator if Var[6;] < Var[f,) for all
6. We might be able to find a third unbiased estimator with even lower variance. The CRLB tells us how low
we could possibly go with these variances. It is not always “achievable” as a sharp lower bound. That is, the
unbiased estimator with the lowest possible variance might still have a variance that is greater than the CRLB.
However, if we do happen to find an unbiased estimator for 6 (or 7(6)) whose variance does achieve the CRLB,

we know that we can not do any better in terms of low variance.

“Note the use of the phrase “associated with”. People often say that the Cramér-Rao Lower Bound is “for ” (or “for” 7(6)). This is
acceptable as long as it is not taken literally. It is not a bound on 6 (or 7(6))!
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5.3.1 Statement of the CRLB and Derivation

p
ﬁ The Cramér-Rao Lower Bound

Let X1, Xo,..., X, be random variables with joint pdf distribution with pdf f(Z;6).
Assume that the support of the distribution does not depend on 6.
Consider estimating some function 7(6).
Let T = #(X) be any unbiased estimator of 7(6).
Then
Var|T] > [~ O (53.2)

under certain regularity conditions.

Rather than listing the unmotivated regularity conditions here, we will instead figure out what they need to
be as we go through the proof of the CRLB.

The expression on the right of 5.3.2 is known as the Cramér-Rao Lower Bound (CRLB) for the variance of all
unbiased estimators of 7(¢). We will denote this as C RLB . (5). In most of this text, the X; are iid (a random

sample) and the joint pdf has the product form

but more general joint pdfs are allowed here.

Note that the X; only appear in the denominator of the CRLB. We can think of this denominator as containing
all of the “information” from the sample. In fact, the denominator is known as the Fisher Information and we

will denote it by I,,(6).

,
Definition 5.3.1

We define and denote the Fisher information for a sample as

I,(0) :=E l(aaelnf()?;e)ﬂ :
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With this notation, we can now write the CRLB for the variance of all unbiased estimators of 7(6) as:

[~ (0)]?
CRLB,(g) = 7 1

In order to prove (5.3.2) we need to use the Cauchy-Schwarz inequality.

g
ﬁ The Cauchy-Schwarz Inequality

For square-integrable functions f and g,

([ 1@ @) < ([ Pwa) ([ #ew)

There is an analogous Cauchy-Schwarz inequality for sums, or, more generally, inner

products.

First note that

[ [ 5@ - 1wt dyds =0,
Multiplying out the left-hand-side then gives us

//f2 dydm—2//f dydx+//f2 z)dydr >0 (5.3.3)

Note that the first and third terms are exactly the same. As for the middle integral, pulling the “x stuff” out of

the inner y-integral gives us

//f )g(y dydx—/f /f y) dy dx

= [f(@)g(@) ([ f(v)g(y)dy) dx
= ([ fWa(y)dy) [ f(x)g(x)dzx

= (J f(2)g(x)dz)*

So, (5.3.3) becomes

2//f2 dydx—2(/f )220

4

[ v e (| i) =
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4

([rwo@as) < ([ P a)-([iwa).

1=

\J
-E?]Nom
As an expectation is a sum or an integral, one can adapt (See Exercise 18.)

the above proof of the Cauchy-Schwarz inequality to show that, for functions

g1 and go with E[g3(X)] < oo and E[g3(X)] < oo,

(Elg1(X) g2(X)])* < E[gf(X)] - E[g5(X)]-

This will also hold for vector-valued random variables.

We are now ready to prove (5.3.2).
(CRLB):

It is sufficient to show that

7(0) = E [(T — (6)) (;0 In £(X; 9))} (5.3.4)

where T' = t()? ). If we can show this, we will have, by the Cauchy-Schwarz inequality, that

PO = (o) (Gwsko))’

c-s
<

E(T — 7(0)?]-E | (10 (%:0))’]

= Var[T]-E {(aaaln f(X;H))Z] :

We then have the CRLB, provided that

0<E [(aaelnf()?;e))z

so that we can divide it to the other side.

< 00

of (5.3.4):
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Since E[T] = 7(0)

= [H(@)gf(T;0)dT — [ 7(0) 5 (T;0)dT
if we assume that we are able to pull that derivative into the integral.

Continuing, we now have

We want to see an expectation, which means that we want the integrand to end in f(7; 0)dZ as opposed to

£ f(&;0) d7. Note that

SO
We now have that

and this integral is the definition of

E(T — 7(0)] (5 /(X 30))1.

The CRLB is said to hold under certain “regularity conditions”. These are the things that we assume held in

order to complete the above proof. They are

0o 0<E [(gelnf(X’;e))Q] < 00,
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o & [ f(%;0)dE = [ & f(;0)dZ, and

° % In f(&;0) exists.

All integrals are evaluated over the domain of f(Z;6). Note that the second of these conditions is violated
whenever the parameter 6 is involved in the limits of integration. For example, for the uniform distribution
on the interval (0, 0) the integrals would go from 0 to # and therefore we would not be able to pass the derivative

with respect to 6 to the inside of the integral!

The Cramér-Rao does not apply for distributions where the

parameter is “in the indicator”.

Example 5.3.1 ]

Let X, X», ..., X,, be arandom sample from the Bernoulli distribution with parameter p.

a) Find the CRLB for the variance of all unbiased estimators of p. (7(p) = p)

a) Find the CRLB for the variance of all unbiased estimators of 7(p) = p(1 — p).
The pdf is

flasp) = p*(1 —p)' " Ijg 1y (2).

The joint pdf is
F(@p) =[] flaip) = p2 (1 — p)" 2% [] Loy (@)
i=1 i=1

As in the note preceding Example 5.2.5, taking indicators through logs and derivatives is tedious and kind of
defeats the entire point of their use for convenience. We will leave them off in the following calculations. In
statistical inference, they should definitely not be ignored when they have information about the parameters

of the problem. If this is the case, however, we would not be computing a CRLB to begin with.

To compute the Fisher information, we need the derivative of the log of the joint pdf.

Inf(&p) = x;lnp+(n—Y x;)n(l—p)

4
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glnf(f, ) = L MY T YT —Np
op P p 1-p p(1 —p)

So, i )
I.(p) = E _(%lnf()z;p)) }

- e |(Z5r)

where Y = "7 | X;.

Since Y, as the sum of n Bernoulli(p) random variables, has the bin(n, p) distribution and since the mean
of the binomial is np, this expectation is simply Var[Y], which is np(1 — p). So, the n-dimensional Fisher

information is

1 1 n
)= M = i TP = iy

Finally, the CRLB for the variance of all unbiased estimators of p (7(p) = p) is

CRLE, FeP _ [0 _pl-p)

In(p) p(1-p) n

For part (b), 7(p) = p(1 — p) and
1(0\12 2 2
T (p 1-2p 1—-2p)p(1l—p
Ly~ PO UL (2o
n p(1-p)

As mentioned, the CRLB is being introduced in order for us to study some theoretical properties of MLEs.

Before we get back to that discussion, we will look at some useful computational simplifications.

5.3.2 Computational Simplifications for the CRLB
In this section, we will discuss some computational simplifications for the CRLB. We number them starting

from 0 since the first one is only there to prove the others but not something you would actually use in when

computing a CRLB.
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~N

)
Definition 5.3.2

In statistical inference, the score function' is the derivative of the log-

likelihood
. 9 .
S(X,0) = %lnf(X,Q).

!"The name “score function” harkens back to Sir Ronald Fisher’s first use of such a function in
a study of family genetics. Each family in his study was given a “score” for their likelihood
of carrying a certain genetic trait.

The expected value of the score function is zero. That is, E [% In f (X' ; 0)} =0.
Proof:

E|GIn/(X:0)] = [&mf@0) [(&0)d7 = [ §f(&0)dz

= & f(@0)dT=F1=0

The Fisher information can be written in terms of a second derivative. In particular, we have that
2

) Lo\ 2 o S
E [(wlnf(X;9)> ] = E | g /(0]

Proof: From property @ , we have that

0 N
E {89 lnf(X,O)_
which is

0
%lnf(f;ﬂ) - f(Z;6)dz = 0.

Taking the derivative of both sides with respect to 6,

8 a gy 3. r =
%/%lnf(a:,@)-f(x,@)dm— 800'

The right-hand side is still zero. On the left-hand side, we bring the derivative inside the integral and use

the product rule to get
0 - d ., 0? R - S

Running the integral through we get
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/alnf(f'e)- 9 r(@0) df+/a21nf(:6-9)~f(f'0)df—0
o6 "0 5 ggz I v ez =0,

ZIn f(350)- £ (£50)
which implies that
0 2 0?
/ ((%?lnf(x'ﬁ)> - f(Z;0) dZ + / wlnf(a:;@) - f(Z;0)dz = 0.

This becomes

E [(;mf(x 9))2

or, equivalently,
0 2 0
E Kaelnf()( 9)) ] [ae? In f(X: 0)} Y

If X1, X5,...,X, are independent and identically distributed, the “n-dimensional Fisher information”

can be written as n times the “one-dimensional Fisher information”. That is,

E l(;lnf(x 0)) 1 “oE [(;elnf(Xuﬁ))Q] ;

which can be written as

1,(0) “ n1,(0).
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5.3 The Cramér-Rao Lower Bound (CRLB)

Proof: E{((%lnf(XQG))Z] _E ( In T} 1f(Xz,9))}

— E|(HTmimsxae)’]
- E( ?1691nf(Xz,9)>}

= E[(SLi s (X50)) (S5 4 1n £0G:0))|

=[S0 X0 I f(Xi:60) - £ In f(X;30)]

= SIS E [ In f(Xi0) - I f(X30)]

Now when j # i, X; and X; imply that % In f(X;;0) is independent of % In f(X;;6), and, in this case

}@

[8 0 00

0
50 lnf(XZ70)89 lnf(Xj;Q)} =E [mlnf(Xi;é’)] -E {8lnf(X]70

Thus,

E [(599 In f(X;@))Q] = >i,E |:<86¢9f(Xi§9))2:|

| (mrai0)]. v

Example 5.3.2 ]

Let X, Xo,..., X, be a random sample from the I'(2, /3) distribution.

Find the CRLB for the variance of all unbiased estimators of 3.

Because of computational simplification , we will go for the one-dimensional Fisher information.

The pdf is
f(z;B) = B2re P for x> 0.
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Taking the log, we have
Inf(z;8) =2Inp 4+ Inz — pz.

The derivative with respect to the parameter [ is

0 2
g5 @B =5 =

Thus, we have that the one-dimensional Fisher information is

N = E [(a%lnf(xl;ﬁ)ﬂ —E [(X1 - ;)1 — Var[X] = 2.

=

The one-dimensional Fisher information is almost always a variance or can be rewritten to look like one. If
we did not recognize the variance here, we could have persevered with brute force by squaring X; — 2/
and running the expectation through. However, taking the second derivative approach from computational

simplification , we can, in this example, avoid the expectation entirely.

Since

;;lnf(x;ﬁ)zaaﬁ(—w>=

is a constant (meaning non-random), we have that

nE) = € [;;2 lnf(Xl;ﬁ)] €z =-(-%)-%

Either way we have

iid 2n
In(B) =n-L(B) = 32
and therefore that the CRLB for 7(3) = 3 is
_nE g
CRLBs =75~ n
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5.4 Asymptotic Properties of MLEs

A decent estimator should probably get even better with more data. The maximum likelihood estimator is

known for having good “large sample” properties.

_
Definition 5.4.1

An unbiased estimator whose variance attains the CRLB is said to be efficient.

The efficiency of an estimator 7" of 7(6) is the ratio
CRLB, )
Var[T)]

Note that an efficient estimator has efficiency 1.

Let §n be an MLE for a parameter . We usually just write 0, but we wish to bring special attention to the

dependence on the sample size n.

Under certain regularity conditions, involving the existence of certain derivatives, integrals, and logs, we have

several nice properties for an MLE = §n of 6.

o 0, exists and is unique.

)

. . . .~ P
is a consistent estimator of 6. That is, 8,, — 6.

>

° Unp

o~

., is asymptotically unbiased for #. That is, li_)m E[6,] = 0.
n (o]

)

>

]
o 0, is asymptotically efficient. That is, lim CRLBy/Varlfy,] = 1.
n—oo

o 0, is asymptotically normal. In particular, 6, LN (0, CRLBy).

The last two properties obviously require the regularity conditions used in the derivation of the Cramér-Rao

lower bound. We will uncover sufficient conditions for some of the other listed properties here in Section 5.4.1.
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( )

ff Super Important Note

[

We are going to start seeing random variables in indicator subscripts, such as I1; - y <5}-
This means the same thing as I(; 5)(X') and will take on the value 1if 1 < X < 5and 0
if X is not between 1 and 5. Note that, regardless of whether X is discrete or continuous,

I11<x <5y s a discrete random variable. We can take its expectation as follows.

Ellficx<sy] = 0-Pj1cx<5y) =0)+1:P(lf1cx<5y = 1)
= P(I{1<X<5} - 1)
= P(l1<X<5)

That last equality is true since that indicator is 1 if and only if 1 < X < 5 and so we are

finding the probability of equivalent events.

The particular event that 1 < X < 5 used in this example is not important. In general,

we will always have the following.

“The expectation of an indicator of a random event is the

probability of the event being indicated.”

5.4.1 A Closer Look at the MLE Asymptotic Properties*

We will now prove or partially prove and comment on some of the listed properties of MLEs. It will be

convenient for us to first adjust some notation.

Whenever we have X1, Xo, ..., X, iid from a distribution with pdf f(x;#), 0 is a fixed parameter. However,
for a likelihood function, @ is a variable that we want to maximize over. In order to make the distinction more
clear in this Section, we will leave § as an argument of the likelihood that we want to maximize over and we

will assume the random sample was generated from a pdf with a very specific value of # that we will call 8g:

X1, X0, Xn % f(2:600).

We will change the notation for the likelihood L(6) and log-likelihood () to L,,(6) and ¢,,(8), respectively, to

stress their dependence on the sample size n.

250



5.4 Asymptotic Properties of MLEs

1. §n exists and is unique.
There are many sets of sufficient conditions for the MLE to exist and be unique and none of them are really
specific to statistics. When does any function have a maximum and when is it unique? For existence, it is
sufficient, for example, for the likelihood to be continuous and the parameter space to be compact. (We
actually don’t have a compact parameter space for many of the common distributions, so, thankfully, this
is not a necessary condition!) For uniqueness, it is sufficient to have the likelihood function be concave,
but this is hardly necessary and there are many interesting bimodal distributions with unique maximumes.
For our purposes, we will not try to enumerate a priori necessary or sufficient conditions. If you need to
find an MLE for a model, you will have a specific likelihood function that simply will or won’t have a
unique maximum.

2. §n is a consistent estimator of 6. That is, §n Lt Bo.
Sketch of Proof:

o For X1, Xo,..., X, iid from a distribution with pdf f(x;#), a likelihood can be taken to be the

joint pdf:

The log-likelihood is then

0(0) = 3 In F(X5:6).
=1

Note that we have random variables in the pdfs on the right-hand sides. Up until now, we have
worked with likelihoods with fixed (lower case) observations for the X;, maximized likelihoods with
respect to 6, and plugged in the random (upper case) X; to ultimately report an MLE. Equivalently,
we could have maximized the likelihoods, with respect to €, with the random X in from the start.
When written this way, L, () and ¢, (6) are random quantities for each fixed 6. So, it makes
sense to, for example, take their expectations and talk about them converging in probability or in

distribution.

o By the WLLN, we have
1

n

0, (0) = iilnf(:vi; 0) 5 E[ln £(X1;0)). (5.4.5)
i=1

In order for the WLLN to hold, we must have that Var[ln f(X;;60)] < oco. This is regularity

condition we need to impose on the model.

Because X7 ~ f(x;60), the expectation on the right-hand side of (5.4.5) is (using continuous
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notation)

Elln f(X150)] = [ 0 f(2:6) i 60) do.
While this should be clear since X ~ f(z;6p), itis often stressed using the notation Eg, [In f(X1; 0)].

o In (5.4.5), we have a function of # converging in probability to another function of € for all 6.

The left-hand side is, by definition, maximized at the MLE §n of #. The right-hand side, we will

soon see, is maximized at 6.

Claim: With very minor conditions on the likelihood, this implies that the maximizer> of the

left-hand side converges in probability to the maximizer of the right-hand side.
We will not prove this claim here but instead refer the reader to [4].

Thus, we have

as desired.

o To finish the proof, we will show that the right-hand side of 5.4.5 is maximized at #y. Note that

Elln f(X1;0)] — E[ln f(X1560)] = E[ln f(X1;0) — In f(X1;60)]

= E [ln Jf((Xxll;g)))]

o The function In x is concave. By Jensen’s inequality (See Exercise 14 in Chapter 2.) we have that

i) < ea)

o Thus, we have

Elln f(X1;0)] — E[f(X1;60)] < In

E|f&am])

(
= ln( f(;c;()) xﬁo)da:)
(

= ([, f(x;0)dx)

o0

= In(1)=0.

SMore technically, this is an “argmax” which refers to the argument that maximizes a function.
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e So, we have show that

E[ln f(X1;0)] < E[f(X1;60)]

for all § in the parameter space. In other words, E[ln f(X7; )], is a function of  that is maximized
at g = 0.

~

3. 6, is asymptotically unbiased for y. That is,

lim E[0,] = 0.

n—oo

Here are some sufficient conditions for én to be asymptotically unbiased for 6.
° 5n is a consistent estimator for 6, and

o Var|f,] is bounded uniformly in 6y.

(i.e. Var[én] < M for some constant M that doesn’t depend on 6)

Proof of Asymptotic Unbiasedness:

Note that

El.) 00| = |El. — 0] < E[lf — 60

That last inequality is true because averaging over the absolute value of terms is always greater than
or equal to averaging the terms and then taking the absolute value. In the latter case, one could have
cancellation of positive and negative terms.

Take any € > (. Note that

Ell6n = bol] = Ell6n =00l - L5 _gyj<c + 100 = Ol - Ly _gijey)

~

= E[|6, — 60| I + E[|6,, — 6o

{\5n—0o|35}] ‘ I{@—ﬁobs}]

~

< et B0 =l Lg _gnq)

We will rewrite this expectation in a “funny way” in order to set up for the use of the Cauchy-Schwarz

inequality. We have

253



5.4 Asymptotic Properties of MLEs

R Y 2
El[l6, —6o]] < e+ \/(E[Ien — 6ol - f{@n_eobe}])

IN

€+ \/E [@n — 00]2} . E[I{Zlgn—eobe}] <= (Cauchy-Schwarz)

IN

e+ \/E [(an - 90)2} : E[I{|§n—90\>e}]

= e+ \/Var([fa] - P18, — 60| > )

< e VM \/P(8, — 60| > ).

If 6, is a consistent estimator for Ao, the probability in this expression goes to 0 as n — oo. Putting this
all together, we have

lim ’E[gn]—ﬁo‘ <e+VM-0=c¢.

n—oo

Since ¢ is arbitrary, we have shown that

g, El6n) = o
as desired.®
4. §n is asymptotically efficient. That is,
CRLBg,

im
=0 Var(6,]
Here, it is tempting to say that the variance of the MLE approaches the Cramér-Rao lower bound as

n — oo. This would not make sense, however, since the CRLB also depends on n.

5. 0, is asymptotically normal. In particular, 6, L N (6o, CRLBy,)

i.e. R
an - 90 d
——— — N(0,1
VCRLDBy, (0.1)
Proof:
o Note that

1 did 1
CRLBy, = = .
B In(eo) n- 11(90)

%Be warned that some people say that estimators with this property are “unbiased in the limit”. They then use the phrase “asymptotically
unbiased” to refer to the situation where 6,, is converging in distribution to something whose expected value is € as in Property 5 in this
list. These are not the same things!
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This means that we want to show that
n-1,(0) (B, — 6) % N(0,1),

or equivalently that

V(0 — B0) < N(0,1/11(60)).
(Recall that, for Z ~ N(0,1) and ¢ # 0, cZ ~ N(0,c?).)

Recall that, by Taylor’s Theorem, for a nice (twice differentiable) function f we can write

F(#) = 0 + F(Ow =)+ 5 f€)e —)
for some & between x and c.
Here, we will let f = 4], x = 0,,, and ¢ = 0.
(See the proof of Property 2 in this list if this notation doesn’t make sense to you.)
This gives us

- - 1 o~ .
£4,(80) = €4(00) + C2(00) Bu — 00) + 532 (B0) B — 00’

for some gn between én and 6y. (Note that, because @n is a random variable, gn will end up being
random as well.)
For this, we need to assume that the log-likelihood is thrice differentiable. This is one of the

regularity conditions needed for this result.

Since ¢/, (6,,) = 0, we have

N 1
0= £;,(60) + €7, (60)(6r — bo) + 54’(971)(971 — 6p)? (5.4.6)

By MLE Property 2 from this list, we know that R fo. This implies that 0, — ) i 0, and, by
the Continuous Mapping Theorem, or part 4 of Theorem 2.3.3, that (én —6p)? £o.
We would like to be able to use this to say that the third term here goes to zero. However, we will

have a problem if ¢ (6,,) is not converging to a constant.

Since §n is between §n and 0, it closer to 6, than §n Thus, for any € > 0, we have
P(|6,, — 0| > &) < P(|0n — 6| > ).

Note that
lim P(|6, — 6] > ¢) < ggp(@n — 0| >e)=0

n—oo

since 0, iy by Property 2 on this list.
Thus, we have that

lim P(|6, — 6o >¢) <0
n—oo
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which implies that the limit must actually equal zero since a probability can’t be negative. This
shows that

Gn — 90.

Assuming ¢ () is continuous, we have

0, 50 = 0 (0,) 5 22 (0p).
We will also assume that ¢/ (6) is bounded. The continuity and boundedness assumptions should

be added to our list of regularity conditions.

iaes R 2"(6p) and ¢! (6p) bounded imply that the final term in (5.4.6) is going, in probability,

to 0. We have, in some sense,
0 =~ £1,(60) + £(60) (B — 6o). (5.4.7)
While there is a formal “little oh of p argument”” to be made here, we will assume equality in

(5.4.7) in order to not “lose the forest for the trees”. That is, we want to keep our eye on the big

picture here and not get bogged down in some minutiae.

o From (5.4.7), we have that

~ £, (6o)

— 0= 2 . 4.
0= o) 4y
o Note that
0n(0) = L, (0) = In [ ] f(X50) =D _In f(Xi50),
i=1 i=1
and so
Lo =7
n YT

where Y; = %lnf(Xi;Go) fori =1,2,...,n.

We have
0
E[Y;] = E [ In f(Xi00)] =0

by computational simplification @ from Section 5.3.2.

We also have that
Var(v)] = E[V?] - (E[V?)” = E[Y?

— E|(fmsxao0)’| = n0)

7We say that a sequence of random variables { X, } is “little oh of p” and write X,, = 0,(1) if X, £o.
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Thus, by the Central Limit Theorem, we have that
4 n(00) =Y XY N(0, 1n(60) /n)

which means that
Lo(60)  Le,(60) -0 q
11(0o)/n I (0)/n

<4 N(0,1).

e From (5.4.8), we have
vy (26.000) /VT@0)/n

0, — 0o = =
’ —KZ(QO) ( 1£” 90 )/\/Il /TL
which implies that
R +0,,(00) ) //Ti(00)/n
\/ﬁ(en - 90) = ( )

(—501(60)) /T (80)
where the numerator on the right-hand side is converging in distribution to a N (0, 1) random
variable.

o As for the denominator, note that

1
_76// 6 —
n n( 0)

where W; = — { 5oz In f (X3 90)] fori =1,2,...,n. By the WLLN, this converges, in probability,

to
2

uw = E[Wl] = [ 0 In f(Xl,e()) = 11(90)

06?

Thus, we have that

(=5.24460)) /y/1i60) /0 5 12(60)//1iG0) = /a6
o By Slutsky’s Theorem, we have
- (R6600) VTG, 7
v (_%f%(90)> /v/11(60) T VL)

N(0,1/11(6o)),

as desired!

Example 5.4.1 ]

Suppose that X7, X», ..., X, is a random sample from the I'(2, §) distribution.

a) Find the MLE of .
The pdf is

f(a; B) = BPre™ " Ig o) ().
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The joint pdf is
iid

f@B) =TI [z B)
= [T, BPzie i Lo oo (24)

= B ([T @) e P2 (T Lo (@)
So, a likelihood function is

L(B) = B2re P 2w,

The log-likelihood is
LB)=2nInp — /323%‘-

The derivative with respect to [ is

This implies that the MLE for 3 is

This can also be written in terms of X, but leaving it as a sum is convenient for the next part.

b) Is this MLE an unbiased estimator of 3?

E[3] = 2nE [le} = 2nE H/]

where W ~ T'(2n, ).
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Continuing,
Ely] = [t fw(w)dw

— © 1 _1 2n,,2n—1 _,—Bw
0 w I"(Qn)ﬁ w € dw

_ fooo F(%n) /32n w?n—Ze—ﬁw dw

looks like

I'(2n —1,3) pdf

_ goen-y [ 1 on—1, 2n—2_—fBw
s I'(2n) /0 F(znf1)6 v © dw

So,

E[f] = 2nE [IH = 2n271 6.

The estimator is not unbiased. However, we see that it is asymptotically unbiased since

Tlim E[B] = lim 20 5 1.3

n—oo 21, — 1

(You might prefer to stress the dependence on n by using Bn to denote the estimator instead of B J)

¢) Consider the unbiased estimator
B\ _2n—=15 2n—-1 2n  2n-—1
T o T T X X

Is this an efficient estimator?

In the previous section, we saw that the CRLB for the variance of all unbiased estimators of [ is

62

We need to compute the variance for our estimator 32 of 5 and see if it is equal to the CRLB. Note
the following.

o The CRLB is associated with the parameter and not the estimator.

o We are not going to compare the CRLB “for 5” to the variance of B because B is a biased

estimator for 5 and the CRLB for 3 is a lower bound on the variance of all unbiased estimators

of 5.
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Var[By] = Var [%’5;{1 = (2n—1)2Var {%}

01 (€[] - (E[])

Eli] = /% & fw(w) dw

[\
N——

e
- 0 w?2 TI'(2n

_ 2n 2n—3 —pPw
Jo© Bt W e dw
looks like

I'(2n — 2, B) pdf

o 2I'(2n—2) 2n—2 2 27
= B / anf2)ﬁn e du

1

I(2n—2
= 52 I'(2n) } = = @n— 1)(2n 2)ﬁ

Putting it all together, we have

ot = il €]

— (2n-1) {(271_1)1(2”_2)62 — (2n1_15)2}

_ 1 2
- 2n—25 :

Note that
1

Var[By] = T

]. 2 _
8> -3 = CRLBp.

Our estimator did not achieve the CRLB, so it is not an efficient estimator of 5. It is, however,
asymptotically efficient since
CRLBg . [1/(2n)B%] . 2n—1
m ——— = 11l ——————5 = —
n—00 VCLT[BQ] n—00 [1/(2n — 1)]ﬁ2 n—oo  2n,

d) What is the asymptotic distribution of the MLE of 3?

According to the property list for MLEs, we have that

3L N(B,CRLBg) = N (B, 52/(2n)).
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5.5 Uniformly Minimum Variance Unbiased Estimators (UMVUEs)

Let X1, X5,..., X, be a random sample from a distribution with pdf f(x;6). Consider estimating some
function 7(6) which may be 6 itself or something more general. We have been in several situations where
we produced two or more unbiased estimators and chosen the one with smaller variance as the “better one”.
For example, suppose that the sample comes from the exponential distribution with rate § and that we wish to

estimate 7(6) = 1/6. Since this is the mean of the distribution, one unbiased estimator is

—

(0) = X.

Since X (1) = min(X1, Xa,..., X,) ~ exp(rate = nf), we know that E[X ;)] = 1/(nf) and so a second

unbiased estimator of 7(0) is

—

7’2(9) = nX(l).

Note that
Var[r(8)] = Var[X] = Va?;z[Xﬂ _ (1292) _ #
and that

and so have that

Var[ry(6)] < Var{r ()]
for all # > 0 and for all sample sizes n > 1. (Furthermore we have that the first estimator gets better and better

for larger sample sizes while the second just stays the same!)

—

Thus, out of these two unbiased estimators for 7(6) = 1/6 we have that 71(§) = X is the better estimator in

terms of having smaller variance. It is important that the inequality hold for all 8. If one estimator were better
for some values of € but not others, we wouldn’t be able to say that one estimator was, overall, better then the

other. The value of § is unknown- this is kind of the entire point of the estimation problem!.

For this exponential example, there are likely even more unbiased estimators to choose from. Is there a “best
one” in terms of having smallest variance (for all values of # in the parameter space) among all unbiased
estimators? In mathematics, the word “uniformly” means “for all”.8 We are ready to define the “UMVUE”"—

the greatest estimator in all the land!

8For example, let ¢ > 0. A function g(z) is continuous if, for every xo there exists a 0 > 0 such that for all x within a distance ¢ of
Zo, the value g(x) is within € of g(xo). Here, d can be dependent on x but if we can find one § that works for all zq, we say that g is
uniformly continuous.
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~N

p
Definition 5.5.1

Let X1, X5,..., X, be a random sample from a distribution with pdf
f(x;0). Consider estimating a function 7(#). The uniformly minimum
variance unbiased estimator (UMVUE) for 7(0) is the unbiased estimator

that has smallest variance “uniformly in ”, meaning for all values of 6.

Note the following.

o We said “the” UMVUE and not “an” UMVUE. We will eventually prove that, if an UMVUE exists, it is
unique.
o An UMVUE may not exist!

o Some people call this the “MVUE” for “minimum variance unbiased estimator”.

For us, “data” is a random sample X1, Xo, ..., X,, from a distribution with pdf f(x; ) where @ is typically
unknown. Our goal is to estimate 6 or some function 7(#) from the data. We often find ourselves considering
some function of the data, such as, for example, the sum of the X, or the sample mean, or the minimum value

in the data. Recall that functions of the data, such as these, are known as “statistics”.

We shall often refer to the data as a vector X = (X1, X2,...,X,) and will usually use the letter 7" to denote a

statistic which is some function of the data:

T = t(X),

but we will use the letter S (where S = s()? )) in the special case of the statistics defined in the next section.

5.5.1 Sufficient Statistics

Let X1, Xo,..., X, be a random sample from some distribution with pdf f(x;#), and consider, for example,

the statistic 7' = Y1 | X.
This statistic condenses the n-dimensional random sample down to one dimension.

Question: If we know only this statistic instead of knowing the original sample, do we have less information

about 6?

For example, suppose that X7, Xo,..., X, ud Bernoulli(p) and that we want to estimate p. Recall that each

X is 1 with probability p, and zero otherwise. One possibility for estimating p from the data is to return the
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5.5 Uniformly Minimum Variance Unbiased Estimators (UMVUEs)

proportion of 1’s observed in the data set. This is the sum of the X; divided by the total number n. In other
words, the sample mean. If you had a house elf that carried around your data for you, do you really need her try
to scoop up and juggle n clumsy pieces of data in her arms or would it be enough if she just carried around the

sum Y i ; X; for you? Wouldn’t that be enough? Wouldn’t it be sufficient?

p
Definition (Informal)

A statistic S is sufficient for ¢ if it condenses the random sample X, X5, ..., X, without

sacrificing any information about 6.
“sufficient” = “enough”

If you know S, then knowing (X1, Xo, ..., X,,) does not give you any more information

about 6.

This is the idea behind a sufficient statistic. You might want to have your house elf carry two statistics for you,
such as the sum of the squares of the X; in addition to the sum of the X;. We can call >~ X, and XZ»2 a set of
sufficient statistics or we can have one vector-valued sufficient statistic
n n
2
S = (ZXi,ZXi> :
i=1 i=1

Let’s make the term “information”, as it is used here, more precise.

4 N\
Definition 5.5.2

Let X1, Xo,...,X, be a random sample from a distribution with pdf
f(x;0). S is a sufficient statistic for estimating 6 if the conditional distri-

bution of (X7, ..., X)) given S does not depend on 6.

[ Example 5.5.1 ]

An unfair coin with p = P(“Heads”) is tossed n times and the outcome is recorded for each toss.

i.e. We have a random sample X1,..., X, d Bernoulli(p) where
1 , ifheads
X =
0 , iftails
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n
For guessing p, it would seem that knowing the total number of heads, S = Z X, should provide as much
i=1
information about p as knowing the actual 0 and 1 outcomes.

In this example, we are going to show that S is sufficient for estimating p.
Since X; ~ Bernoulli(p), the pdf is f(x;p) = p™(1 — p)' =" I 1y (x).

The joint pdf for X, ..., X, is then

f@p)Z I1/@i;p) = pTi(1 — )2 1T 0.0y ().
=1 i—1
Note that S = >~ | X; ~ bin(n,p).

The conditional pdf of (X7, ..., X,) is

discrete

fX17...’Xn‘S(.Z'1,...,xn‘s) = P(X1 :$1,...,Xn=a?n|S:S)
(5.5.9)

P(Xi1=z1,....Xn=2n,S=s)
P(S=s)

The Numerator: Consider the case, just as an example, where n = 2 and we have some fixed numerical

values in for x1, z9, and s. Note that S = X; 4+ X5. The numerator might be
P(X1 =2,X0=3,X14+ X9 = 1)

This probability is clearly zero since, if X; = 2 and X9 = 3, we can not have X| 4+ Xy = 1.

On the other hand, the probability
P(X1=2,X9=3,X;+ X3 =5)
is not necessarily zero and, furthermore, the third argument is redundant. We can simply write

P(X1:27X223,X1+X2:1):P(X1 :2,X2:3)

So, in general, we have the numerator of (5.5.9) as

PXi=x,..., Xp=1z,) , if s=> a;
P(Xlzl‘l,...,Xn:l‘n,S:S) =

0 5 lfs#ZxZ
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P (L= p) T o ay (1) - pt (L= )" Loy () 5 B s =00 @
0 ) if s 7é Z?:l T

pmi (L= p) 2 I Ty (), i s = X0 @

0 ) if s 7& E?:l Z;

The Denominator: Since S ~ bin(n,p),

P(S=s)= P (L—p)" " Lo, ny(5)

Now that we have computed the numerator and denominator, (5.5.9) becomes

pZ i (l—p)n_z T, oy (@)

n
P (1=p)"* I1o1,... n}(8)
PXi=z1,...,Xp=z,|S =) = S
0 , i s A
Since s = Y x; in the first expression, we can cancel many things and are left with
oI i .
n
1{0,1 ,,,,, n}(s)
PXi=x1,...,X, =z, =53) = s
0 ) if s 7£ Zznzl g

Since this does not depend on p, we have, by definition that S is a sufficient statistic for estimating p for

this Bernoulli distribution!

Note that, for S = s()? ), the “S' = s” part of the numerator of the conditional pdf will always drop out like it

did above when s = s(Z) and that it will always be zero when s # s(Z)). So, we will always have
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7;0 R
Fowy o 5 =5@
fX17X2,...7Xn‘S($17 I2,. .. ,.%'n|8> =
0 , S # s(X)
Since this must be “0-free”, we require (for sufficiency) that
=0
AULSIES
fs(s:0)

for some function h(Z) where, as the notation suggests, does not depend on 6.

Equivalently, using the fact that s = s(&), we have

[(7;0) = h(Z) fs(s(Z); 0).

Assuming that we don’t know the pdf for S, or even what .S is ahead of time, we at least are looking for the
joint pdf of the Xs to split up into an “x part” and a part with z’s and 0’s mixed together and where the x’s are

appearing through some function that we will call s(Z).

p
{k (Neyman’s) Factorization Criterion for Sufficiency

If the joint pdf for X, X5, ..., X, can be written as

for some function h that does not depend on # and some function g that depends on the

x’s only through some function s(Z), then

S = s(X) is sufficient for estimating 6.
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Example 5.5.2 ]

For the random sample from the Bernoulli distribution,

f(@&p) = TIim p" (1 —p)t =% I 1y ()

= pXim (1= p)" L= % [T Ty ()

= H I{Ovl}(xi) pzz‘:1 901'(1 — p)n_zz‘:1 T;
=1

9(s(Z);p)

h(Z)

In the part where the p’s and z’s are “mixed”, the z’s appear as the sum s(Z) = > ; ;. By the

Factorization Criterion, S = > ; X is sufficient for estimating p.

Sufficient statistics are far from unique. If you write down the joint pdf and factor out the “pure x part”, what you
are left with can usually be written in many different ways. We have to ask ourselves what statistic or statistics
we would need from the data in order to evaluate the g(s(Z, p)) part. In the above example, it is sufficient that
we have only the sum S = "7 ; X;, but we wouldn’t lose anything by throwing in extra statistics. We could
say that S = (3 X;, > Xf) is sufficient for estimating p in the above example. It is also “sufficient” if your

house elf brings you all of the data. That is, we always have that the n-dimensional statistic
S =(X1,Xo,....,Xp)

is sufficient for estimating any parameter of any distribution! In Section 5.6, we discuss the concept of minimal
sufficient statistics. Heuristically speaking, a minimal sufficient statistic is a statistic that is sufficient and has
minimal dimension. (i.e. We don’t throw in any extra statistics.) In actuality, this is not exactly the definition of
a minimal sufficient statistic though. Once minimal sufficiency is defined, we will see an example where a one-
dimensional sufficient statistic is not minimal. Still, we think this (incorrect) heuristic in terms of dimensionality

gets most of the idea across.

Example 5.5.3 ]

Let X1, Xo,..., X, be a random sample from the unif (0, §) distribution. Find a sufficient statistic for 6.
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The joint pdf is
S 1
f(.%'; 9) = H 5 [(079) (.%'Z) = an H 1(079)(.%0. (5.5.10)

This product of indicators could be written in terms of the minimum and maximum of the sample as
Lo.0)(x1)) L(0,0)((n)) since this is 0 or 1 whenever the full product is 0 or 1. That is, the minimum and

maximum of the sample is between 0 and € if and only if each individual z; is between 0 and 6.

Note that the product of indicators in (5.5.10) is also equivalent to the smaller product [g ) (1)) L0,0)(T(n))-
This factorization is especially useful when one is trying to separate out as much “pure x stuft” as possible.

In this case, we would have

. 1
F(@:0) = Lo, - %I(O,H)(x(nﬂ
~ %,—/
h(Z) 9(s(2);0)

where () = ().
So, by the Factorization Criterion, we have that S = 3()? ) =X (n) 18 sufficient for estimating 6.

If we used a different representation of the indicators such as

B 1
[(#;0) = gn L00) (@) Lo,6)(Tm)),

9(s(7);0)

(here h(Z¥) = 1), we would say that the vector S = (X(y, X(5,)) is sufficient for 6 (or that X ;) and X,

are “jointly sufficient”).

Indeed, for estimating the upper endpoint of possible values for the X’s, it makes sense that looking only
at the maximum in the sample is “enough”. It is also “enough” to look both at the maximum and minimum
though this information is “more than enough”. In fact, since a sufficient statistic can be vector-valued, we
can always say that S = (X1, Xo, ..., X,) is sufficient for estimating 6. However, S = X,y is minimal
sufficient from the point of view of dimensionality and also by the formal definition of minimal sufficiency

given in Section 5.6.
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( )

ff Super Important Note

[

We have been using the phrase “sufficient for 6”, or, “sufficient for estimating 6”. If you
find yourself wanting to estimate a function like, for example, 7(6) = =, and you will
be using a procedure that requires a sufficient statistic, nothing changes. If a statistic is
sufficient for estimating 6, it is sufficient for estimating e~ because if the conditional
distribution of (X7, Xo,..., X)) given S doesn’t depend on € it sure as heck doesn’t
depend on e !

We sometimes just say that a statistic .S is “sufficient for the model” where “the model”

is the underlying distribution. For example, S = Y " ; X; is sufficient for the Bernoulli

distribution.

5.5.2 Conditional Expectation and Variance

In this Section, we will review conditional expectation and conditional variance. (See Section 0.11 for some
review of conditional probability and the definition of conditional pdfs.) We will rely heavily on these concepts
in our search for the UMVUE. We will generally prove things in this Section in the case of continuous random

variables even though all results also hold for discrete distributions.

Let X and Y be random variables, with pdfs fx (z) and fy (y), respectively. Let fx y (z,y) be the joint pdf for
X and Y and let fx|y(z|y) and fy|x (y|z) be the two conditional pdfs as defined in Section 0.11.

1. E[X] is a constant.
By “constant”’, we mean non-random. For example, we may be talking about a sequence of random
variables were the nth one has an expectation that depends on n. In this case, the expectations may form
a non-constant sequence of numbers. The point is that they will not be a sequence of random variables.

The expected value of X is defined as

E[X] = /oo z fx(z).

— 00

There is nothing random on the right-hand side!

2. E[X|Y = y] is a function of y.

E[X|Y = y] is the expected value of X taken with respect to the conditional pdf for X given that Y = y.

We are still averaging over x values. This expectation is defined as

o0

ELXIY =yl = [ 2 fxy(aly) do.

— 00
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As this is a definite integral, we will be plugging in values for x and the final answer will be a function of

Y.

. E[X Y] is a random variable.
Once we have computed E[X |V = y], we have a function of y. Let’s call it g(y). Then E[ X |Y] is defined
as g(Y'). This is a function with a random variable plugged in and will itself be random assuming ¢(y)

is not constant in y.

. E[E[XY]] = E[X]
This is known as the law of iterated expectation. Note that since E[X|Y] is a function of Y, the outer

expectation here is taken with respect to the pdf for Y. We have

EE[XY]] = [ZLEXY =y] fr(y)dy
J25 S5 fxpy (xly) dz fy (y) dy
=[S 2% fxy (@ly) fy (y) dy da
= S [% fxy (@,y) dy da

— % fx(a)de = E[X] Y

. Var[X] = Var[E[X|Y]] + E[Var[X|Y]]

Note that all rules of expectation and variance hold in “conditional land”. For example, expectation is
still a linear operator. In all of the proofs of expectation and variance results that we have seen (so far not
involving conditional distributions), we can simply replace the pdfs with conditional pdfs and the proofs

will otherwise be identical. As another example,

Var[X|Y] = E[X?|Y] - (E[X|Y])2

for the same reason that

Var[X] = E[X?] — (E[X))?.

To prove the claim, note that
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E[Var[X|Y]] = E [E[X2|Y] - (E[XIY])Q}
= E[E[X?|Y]] - E[(E[X|Y])?]

= E[X? - E[(E[X]|Y])?] <= (by Property 4 above)

Just as we can use the fact that Var[X] = E[X?] — (E[X])? to say that E[X?] = Var[X] + (E[X])?, we

can replace the random variable X with the random variable E[X |Y] and write

E[(E[XY])?] = Var[E[X|Y]] + (E[E[X]Y]])?

= Var[E[X|Y]] + (E[X])? <= (by Property 4 again)

In conclusion, we have

EVar[X|Y]] = E[X? —E[(E[X|Y])?
= E[X?] - (Var[X|Y] + (E[X])?)

= Var[X] - Var[E[X]|Y]]
Thus, we have that

Var[X] = Var[E[X|Y]] + E[Var[X|Y]],

as desired.

5.5.3 The Rao-Blackwell Theorem

Let X = (X1, X5, ..., X,) be arandom sample from a distribution with pdf f(z;0). Our goal continues to be
to find the uniformly minimum variance unbiased estimator for a given function 7(#). Suppose that we have

some unbiased estimator in the form of a statistic 7' = ¢(X). That is, E[T] = 7(6). If we have a sufficient

statistic .S, we can make your estimator even better (smaller variance) using the Rao-Blackwell Theorem.
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~N

p
{} The Rao-Blackwell Theorem

Suppose we want to estimate some function of 6 (which may be 6 itself) that we have
named 7(#) based on some random sample X .

Suppose that we have some unbiased estimator 7" = t()? ) so that
E[T] = 7(0).

Suppose that we have some sufficient statistic .S for the distribution.
Then
T* := E[T|S]

is also unbiased for 7(0) and that Var[T*] < Var[T)].

Furthermore, T is a function of S and the variance is strictly lower than the variance of

T unless T* and T are the same!

T is unbiased for 7(0) since

E[T"] = E[E[T|S]] = E[T] = 7(6).

Var[T*] < Var[T] since
Var(T] = Var[E(T|S)]+ E[Var(T|S)]

> Var[E[T|S]] = Var[T*]
since E[Var(T|S)] > 0 since that variance inside is non-negative.
T* = E[T'|S] is a function of S by the definition of that expectation.
Equality of variances is achieved if and only if the thing we dropped to show the inequality is zero. That
is, equality is achieved if and only if

E[Var(T|S)] = 0.

Since the variance inside is non-negative, this probability weighted average is zero if and only if
Var(T|S) = 0. With no variability at all, this means that 7', given S is a constant. If it is con-
stant, it’s expectation (given S) is just 7" itself. That is, the equality of variances is achieved if and only
if

T =E[T|S]=T.
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The Rao-Blackwell Theorem tells us that, while searching for the UMVUE for 7(6), we can limit our attention
to functions of sufficient statistics because estimators that are functions of non-sufficient statistics can be “Rao-
Blackwellized” into better (lower variance) estimators. This is both exciting and not exciting at the same
time. Since that the entire n-dimensional vector S = (X1, X»,..., X)) is a sufficient statistic, have we really

narrowed anything down?

Note that our proof of the Rao-Blackwell Theorem holds regardless of whether or not .S is sufficient. However,
we need sufficiency to ensure that 7% = E[T'|S] does not depend on #. Otherwise, it would not technically be
a statistic which is a function of the data only. Regardless of the technical definition of a statistic, it certainly

would not make a very good estimator of the unknown 6 if we define it in terms of 6!

Example 5.5.4 ]

Suppose that X7, X», ..., X, is a random sample from the Poisson distribution with parameter A:

X1, Xo,..., X, ud Poisson(\)

Our goal is to find an unbiased estimator of 7()\) = e~

Our first instinct here might be to take X, as an unbiased estimator of ), and consider estimating 7(\) with
e~X. This transformation likely does not preserve unbiasedness so, after computing its expectation, we

might try to adjust the estimator until it is unbiased. Indeed,

S = ZXi ~ Poisson(n\)
1=1

and so

where Mg(t) is the moment generating function of S.

From Section 1.5.2, we know that
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for all t. Thus, we have that

E [e‘ﬂ — M (_i) _ gnet/no1)

It appears that e~ is not easily adjustable, certainly not by simply adding, subtracting, multiplying, or

dividing by a constant, to something with expected value equal to e ™.

Let’s try a different approach. The pdf for the Poisson distribution with parameter A is

e—)x)\z
P(X =x) = 0 1{0,1,2,...}(37)-

We observe that P(X = 0) = e~*. In terms of the random sample, we have P(X; = 0) = e~

We know that we can always get an unbiased estimator for a probability by using an indicator. Thus, we

have

—

T()\) = I{X1=0}‘

—

as an unbiased estimator. (This could just as easily have been, for example, 7(\) = I x,—0}.)

Technically, we have completed the task, though it seems wasteful not to use the entire sample. Let’s find
a sufficient statistic for this model and “Rao-Blackwellize” this unbiased estimator to get something better.

To do this, we need a sufficient statistic for this model.

The joint pdf is

F@N) E I fes )

_ n e M\%
= Il 27 T2, (i)

efn)\ Zzl n
= ﬁ | 1{0,1,2,...}(331‘)

n
Hi:l I{S,l,z...}(l’i) oA )\Z?:l i

-
=1 €Ty

We have pulled out as much “pure x stuff” as possible in order to apply the Factorization Criterion. We

have
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noT i
h(F) = | {7(3,1,2,..'.}@ )

and the rest is

g(s(@);A) = e ALz 7,

We look at the g function to see how the x; appear as a statistic or statistics. Here, they appear as a sum.

That is, we have that

Thus, we have that

n

i=1
is a sufficient statistic for this model by the Factorization Criterion.

Let’s summarize where we are at this point. We want an unbiased estimator of 7(\) = e~*. We have one
anditis 7" = Ifx, —oy. We want to improve this estimator or at least have it use all of the information in the
random sample X7, Xo,..., X, . We have a sufficient statistic S = >_;* ;. Also, we are in the Section of
the text entitled “The Rao-Blackwell Theorem™! Let’s try to “Rao-Blackwellize” the unbiased estimator to

see if we can get something better. We consider
T = E[T|S].

We begin by fixing S and computing E[T'|S = s]. Note that S = Y | X; ~ Poisson(n\) and S takes
on values in {0,1,2,...}. If we have observed S = s, then it must be a possible value to observe— it must

be in this set.
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So, for some s € {0,1,2,...}, we have

E[T|S = 8] = E[I{X1:0}|S = S]
= O-P(I{Xlzo}:0|S:S)—|—1-P(I{X1:O} =1[S =5s)
= P(lix,=0y = 1[5 =)

= P(X;=0/S=5s)

since the indicator Iy, —¢y is equal to 1 if and only if X is zero.

Now
E[T|S=s] = P(X1=0|S=5s)

P(X1 :O,SZS)
P(S=s)

P(X1=0,>"" | Xi=s)
P(S=s)

P(X1=0,>"" , Xi=s)
P(S=s)

Since X is independent of the sum of the remaining X;, this becomes

P(X1=0)-P> " _ X;=s
E[T|S = S] = (X1 )P(égsl):z )

M0 em (MDA (n—1)N)*
— 0! s!
e_")‘[nk]s
s!

Note that we have not included any indicators. We have already said that s is in {0, 1,2, ...} so all relevant

indicators have already evaluated to 1. After simplifying this expression, we have that

E[T]S = 5] = ("_ 1)5.

n

T — E[T|S] <n;1>52 (n—l) lei_

n

Thus, we have that

The Rao-Blackwell Theorem guarantees that this is an unbiased estimator of 7(\) = e~*. Furthermore, it
has strictly smaller variance than the unbiased estimator I;x, —q) as we observed that equality of variances

is achieved if and only if the two estimators are the same.

5.5.4 Complete Statistics

Here is a strange definition.
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~N

P
Definition 5.5.3

Suppose that X7, Xo, ..., X, is arandom sample from the distribution with
pdf f(z; ). We say that a statistic S = s(X ) is complete for the distribution
if, for any function g such that E[g(.S)] = O for all § in the parameter space,

we find that ¢g(S) must be 0 with probability 1.

Why might we care about this?

The main consequence of “completeness’ is uniqueness of estimators with certain properties. Suppose that we

have a statistic S and two functions of S, g1 (S) and g2(,S) that are unbiased for 7(0) :

Elg:(S)] =7(0)  and  E[ga2(S)] = 7(6).

Note that
0=7(0) — 7(0) = E[g1(5)] — E[92(5)] = E[g1(5) — 92(5)].
call this
9(5)

If S is complete, since E[g(S)] = 0 we must have that g(S) = 0 with probability 1. Thus, we must have that
91(S) = g2(S) with probability 1. So, there can only be one function of a complete statistic that is unbiased

for 7(0)! (We will talk about the “with probability 1” statement in upcoming examples.)

Example 5.5.5 ]

We saw that S = > 7" ;| X is sufficient for the Bernoulli distribution, let us also show that is is complete.
Take any function g such that E[g(S)] =0forall 0 < p < 1.

Since S ~ Bernoulli(p), we can write out this expectation as

forall0 <p < 1.

Note that this is a polynomial in p of degree n (or < n depending on whether or not some of the coefficients

involving g are zero). It will have n (or less) zeros. That is, it will have n (or less) values of p that make it
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zero. However, we have assumed that it is zero for all p in the interval [0, 1]! Thus, it must be identically
zero meaning that all of its coefficients must be zero! This forces g(s) = 0 for each of s = 0,1,...,n.
While g might be non-zero for different values of s, we can conclude that g(S) = 0 “with probability 1”
since S = Y ;' ; X; will only take on values in {0, 1,...,n}. While it may be true that g(4.2) = 0, it is

not a problem since P(S = 4.2) = 0.

Therefore, S = Y7 ; X, is complete for the Bernoulli distribution.

Let’s try a continuous example.

Example 5.5.6 ]

We saw that S = X{,,) is sufficient for the unif(0, §) distribution, let us also show that is is complete.
Take any function g such that E[g(S)] = 0 for all § > 0.

Since S = X(,,) has pdf fs(s) = 9%3"_1 I0,9)(5), we have that

0 = E[g(S)] = [y g(s)Fs" " ds.

Pulling out n/6, this implies that
0
/ g(s)s"1ds = 0.
0

Taking the derivative of both sides with respect to 6 gives

g(®)" "t =o.

Since this has to hold for all # > 0, we can conclude that g(u) = 0 for all v > 0. Therefore,

Thus, S = X, is complete for the uni f(0, #) distribution.

(Again, note that we have not concluded anything about the value of g(u) for u < 0 but it is unimportant
since the maximum of uni f (0, #) random variables cannot take on these values. Since X(,,) is greater than

0 with probability 1 we at least have that g(X(,,)) = 0 with probability 1.)
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5.5.5 The UMVUE

UMVUE stands for Uniformly Minimum Variance Unbiased Estimator. In mathematics, the word “uniformly”
can be translated as “for all”. When estimating 7(6) with some estimator T/(E), the variance of @) will depend
on 6 which is unknown! If you you were to graph the variances of two unbiased estimators as a function of
0, you might see that one estimator is better (in the sense that is has smaller variance) for certain values of 6

while the other is better for other values of §. The UMVUE for 7(0) is the unbiased estimator that has smaller

variance than all other unbiased estimators for all values of 0!

We find the UMVUE for 7(0) using the Lehmann-Scheffé Theorem.

p
i} The Lehmann-Scheffé Theorem

Let X1, Xo,. .., X,, be arandom sample from a distribution with pdf f(x; @) and suppose
that S = 3()2 ) is a complete and sufficient statistic for this distribution. If g(.S) is some
function of S that is unbiased for 7(#) then g(.S) is the UMVUE for 7(0).

o Let S be complete and sufficient for this model and suppose that we have found a function g such that
E[g9(S)] = 7(0). Lehmann and Scheffé claim that this is the unbiased estimator with smallest variance.
Let’s check this claim.

o Let T be any other unbiased estimator of 7(¢). We want to show that Var[g(.S)] is smaller than Var[T].

o Case One: 7' is not a function of S.

In this case, we can use the Rao-Blackwell Theorem to compute 7% = E[T|S] to get another unbiased
estimator with strictly smaller variance than that of 7. Clearly then, 7" does not have smallest variance
and therefore is not the UMVUE.

(Note that, if Rao-Blackwellization is either going to reduce the variance or give something with the same
variance as 7'. In the proof of the Rao-Blackwell Theorem, we saw that if Var[T*] = Var[T] then we
must have that 7" = T but this can’t happen since 7™ is a function of .S and T" was assumed to not be a
function of S. This is how we know that T has a strictly smaller variance than 7'.)

o Case Two: T is a function of S.

Since S is complete, we know there is only one function of S that is unbiased for 7(#). So, T" (a function
of S) must be equal to g(.5).
o In summary, if g(S) is the unbiased estimator for 7(#) proposed by Lehmann and Scheffé and if 7" is any

other unbiased estimator, we have shown that either 7" does not have smallest variance or 7" = g(.5). We
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can’t do better than g(.5).

Example 5.5.7

Let X1, Xo, ..., X, be arandom sample from the Poisson distribution with parameter A. Find the UMVUE
for A.

By the Lehmann-Scheffé Theorem, we must do two things:

1. Find a complete and sufficient statistic .S.

2. Find a function of S that is unbiased for 7(\) = A.

In Example 5.5.4 we used the Factorization Criterion to find a sufficient statistic for this model. It was

S = 3", X;. Let’s see if we can show that S is also complete.!

In order to show that S = > ; X is also complete, we first note that S ~ Poisson(n)). So, if g is any
function such that E[g(S)] = 0 for all A > 0, then

7n/\(n)\

0 Zg _”*Zg

Thus,

forall A > 0.

o0
s=0 ’

This is a power series in A. In order to it to be zero for all A > 0, it must be identically zero. That, we
must have the coefficients a; = g(s)n®/s! equal to zero for all non-negative integers s. This implies that
g(s) =0fors=0,1,2,.... So, we have that g(.5) = 0 with probability 1 since .S is Poisson and can only

take on values in {0, 1, 2, ...}. Therefore, S is not only sufficient but complete as well!

We have shown that S = }"7 | is a complete and sufficient statistic for this model. To get the UMV UE for

A, we must find a function of S = Y ; X; that is unbiased for A. Trying S itself gives

E[S] = E[zn: X;] = nE[X1] = nA.
=1

So, 15 =1 S X = X is a function of the complete and sufficient statistic S that is unbiased for \. By

’T'L
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the Lehmann-Scheffé Theorem, we have that

P
Il
>

is the UMVUE for .

"We have talked about how there are many sufficient statistics for a model, including the vector-valued statistic that is the entire
data set. In Section 5.6 we will see a relationship between complete statistics and minimal sufficient statistics. This suggests that
we should look at a sufficient statistic with the lowest possible dimension if we are hoping to be able to show completeness!

Example 5.5.8 ]

Let X1, Xo,..., X, bearandom sample from the Poisson distribution with parameter \. Find the UMVUE
for \2.

We already know that S = > ; X, is complete and sufficient for the Poisson distribution model. By the

Lehmann-Scheffé Theorem, we need to find a function of S that is unbiased for \2.

Let’s try E[S?]. Recall that S ~ Poisson(n)\) so

E[S?] = Var[S] + (E[S])? = nA + (nA2).

We know that X = S/n is unbiased for A so we now have that

E[S?] = nE[S/n] + n?\? = E[S] + n?\?

Moving things around, we see that we can get A\? as the expected value of (S2 — S)/n?. Since this is a
function of the complete and sufficient statistic S that is unbiased for \?, it is the UMVUE for \? by the

Lehmann-Scheffé. Bringing this back to the X’s, we have that

8 (EXz‘)Z—ZXz“

)\UMVUE = 2
n

Example 5.5.9 ]

Let X1, Xo,..., X, be arandom sample from the Poisson distribution with parameter \. Find the UMVUE
for 7(\) = e
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We know that S = >"7* ;| X, is complete and sufficient for the Poisson distribution model. By the Lehmann-
Scheffé Theorem, we need to find a function of S that is unbiased for A2. We did this back in Example 5.5.4
using the Rao-Blackwell Theorem. Recall that the theorem has us starting with any unbiased estimator
of e~ and a sufficient statistic and computing an expectation. In the end, we get something that is still
unbiased for e~ and is a function of S. While the Rao-Blackwell Theorem didn’t need or mention complete

statistics, we have what we need for the Lehmann-Scheffé Theorem. We have a function of a complete and

= (n;1>52 <n;1) LXl'.

that is unbiased for e—*. Therefore, we have the UMVUE for e .

sufficient statistic:

5.5.6 Exponential Families: Finding Complete and Sufficient Statistics

‘We have been fortunate so far that our sufficient statistics found using the Factorization Criterion have also been
complete. However, there is a different kind of factorization of the joint pdf from which we can find statistics

that are sufficient and complete all in one step!

p
Definition 5.5.4

X1, Xo,..., X, is a random sample from a one-parameter exponential family if 0 is

one-dimensional and if X7, X, ..., X, has a joint pdf that can be written as
f(&;0) = a(0)b(Z) exp|c(0)d(Z)]

for some functions a(6), b(Z), ¢(0), and d(Z).

As the notation suggests, a and ¢ depend only on ¢ and not on & while b and d depend

only on & and not on 6.

There are some obvious conditions on the functions a(-), b(-), ¢(-), and d(-) that are needed to ensure that this
is a valid pdf. For example, we can’t have a of b identically 0 or we wouldn’t have a pdf since it would not

integrate to 1. As another example, if « is negative then b must be negative so that the pdf is non-negative.

Here is why we care about one-parameter exponential families.
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~N

p
ﬁ Theorem 5.5.1

If Xp, X5, ..., X, is arandom sample from a one-parameter exponential family

distribution, then S = d()_f ) is complete and sufficient for the distribution.

The sufficiency part of this claim follows directly from the Factorization Criterion for sufficiency since
f(#;0) = b(Z) - a(0) expc(0)d ()]
—~—

h( 9(s(%);0)
we can see that S = s(X) = d(X) is sufficient.

NS

The proof of the completeness part of this claim is much more difficult but we will give a very rough sketch of

the idea for the discrete case.

Let © denote the parameter space for the model. We give a sketch of the proof for the case where © contains

an interval.

o Suppose that f(Z;0) = a(0)b(Z) explc(f)d(Z)]. Without loss of generality, we assume that both a(6)
and b(Z) are positive.

o Consider the statistic S := d(X). Let’s find the pdf for 5.

P(S=3s) = P(d(X)=s)=P(X issuchthat d(X) = s)

where 7(s) := b(Z).
{Z:d(Z)=s}

o Now consider any function g such that E[g(.S)] = 0 for all § € ©. We then have

0=E[g(S)] =D _ g(s)a(0) r(s) explc(0) - 5]

forall 0 € ©.
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Factoring out a(#), this implies that

> _g(s)r(s)exple(9) - 5] = 0

s

forall € ©.

o Note that both r(s) and exp[c(f) - s| are strictly positive. If g(s) is not zero for all points in the range
of s = s(Z), g(s) will have to take on some positive and negative values over this set in a way such that
this sum is zero. This may be possible for one value of § or even multiple but countable values for 6.
However, if the parameter space © contains an interval, it is not possible for this sum to be zero without

g being zero for all @ € ©. Thus, g(.S) = 0 with probability 1.

This “one-parameter exponential family factorization” will work for most of our “nice known and named
distributions”. Distributions that are ruled out from the start though are ones which have the unknown parameter

in the indicator because we just can’t get the full separation of data (“x-stuff”’) and parameters that we need.

Example 5.5.10

Let X1, Xo,..., X, be arandom sample from the Bernoulli distribution with parameter p. Find a complete

and sufficient statistic for this distribution.

The joint pdf is
F(@p) = pi (1 — p)" 2% [ Loy (z:)
=1

which may be rewritten as

o (P
f@&p)= (1-p) gf{o,l}( i) <1 p>

113 LRI CE TS LE)
pure parameter” “‘pure data” “mixed part

which may again be rewritten as

f(@p)=(1-p)" ﬁ I3 (i) exp (Z IZ) In (lfp)
i=1 —_——

a(p)
So, by the “one-parameter exponential family factorization”,

S=dX)=>X;
=1
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Lis complete and sufficient for the Bernoulli distribution.

There is also an exponential family factorization for pdfs with k-dimensional parameters where & > 1.

p
Definition 5.5.6
X1, Xa,..., X, is a random sample from a k-parameter exponential family if 6 is
k-dimensional and if X1, X», ..., X, has a joint pdf that can be written as
k
F(&0) = a(0)b(Z) exp[Y_ ci(0)di(7)]
i=1

for some functions a(6), b(Z), c1(0), ..., cx(0), and di(Z), . . ., dx(Z).

(. J

Note that this definition does not require ¢; to be a function of 6; (the ith component of the vector 6). ¢;(0) is a

function of the vector § and could involve one, several, or all components of !

As in the one-dimensional 6 case, this exponential family factorization gives complete and sufficient statistics.

p
ﬁ Theorem 5.5.1

If X1, Xs,..., X, is arandom sample from a k-parameter exponential family distribution,
then S = (d;(X), dy(X),...dp(X)) is a vector of complete and sufficient statistics for the

distribution.

Example 5.5.11

Let X1, Xo,..., X, be a random sample from the N(u,c?) distribution where both parameters are

unknown. Find the UMVUEs for i and o2

By the Lehmann-Scheffé Theorem, we must find a (set of) complete and sufficient statistic(s) for this

distribution and then find functions of this (these) statistic(s) that are unbiased for y and o2

The joint pdf for the random sample is

F(#p,0%) = (2m0%) ™ exp [— 57 (@i~ m?]
=1
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which may be rewritten as

N _ 2
f(@p,0?) = (2m0?) ™ 2exp {—ﬁzw%r%zxi—n?%}

2
_ o 1 mu
(2702) ™% exp [—nwl S E :c?—F? E x| -

~~
c(0) d(E)  cy(0) d2(F)

a(0)

Here § = (u,02). By the “two-parameter exponential family factorization”, S = (3 X2, X;) is

complete and sufficient for the N (1, o2) distribution.

To get the UMVUEs, we must find functions of S that are unbiased for ;1 and o2. We already know these!

They are
=X - S X2 (TX)*/n _

- Y aIld O “UMVUE —
n n—1

S2

N R—
Humvue =

where S? is the sample variance, not to be confused with the S for the sufficient statistic.

Note that, in the previous example, we used both of the complete and sufficient statistics to estimate 2. In

general, you should NOT associate one statistic with one parameter and the other statistic with the other.

5.6 Minimal Sufficient Statistics™

Let X1, Xo,..., X, 4 i £(0,6). In Example 5.5.3 we saw three different sufficient statistics for this model.

They were
Sl = (X17X27 s aXn)a

S2 = (X1, X)),

and

Sg = X(n)

We talked about how these statistics are sufficient or “enough” to have when estimating ¢ or functions of 6 and,

therefore, that we can include additional statistics and still have sufficiency. For example,
n
Sy =Xy, X(n), > Xi)
i=1

is sufficient for this model.
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A minimal sufficient statistic is a sufficient statistic that does not include any extraneous information. Formally,

we have the following.

,
Definition 5.6.1

Let X1, Xo,..., X, have joint pdf f(Z;60). A statistic S is minimal sufficient
for this model if
o S is sufficient, and

e S is a function of every other sufficient statistic for the model.

In the unif(0, 0) example, the statistic S3 = X(y,) is a function of all of the data S; and is a function of Sa.
Specifically, in the later case,

S3 = g(X1), X(n))
where g(z,y) = y or g(z,y) = max(z,y).

Sometimes people will say that a minimal sufficient statistic is a sufficient statistic of minimal dimension. For
the uniform example, we went from an n-dimensional statistic to a two-dimensional statistic, to, ultimately, a
one-dimensional statistic X ,,). If we are down to one dimension (which isn’t always possible), we are down to
the lowest possible dimension and therefore X ,,) must be minimal sufficient. We will see that X, is, in fact,
minimal sufficient for this model but that this dimensionality argument does not satisfy the formal definition for
minimal sufficiency. As an example, consider a random sample of size 1 from the N (0, o) distribution. That
is, we have an X with pdf
1 _ 12

f(2:0%) = ———c %

vV 2ro?

As always, the entire sample which is X7 in this case is sufficient. We also know that X? is sufficient by the
Factorization Criterion or by one-parameter exponential family. Note, however, that X? is a function of X}
but the reverse is not true. We can not completely determine X; from X7 as it could be positive or negative.

Therefore, by Definition 5.6.1, X7 is not minimal sufficient even though it is a one-dimensional statistic.

We claim, however, that X7 is minimal sufficient when using a sample of size 1 from the N (0, o2) distribution.

This can be shown using Bahadur’s Theorem.

ﬁ Bahadur’s Theorem

| Is S is complete and sufficient then S is minimal sufficient.
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We prove Bahadur’s Theorem under the assumption that a minimal sufficient statistic exists. This is almost

always the case except for pathological examples [3].

o Let S be a complete and sufficient statistic for the model under consideration. We wish to show that S is
minimal sufficient and to do this we need to show that it is a function of any other sufficient statistic.

o Let M be a minimal sufficient statistic for the model under consideration. By definition, M is a function
of S.

o Consider the random quantity ¢(S) := S — E[S|M]. Note that this is a function of S since E[S|M] is a
function of M but M is a function of S. Thus, g(5) := S — E[S|M] is a function of S.
(Recall from Section 5.5.2 that E[ X |Y] is a function of Y".)

o Let’s take the expected value of ¢(5):
Elg(S)] = E[S — E[S|M]] = E[S] — E[E[S|M]] = E[S] — E[S] = 0
Since S is complete, this implies that g(.S) = 0 with probability 1, i.e., S — E[S|M] = 0 with probability
1.
o We now have that S = E[S|M]. The right-hand side here is a function of M so S is a function of M.

Let U be any sufficient statistic. By definition of M as minimal sufficient, M is a function of U. Thus,

S, which is a function of M is also a function of U. This shows that .S is minimal sufficient!

5.6.1 Sufficient Statistics as Partitions*

Let X, X, be a random sample of size 2 from a distribution that has support on the entire real line. Consider
the statistic 51 = X1 + Xo. When S; is observed as, for example, s; = 1, this can be visualized as the red line

in R2 as depicted. When s; = —1, we get the blue line.

288



5.6 Minimal Sufficient Statistics™

As we run over all s; € R, we will cover the entire plane with none of the lines intersecting. This is a way to

partition the plane into an uncountable number of disjoint sets.

Consider now the two-dimensional statistic Sy = (X7 + X2, X (2)) where X (5) = max (X1, X2). Suppose that
the statistic is observed to be s = (1,0.6). This means that either 1 = 0.6 and 29 = 0.4 or that z; = 0.4 and
xo = 0.6. That is, the observation of s, = (1, 0.6) corresponds to two points in the plane. This single observed
value of Sy corresponds to two points in the plane. As we run over all s, € R?, we will again partition the
plane, this time into an uncountable collection of sets each consisting of 1 or 2 points. Note that this is a finer

partition than the one given by S1. The partition given by S is coarser.

Let X7, Xs, ..., X, have joint pdf f(Z;6). A minimal sufficient statistic for this model

will give the coarsest (if it exists) partition of R™ among all sufficient statistics.

Finding a minimal sufficient statistic with an exponential family distribution is easy because it gives us a
complete and sufficient statistic. We then Bahadur’s Theorem to conclude that it is minimal sufficient. (Again,
this all requires the existence of a minimal sufficient statistic but they almost always exist.) If a distribution is not
an exponential family distribution, we might use the Factorization Criterion to get a sufficient statistic, show it
is complete by the definition of completeness, and then use Bahadur’s Theorem. If we feel uncomfortable with

the statement “they almost always exist” and do not want to use Bahadur’s Theorem, there is another option.

P
ﬁ Theorem 5.6.1

Suppose that X7, X», ..., X, have joint pdf f(Z;6).

If a statistic 7' = ¢(X) has the following property:
f (@ 6)
f(y;0)

then T is a minimal sufficient statistic.

is f-free & t(Z) = t(y)

Assume that T' = t()? ) is a statistic with the property
f (@)
f(5:0)

is f-free & tH(Z) = t(y).

!

For the rest of this proof, we will call this “the property".

Sufficiency
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o Partition the support of f(Z;0) using t(Z). Let
Ay = {&: t(Z) =t}.
o Use the axiom of choice to select and fix one representative point Z; from each A;.

o Note that

rTed & t@=t < ft(f) c A
That is, for any 7 in the support of f(;0), Zy(z) is in the same partition set as 7.
o Since Ty is in the same partition set as 7, they both evaluate to ¢ under the function #(-). That is,

t(T) =t = t(Tyz))-

Thus, by “the property” we know that f(%;0) = f(Zyz);0) is 0-free. Call this ratio h(Z):

o We now have

f(&;0) = h(T) f(%yz);0)-

Note that a given ¢ leads to an associated set A; which leads to the representative point 7y = Z;(z). This

means that 7 z) is a function of ¢ = (7).

o So, we have the joint pdf represented as a function of Z times a function of ¢(Z). By the Factorization

—

Criterion, we have that 7" = t(X) is sufficient for the model.

Minimality

o Let S = s(X) be any other sufficient statistic. We need to show that ¢(Z) is a function of s(Z). To show

this, we need to show that

for some functions A and g.

o Now,
[(@0)  W@)g(s(Z);60)  h(F)

F(@:0)  n(@) g(s(5);0)  h(D)
since s(Z) = s(¥). Thus, we have that f(Z;0)/f(7;0) is O-free.
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o By “the property” we must have ¢(Z) = (). In other words, starting with s(Z) = s(%) produced the

result ¢(Z) = ¢() and so we have shown that ¢(Z) is a function of s(Z).

Since S = S(X' ) was an arbitrary sufficient statistic, we have that 7" is minimal sufficient, as desired.

5.7 Ancillary Statistics and Basu’s Theorem

Suppose that X1, Xa, . .., Xn "4 N(u, 02) with o2 known. Let S2 be the sample variance. We know that

(n—1)52

2
~Y — 1 .
< xX“(n—1)

Since o2 is known, the left-hand side is just a function of the data and is therefore a statistic. Note that the

distribution of this statistic does not depend on any unknown parameters.

Definition 5.7.1

A statistic whose distribution does not depend on any unknown parameters

is said to be an ancillary statistic.

An ancillary statistic is, in some sense, the opposite of a sufficient statistic since a sufficient statistic contains all
of the information about the parameter(s) of a model while an ancillary statistic contains no information about
the parameter(s). We will soon seen that ancillary statistics can be useful for arguing the independence of some

random quantities. Thus, it would be nice if we had a quick way to identify some ancillary statistics.
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5.7.1 Location Parameters and Location-Invariant Statistics

p
Definition 5.7.2

0 is said to be a location parameter for a distribution if the pdf f(x;6) can

be written as

f(@;0) = fo(z —0)

for some function fy which, as the notation suggests, does not depend on 6.

As an example, y is a location parameter for the N (y, 02) distribution.

p
Definition 5.7.3

A statistic T' = t(X) is a location-invariant statistic if

t(xy+c,za+c,...,xn+c) =t(x1,22,...,2p)

for all ¢ € R.
J

Example 5.7.1 ]

Let X1, Xo, ..., X, be arandom sample from any distribution. Let Y; = X; +cfori =1,2,...,n. Then

Y=X+c
The sample variance for the Y’s is equal to the sample variance of the X’s since

Y (Yi-Y)? VL (Xt - (X -0 YL (X — X)
n—1

n—1

S? =

n—1

Thus, the sample variance is a location-invariant statistic!
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ﬁ Theorem 5.7.1

Let X, Xo, ..., X,, be a random sample from a distribution with pdf f(z;0).

If 0 is a location parameter and 7' is a location-invariant statistic, then 7" is ancillary.

Suppose that X1, Xs, ..., X, is a random sample from a distribution with pdf f(x;€) where 6 is a

location parameter:

f(x;0) = folz —0)

for some fj.

o Consider the transformation Y; = X; — 6 fori =1,2,...,n.

We will find the joint pdf of Y7, Y5, ..., Y, using the Jacobian method.

o We have
y1 = gi(w,w2,...,2,) =21 — 0
y2 - 92(1‘1,1}2,...,.%”):1’2—9
Yn = gn(xlax%“-:l'n):xn_ea
and so
1 = g (WY n) =Y+ 0
o = 05 (Y1, Y2 Yn) =y2 + 0
Tp = g;l(ylayQa”'ayn):yn—'_e-

(As areminder, g; L is not the inverse of the g; function but when we solve the system for z; as a function

of y1,¥2, - - - , Yn, we will call that function g; *.)

o The Jacobian of this transformation is

Oz1 Qx| Oz1
dy1 Oy OYn,
Ovy  Omy . Oxo
J _ 0y1 0y2 OYn -1
Oz Oxy ... Oz
3@/1 3@/2 8yn
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because the matrix is the identity matrix.

o The joint pdf for Y1, Y5, ..., Y, is given by

IviYar Yo (YL Y25 -5 Yn)

o The joint pdf for Y1, Y5, ..., Y, is

P Yoo (U120 Un) = Fx0 Xar X (97 (D), 93D -9 (D) - 1]

= o @):0) Floz @:9) - g ():0) - 1]
= fyr+0:0)f(y2+0:0) - f(yn + 6:0) - 1]
= Sfoly)fo(y2) -+ fo(yn)-

We see that the joint distribution of Y7, Y5, ..., Y, does not depend on 6.

o Let T = #(X) be a location-invariant statistic.We have

T:t(Xl,XQ,...,Xn):t(Y1+0,}6+9,...,Yn+9):t(Yl,}/é,...,Yn).

The last equality is because 1" is a location-invariant statistic.
Since T' = t(Y1,Y2,...,Y,) and the distribution of the Y’s does not depend on 6, we see that the

distribution of 7" does not depend on 6. Thus, 7" is ancillary, as desired.

Example 5.7.2

Suppose that X1, Xo, ..., X, is arandom sample from the shifted exponential distribution with rate 1 with
pdf
f(x;0) = e~ (@=0) I(6,00) (z).

Clearly 6 is a location parameter as we have

f(@;0) = fo(z —0)

where fo(7) = 7% I (g o0)(z). (Note that [ o) (z — 0) = I (g o0)(7).)
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The sample variance

im(Xi - (X))?
n—1

% =

is location-invariant and therefore ancillary for this location parameter model. As another example, the

sample range
Xy — Xq)

is also location invariant (since the distance between the maximum and minimum is unchanged when all

data is shifted by some amount) and is therefore ancillary for this example as well.

5.7.2 Scale Parameters and Scale-Invariant Statistics

)
Definition 5.7.5

0 is said to be a scale parameter for a distribution if the pdf f(x; ) can be

written as

1
f(z;0) = 5f0(1"/9)
for some function fy which, as the notation suggests, does not depend on 6.

6 is an inverse scale parameter if the pdf f(x; ) can be written as

f(@;0) = 0fo(0).

As an example, A is an inverse scale parameter for the exp(rate = \) distribution. As

Fl@iA) = Ae™ (g ooy (@)

can be written as

f(@;A) = Afo(Ax)

where fj is the pdf of the exp(rate = 1) distribution.
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~N

p
Definition 5.7.6

—

A statistic T' = ¢(X) is a scale-invariant statistic if
t(cxy, cxa, ... cxy) = t(x1,z2,...,2y)

for all ¢ > 0.

e N
{} Theorem 5.7.1
Let X1, Xo,..., X, be arandom sample from a distribution with pdf f(z;6).
If 0 is a scale (or inverse scale) parameter and 7" is a scale-invariant statistic,
then 7' is ancillary.
(G J

The proof of Theorem 5.7.7 is very similar to the proof of Theorem 5.7.4 and we leave it as an exercise for the

reader.

Example 5.7.3 ]

Suppose that X1, Xo, ..., X, is a random sample from the I'(2, 3) distribution. Note that /3 is an inverse

scale parameter since

f@:8) = BPae P I o (x)
= B(Bz)e P I(9,00) ()
= B(Br)e " I o) (Br)da  (since 5 > 0)

= Pfo(Bx)
where fo is the pdf for the I'(2, 1) distribution.

Consider the statistic

T = ——.
Xq)

This statistic is scale-invariant because if we multiply all of the X; by a constant, the new sample mean

is the original sample mean multiplied by the constant. Similarly, the new minimum is the old minimum

multiplied by the positive constant. Specifically, if we define ¥; = cX; for 7 = 1,2,...,n and some
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positive constant c then

Y cX X
Yoy  Xay Xy

By Theorem 5.7.7, we have that T' is ancillary. This means that the distribution of 7" does not depend on

the unknown parameter [3.

5.7.3 Basu’s Theorem

So, what can we do with these ancillary statistics? As previously mentioned, an ancillary statistic is, in some
sense, the opposite of a sufficient statistic since a sufficient statistic contains all of the information about the
parameter(s) of a model while an ancillary statistic contains no information about the parameter(s). Indeed, we

have two interesting theorems.

p
ﬁ Theorem 5.7.1

Let X3, Xo, ..., X,, be arandom sample from a distribution with pdf f(z;0).

Suppose that .S is sufficient and 7" is any statistic that is independent of S. Then T’

is ancillary.

Suppose that .S is sufficient and 7" is any statistic that is independent of S

o Since S is sufficient, the conditional joint distribution of the X; given S = s:
Fx5(@s:9)
is O-free.
o In condensing the information in (X1, Xs,...,X,,) into a statistic T" = ¢(X1, Xo, ..., X,) (possibly

vector-valued and made up of multiple statistics), we are not going to gain any information about 6.

Therefore, the conditional distribution of 1" given S'

fris(tls)
is O-free.

o Since T is independent of S, we have that
fris(tls) = fr(t).

Thus, fr(t) is 6-free and T is ancillary.
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Being able to establish independence of certain statistical quantities is immensely important in statistical
computations. It would be amazing if we could reverse Theorem 5.7.8 to say that sufficient statistics are

independent of ancillary statistics? We can do just that if we throw in completeness.

ﬁ Basu’s Theorem

Let X, Xo, ..., X,, be arandom sample from a distribution with pdf f(z;0).

If S is complete and sufficient and 7" is ancillary, then S and 7" are independent.

o Consider the following function of the random variable S:

9(S8) = fr(t) — frs(t]S).
Here, fr(t) is the marginal pdf of 7" and f75(t[s) is the conditional pdf for 7" given S. Note that the

conditional pdf is being evaluated at a random variable and f7g(t[S) is, itself, a random variable.

o We take the expectation of this function. Note that since S is the only random quantity, we take the

expectation with respect to the distribution of .S.

Elg(S)] = Elfr()] - Elf7)s(¢]S)]
= fr(t) — E[frs(t|S)]  (fr(t) is not random)

= fr(t) — [% fris(tls) fs(s) ds

= fr(t) = 2% 258 fo(s) ds
= fr(t)— [ frs(t,s)ds

= fr(t)— fr(t) =0

o Since S is complete and E[g(S)] = 0, we must have g(S) = 0 with probability 1. This means that

fr(t) = frs(t9)
with probability 1.
In other words,

fris(tls) = fr(t)

for all possible values of S. This implies that .S and 7" are independent!
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Example 5.7.4 ]

Suppose that

X17X27"'7Xn%iN(M>O’2)

where o > 0 is known.
Show that the sample X is independent of the sample range X (n) — X(1)-

Intuitively, these should be independent since the sample mean is a measure of location for the data set.
You can shift the entire data set to the left or right and the sample mean will shift right along with it. The

sample range, however, will remain unchanged.

The pdf is
1 —H-n?
Til) = ————=e o2 .
faw = 7=
The joint pdf is
f@&p) = (2m0®) "% expl—g0 Yy (zi — p)°

= (2r0?) 2 exp [~ 5k (D0 X2 — 2000 X+ nyi?) |

o2

= (2#02)_”/2 exp [—”—“2} - exp {—ﬁ Sy Xﬂ . [—% i nXi} .

Remember, o is known and just a number. We have a one-parameter exponential family factorization with

_ (2m0?) " exp |
a(p) = (2m0%) exp[ ]

1 n
b(F) = exp [— XE] ,
and

(Note that the (27r02)~"/2 could have been made part of b(%) instead of a(y).)
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By one-parameter exponential family factorization, we have that
n
S=dX)=>X;
i=1

is complete and sufficient for this model.

1 1s a location parameter since

flip) = folz —p)
where fo(z) is the pdf of the N (0, o) distribution.

The sample range is a location invariant statistic since adding or subtracting a constant from all data points
will not change the distance between the maximum and minimum values. So, by Theorem 5.7.4, we know

that X,y — X(q) is ancillary.

By Basu’s Theorem, we know that the complete and sufficient statistic >_;- ; X; is independent of an
ancillary statistic X(,,) — X(q). Putting a 1/n in front of the sum is not going to induce dependence. If
we prefer a more concise statement, we may write the exponential family factorization so that d()z =X

1

is the complete and sufficient statistic.! So, we have shown that X is independent of the sample range

Xy — X

'A complete and sufficient statistic is unique up to one-to-one transformations.

5.8 Postscript: The Multi-Dimensional Cramér-Rao Lower Bound

So far we only have the Cramér-Rao lower bound for one-dimensional 6 or (). It’s time to “kick it up a notch™!

5.8.1 Higher Dimensional Expectation and Variance

For a random vector X = (X1, Xo,...,X,)T, of not necessarily iid random variables, where E[X;] = p;, the

expectation is defined componentwise:

x| [Ex) ] [
. X E| X
i—=E[X]=E .2 _ ['2] _ |
_Xn_ _E[Xn]_ | Hn |

The expected value of a matrix of random variables is also defined componentwise.
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The variance of X is defined, analogous to the one-dimensional case, as

Var[X] = E[(X = i)(X - @)").
Note that this is an n X n matrix whose (4, j)-th entry is
E[(Xi — i) (X5 — py)] = Cov(X;, Xj).
The entries on the diagonal are the variances of the individual X;.

This matrix is called a variance-covariance matrix of X, or, sometimes more simply the covariance matrix,

or even the variance of X.

Example 5.8.1 ]

Suppose that X1, X», ..., X, areiid with common variance 0. Since they are independent, Cov(X;, X j) =
0 for i # j and the variance-covariance matrix of X = (X1, Xo,... ,Xn)T is o2 times the n x n identity
matrix.

It is routine to show that Var[X] can also be written as
Var[X] = E[XXT] - gi”

analogous to the similar formula for one-dimensional variance.

As another analogy, recall that “constants come out of variances squared”. For an n x 1 random vector X and

an m X n matrix of constants A, we can show that

Var[AX] = AVar|X] AT,

A fun (and useful!) fact about variance-covariance matrices is that they are all non-negative definite. This
means that if V' = Var[X ] then @' V@ > 0 for any n x 1 vector @. The reason this must be true is because the

variance of a one-dimension random variable such as } ;" ; a; X; must be non-negative. So, we have that

n n n n n
0< Var[z a; X;] = Cov( ZazXZ, Z a; X Z Z a;a;Cov(X;, X;) = Z Z a;ajv;j = a'va.
i=1j=1 i=1j=1

=1 7=1

In the one-dimensional case, if the variance o is equal to zero, we have a degenerate case where our random

variable is actually a constant. Unless we mean to talk about such a case, we generally assume that 02 > 0. In
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higher dimensions, we would like to have @’ V@ strictly greater than zero for any n x 1 vector @ # 0. In this
case we say that V' is positive definite. A positive definite matrix has the benefit of being invertible and having

a strictly positive determinant.

5.8.2 The Multivariate Normal Distribution

The multivariate normal distribution is extremely important in statistics so it may seem odd that we would put
it in one of these “optional reading postscript sections” and also spend so little time on it. The reason for this is

that we will not need the distribution for anything in this text outside of this postscript section.

A random vector X = (X1, Xo,..., Xn)T is said to have a multivariate normal distribution if the joint pdf for
the X is
1
F@ V) = @r) VI exp | =2 (7 = (VT - i) (5.8.11)

for some n x 1 vector p and a positive definite matrix V.

We write X ~ MV N(i, V), or sometimes X ~ MNV,,(, V), or sometimes even X ~ N (i, V).
For X1, Xa, ..., Xn "4 N(u,0%), we have that

X ~MVN(i,V)
where i = (i, pt, ..., )" and V = 021 where I is the n x n identity matrix.

In Section 0.10 of Chapter 0 we saw that if X; and X; are independent then C'ov(X;, X;) = 0. We also saw an

example that showed that the reverse is not necessarily true. However, if X;, Xo,..., X, are normal random

—

variables with Cov(X;, X;) = 0 for all pairs {(,5) : 1 < i,j < n,i # j}, then V = Var[X] is a diagonal

matrix (zeros off the diagonal) and the pdf in (5.8.11) factors, revealing that X7, X, ..., X,, are independent.

In general,

Cov(X;, X;) =0 = X; and X are independent.

In general,

X; and X are independent > Cov(X;, X;) = 0.

If X; and X are normal random variables,

Cov(X;,X;) =0 & X; and X are independent.

We are now ready to consider the multi-dimensional Cramér-Rao lower bound.
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5.8.3 The Multi-Dimensional Dimensional CRLB

Suppose that X;, Xs,...,X,, are one-dimensional random variables with joint pdf f(z;6). Let X =

(X1, Xa,...,Xn)T. Then X is a random vector.
Suppose that § is a p x 1 vector of parameters.®
Suppose that we wish to estimate some
7(0) = (11(0), 72(0), . .. ,Tq(0))T.
To summarize,

o Xisnx1

e Aispx1

o 7(0) = (11(0),72(0),...,74(0)) T isg x 1

o T =t(X) = (t1(X), t2(X),..., tq()_('))T is an unbiased estimator of 7(6).

Note that the expectation of a vector-valued random variable is taken componentwise, so this last bullet is saying

that i i i i i )
t1(X) E[t1(X)] 71(0)

e g | 20 | | B | _ 0| _
L tq(X) ] L E[tq(X)] ] L Tq(e) ]

Under certain “regularity conditions” (to be explored in the upcoming proof), we have a matrix-vector version

of the Cramér-Rao lower bound.

Var[T] > <67> [1.(0)] ! (&)T (5.8.12)

Here,

o Var[T]isaq x q variance-covariance matrix,

9We apologize for the consistent inconsistency. We have always used x for a scalar variable and Z for a vector. On the other hand, we
have not been writing 6 even if 0 is vector-valued. This was an intentional decision for “reasons”.
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ar - . . . .
o g is aq x p matrix of partial derivatives
[(om on .. om ]
001 002 00y
O 92 ., Om
or | a0, a6, a0,
89 . . . ?
Org 07q 97
L 061 002 20,

and

o I,(0) is a p x p symmetric Fisher information matrix with (7, j)th entry equal to

0 _ d . 0 >
E [(891111]?()(;90 <&0j1nf(X;9)>] =-E lmlnf(X;e)] :

Note that if p = 1, this matrix is a scalar and equal to the Fisher information as defined for a one-

dimensional 6 in Section 5.3.

The inequality in 5.8.12 is not componentwise inequality. For same-sized square matrices A and B, we are

using the notation

A>B

to mean that the matrix A — B is non-negative definite. (Recall that this means that the scalar 7 (A — B)# > 0
for every appropriately sized vector Z.) One property of non-negative definite matrices as that the diagonal
entries are all positive and, indeed, one can show that the diagonal entries of the CRLB matrix are in fact lower
bounds of the variances of the components of t()? ). The off diagonal entries, while lower bounds for covariance

terms, are not particularly interesting until we use the CRLB as an asymptotic variance-covariance matrix for

MLE:s.

5.8.4 Proof of the CRLB

We will now prove the multi-dimensional CRLB result given in (5.8.12).

o Recall the one-dimensional CRLB proof where we showed that

7(0)=E [(t(}?) - 7(9))) (ge 1nf()2;9))] . (5.8.13)

and used S(X, #) to denote the score function:

S(X,0) = %mf()?;e).

Since E[S(X, )] = 0, (5.8.13) can be rewritten as
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7(0) = Cov(t(X) — 7(0), S(X,0)).

Since 7(0) is a constant, we can further simplify this to be

7(0) = Cov(t(X),S(X,0)).

We can use the same procedure that we used for showing (5.3.1) in the one-dimensional case to show that

() = E[ (1500 = 70)) (5 ms(K:0))]

With our new observations about writing this as a covariance, we have

0

%Tj(e) = Cov(tj(f), Sz(Xv 9))

where

. 9 .
(X,0) = —1In f(X;0).
Si(X.0) = 55 In f(X:6)
Let S(X,0) = (S1(X,0),85(X,0),...,S,(X),07.
Let A be a ¢ x p matrix of constants.

Since variance-covariance matrices are all non-negative definite, we have that

Var[t(X — AS(X,0))] > 0.

gx1

axq
(As in the statement of the CRLB, inequality here means that the matrix is non-negative definite. It does

not mean that all elements are non-negative.)

Recall that, for random variables X and Y,
Var[X = Y] =Var[X]|+ VarlY] —2Cov(X,Y).

The higher-dimensional analogue here is

0 < Var[t(X —AS(X,0))]
= Var[t(X)]+ Var[AS(X,0)] — 2Cov(t(X), AS(X,0))
= Var[T]+ AVar[S(X,0)AT — 2Cou(t(X), AS(X,0)).

Note that Var[S(X,0)] is a p x p matrix whose (i, j)th entry is
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—

Cou(Si(X,0),5;(X,0)) = E[Si(X,0)8;(X,0)] — E[Si(X,0)]-E[S;(X,0)]

0 0

= E[(Hmf(X;0) (50-mf(X:0)].

That is, we have that

Var[S(X,0)] = L,(0).

So, we have that
Var[T] + AL,(9) AT — 2Cou(t(X), AS(X,0)) > 0.
The (i, j)th entry of the ¢ x ¢ variance-covariance matrix Cov(t(X), AS(X, 0)) is
E [6(X) Sy anSk(X.0)] = Y7 apElt(X)Sk(X,0)]
= 3P ajCou(ti(X), Sk(X,0))

= Yk ajka%kﬂ'(e)
from the first bullet in this proof.

Thus, we have that

Cov(t(X), AS(X,0)) = ag(:) AT,
In summary, we have
v ,01(0) 7
Var(T] + AL (6)AT — 2752 AT > 0. (5.8.14)

As 5.8.14 holds for any ¢ x p matrix A of constants, it holds if we specifically take

A=

Now (5.8.14) becomes

Varlt]+ 001 Lo (Th) - 225 (@ () >

identity =I(0)~1

This becomes

T T
Var(T] + or(0) (1, (6)] ! (87’(6)) B 28;(90)In(9)_1 ((97’(9)) >0,
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Varlz] > (57) 10,0 (;)T

which implies that

as desired.

5.8.5 A Computational Example

Suppose that X1, X, ..., X,, is a random sample from the N (1, o2) distribution. Let us find the CRLB for the

variance of all unbiased estimators of § = (u, o).

The pdf is
! (a—)?
:[;7 s = —€ 202 B
Fap,o7) = 70—
The joint pdf is
F(# 1,0%) = (V2ro?) 2657 iz (0h)
The log is

1 n
In f(i; p, 0%) = —§ln (2mo?) 2—2 )2

The (1,1) entry of the two-dimensional Fisher information matrix:

The derivative with respect to p is
0 - 1 &
87L In f(%; p, 0 ) g

The (1, 1) entry of the two-dimensional Fisher information matrix will be

2 n 2 n 2
E l(@a,tzlnf(X;M’UZ)> ] =E [(;;(Xi_ﬂ)> ] = (U]é)QE {(Z;(XZ_M)) }

That sum squared can be written as a double sum and the double sum can be pulled out of the expectation.

When j # i, X; and X; are independent so we have

E[(X; — ) (X; — )] = E[X; — p] - E[X; —p]=0-0=0.

We have n cases where j = 7 and we get
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E[(X: — p)(X; — )] = E[(X; - p)?] = VarlX)] = o*.

In summary, the (1, 1) entry of the two-dimensional Fisher information matrix will be

The (1,2) and (2,1) entries of the two-dimensional Fisher information matrix:

We wish to compute

0 0 >
El|l-=——Inf(X;pu0?)]|.
80’28N nf( 7/’1/70—)
Note that
o 0 . 9 0 1 & 1 &
@@mf(ﬂf; p,0°) = 902 o2 ;(% —p) = _(02)2 ;(ﬂfz — ),
so we have the (1,2) and (2, 1) entries as
1 & 1 -
- ~ (02)2 E(Xi —H| = 7(02)2E[2(Xi —ml=0
i=1 =1
The (2,2) entry of the two-dimensional Fisher information matrix:
The derivative of the log-likelihood with respect to o2 is
0 . 9 n 1 1 & 9
wlnf($;ﬂ7a ) = _§§ + 2(0_2)2 ;(xl - /’L)

Thus, the (2, 2) entry of the two-dimensional Fisher information matrix will be

2 n n 2
E [(;ﬂlnf(X;M?UQ)> ] =E [(2(;2)2 '—1(Xi _M)Q - M) ]
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() €| (B0 |- o) v

i=1

Note that
X1—p
o

2
Varl(X, — p)?) = Var [02 (&) ] — (0)Var[W] = 2(0)?
since W, as the square of a N(0, 1), is x?(1).

Putting it all together, we have the (2, 2) entry of the information matrix as

In summary, the Fisher information matrix is

o 0
L(0)=1|°
0 ooy
The inverse of this diagonal matrix is simply
0.2
Z 0
-1 __ n
O = | 7 gy

If we are estimating 7(6) = 7(u, 02) = (u, 02)7, the CRLB is
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5.8.6 The Asymptotic Distribution of Multi-Dimensional MLEs

Suppose that X1, Xo, ..., X,, is a random sample from a distribution with pdf f(z;6) where 6 is a p x 1 vector
of parameters. Let §n be a p x 1 vector of maximum likelihood estimators computed as in Example (5.2.4)

where we had p = 2.

Under certain “regularity conditions”, we still have that

6, X" N (6, CRLBy)

only now it means that

G
0, — 0 .
vl & NG, [1.(0)]7)
L é\p—ﬁ J

This is a joint convergence in distribution result meaning that a multi-dimensional cdf is converging to a

multi-dimensional cdf.

Chapter 5 Exercises
1. Suppose that X1, Xo,..., X, 4d uni £(0,6). Find an MME (method of moments estimator) of 6.
2. Suppose that X, Xo,..., X, ud Pareto(y). Find an MME (method of moments estimator) of ~.
3. Let X, Xo,...,X,, be a random sample from the Beta(a,b) distribution. Find MMEs (method of
moments estimators) for a and b.

4. Let X3, Xo, ..., X, be arandom sample from the distribution with pdf

fa:0) = mxeﬂ(l o) oy(@)

Find the method of moments estimator (MME) of 6.

5. Let X1, Xo, ..., X, be arandom sample of size n from a distribution having pdf

2
f(z:0) = 9*2 Tio.0().

(a). Find the MME (method of moments estimator) for 6.
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6.

10.

11.

(b). Find the MLE for 6.
(c). Find the MLE for the median of the distribution. (Note: The median for X is the value £ such that
P(X <€) =1/2)

(d). Compare the variances of your estimators from parts (a) and (b). Which one is better?
Let X, Xo,...,X,, be a random sample from the I'(«, 3) distribution. Suppose that « is fixed and
known.

(a). Find the MME of 3.

(b). Find the MLE of 3.

(c). Which estimator (MME or MLE) has smaller variance.

(d). Show that your MLE is a consistent estimator of 3. (Do not just quote the result we have that says

the MLEs are always consistent estimators.)

. Suppose that X1, X, ..., X, is a random sample from the Pareto(y) distribution.

(a). Find the MLE (maximum likelihood estimator) for .
(b). Find an unbiased estimator of « based on the MLE from part (a).
(c). Show that your MLE is a consistent estimator of . (Do not just quote the result we have that says

the MLEs are always consistent estimators.)

. Let X3, Xo,..., X, be arandom sample from the shifted exponential distribution with pdf

flx; N, 0) = e Mz=0) I(9,00) ()
for A > 0 and —oo < 0 < 0.
(a). Find the MME:s of A and 6.
(b). Find the MLEs of \ and 6.

(¢). Compare the variances of your two estimators of 6.

. Let X1, X3, ..., X, be arandom sample from the continuous distribution with pdf

fa;0) = mf(o,l)(x)

Here, 0 > 0.
(a). Find the MLE for 6.
(b). Find the distribution of ¥; = — In(2X; — X?). Name it!
(c). Show that the MLE you found in part (a) is an asymptotically unbiased estimator of 6.
Let X1, X9, ..., X, be arandom sample from the Pareto distribution with parameter ~.
(a). Find the Cramér-Rao lower bound (CRLB) for the variance of all unbiased estimators of ~.
(b). Does your unbiased estimator of v from Problem 2b achieve the CRLB? (If so, we say that it is an
efficient estimator of ~.)

Let X1, Xo,..., X, be a random sample from a continuous distribution with pdf f(x;0y). Let £,(0)
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12.

13.

14.

15.

16.

17.

be the corresponding log-likelihood function. (Here, 6 is used to emphasize the one true value of the
parameter while we are thinking of 6 as a variable in the likelihood function.)
(a). Show that
0,(6) 5 El f (X0 0)]

(b). Show that E[In f(X1;0)] < E[ln f(X1;6p)] for all 6 in the parameter space.
(c). When is the inequality strict?
Let X1, Xo,..., X, be a random sample from the exponential distribution with rate A. Recall that the
MLE for A is A = A, = 1/X.
(a). Show directly, without quoting properties of MLEs, that An is asymptotically efficient.
(b). Find the asymptotic distribution of An. (Here you may use any known properties of MLEs.)
Let X1, Xo,..., X, be arandom sample from the Poisson(\) distribution. Verify that S = >""" | X is
a sufficient statistic from the definition of sufficiency. (i.e. Do not use the Factorization Criterion.)
Let X1, Xs, ..., Xn % N(u,02).
(a). If pu is unknown and o2 is known, show that 3> ; X; is sufficient for . Argue then that X is also
sufficient for .
(b). If uu is known and o2 is unknown, show that 37 ; (X; — u)? is sufficient for o2.
(c). If p and o2 are both unknown, show that >°% ; X; and Y7 ; X2 are jointly sufficient for ;2 and o2.
Argue then that X and S? are also jointly sufficient for ; and o2,
Let’s see the Rao-Blackwell Theorem in action!
Let X1, Xo,..., X, be a random sample from the Poisson distribution with rate \. We wish to find an

unbiased estimator of 7(\) = e~*. In Example 5.5.4, we found two. They are

_ _ 1\ Zim X
7'1()\) = I{X1=O} and 7'2(/\) = (n ) ' .

n
(a). Verify that T/(\/\) is still unbiased for e~ *.
(b). Compute and compare the variances of 71/(\>\) and 7;(\)\)
Let X1, Xo,..., X, be a random sample from the geometric distribution (the one starting from 0) with
parameter p. The goal here is to find an unbiased estimator of p. Note that p is not the mean of the
distribution and so this is not so easy!
(a). Find a one-dimensional sufficient statistic for p.
(b). Find an unbiased estimator for p based on X alone.
(c). “Rao-Blackwellize” your estimator from part (b) to come up with an unbiased estimator for p based
on the entire sample. (This time, you can trust the Rao-Blackwell Theorem to give you an unbiased
estimator and do not need to verify unbiasedness.)

Let Xy, Xo, ..., X, be a random sample from the unif (0, §) distribution.
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(a). Show that
o 0 ) 4 09 )
5 [ 1@odzz [ i@ 0)di

(b). Equality of the integrals in (a) was key to our proof of the Cramér-Rao lower bound. Show that
the CRLB for the variance of all unbiased estimators of € does not apply for this distribution by
exhibiting a “supereflicient” unbiased estimator for 6.

18. Let X be a continuous random variable with pdf f. Suppose that g; and g are two functions such that

E[¢?(X)] < oo and E[g3(X)] < co. Show that

(Elg1(X) g2(X)])* < E[gf(X)] - E[g5(X)].
(Hint: Look at the proof of the Cauchy-Schwarz inequality given in this Chapter.)
19. Suppose that X7, Xo, ..., X, is a random sample from a distribution with pdf f(Z;6) where 0 is a scale
parameter. Let T = t()Z' ) be a scale-invariant statistic. Show that 7" is ancillary.

20. Suppose that X7, Xo,--- , X, ud I'(a, B) for a > 0 fixed and known. Consider the statistic

(a). Show that 7' is independent of X.
(b). Use part (a) to find E[T'] when o = 1.
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Chapter 6 General Hypothesis Testing

In Chapter 4, we had a taste of hypothesis testing. However, we were limited in what distributions we could
handle and we had to guess what statistics we should base our tests on without any real explanation other than “this
seems like a good idea”. We could only handle hypotheses involving the comparisons in {=, #, <, <, >, >}.

In this Chapter, we will generalize our techniques and, to that end, we must first generalize our notation.

6.1 Language and Notation

As usual, we use 6 to denote a generic parameter of interest and © to denote the parameter space. Let ©g C ©
be some subset of the parameter space.

A general set of hypotheses looks like this:

Hy:0e€ 0 versus H,:0€0)\06,.

The backslash here is the “setminus” notation. © \ Oy is everything that is left in © if you remove all of the
elements of ©. It can be written as

0\ 0y =6n6§

This notation is useful when O is thought of as part of a larger space such as the real number line. For example,

let © = (0,00) and let ©g = (1,00). Then OF = (—o0, 1], but © \ Oy = (0, 1].

In Chapter 4, we defined tests through “rejection rules” such as
“Reject Hp if 1 X2 < 5."

This test says to reject Hy if the statistic -7 ; X? is in the region (—oo, 5]. Another way to write this would be
to say that the vector (X1, Xo, ..., X,,) is in the region where > ; X2. This is known as a rejection region

or a critical region. If we define the critical region as

C={(z1,22,...,2n) : Y} <5}



6.2 The “Best” Test

then our rejection rule is now to

“Reject Hy if X € C.”

Note that the test is completely determined by the set C' and that finding a good test is equivalent to finding
a good critical region C'. Comparing two tests of size «, as in Example 4.7.2 in Chapter 4, is equivalent to

comparing two critical regions of size .. This notation is really going to streamline the conversation!

Level of Significance

We continue to use the symbol « to denote the “level of significance” of a test. It is also known as the “size" of

the test.!

If we are now defining a test by whether or not a sample falls into a critical region C, we may write «, for a

simple null hypothesis (Hy : 8 = 6g), as

a = max P(Type I error)

= max P(Reject Hy when the parameter is 6 )
€00

= P(Reject Ho; 0
max P(Reject Ho; 6))

= max P(X € C;0)
[ISCH

Power Function

We will use a subscript for the power function of the test to connect it to the test defined by the critical region C'.

vc(0) = P(Reject Hy when the parameter is 6 )
= P(Reject Hy;0)

= P(XeC;0)

I This language comes from looking at probability as a “measure” and P(A), for example, as measuring the size of the set A representing
an event.
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6.2 The “Best” Test

6.2 The “Best” Test

In this Section, we will consider the simple versus simple hypotheses

Hy:0 =20, Versus Hi:0=0 (6.2.1)

as a building block for more interesting sets of hypotheses.

As with any hypothesis test, the options here should be assumed to represent all possibilities for 6, i.e.,

© = {6y, 61}, even if the true parameter space for the underlying distribution is actually larger.

We want a test of size . This is equivalent to finding a critical region C of size «.. That is, we will find a set C'
such that

gréfgéP(X €C;0)=P(X € C;0y) = .

The first equality is true since ©q consists only of the single point 6.

Just as there may be several different rejection rules (for example, one based on X, one based on X (1)> et
cetera), there may be several such sets C'. Let’s suppose that furry friends Kermit and Uli both have tests of
size « for (6.2.1). This means, by definition, that they each have a critical region, that we will call Cx and CY,

respectively, such that

P(X €Cgiby)=a and P(X € Cpy;) = a.

How can we compare these two tests?

The tests/sets “act the same” when Hj is true so we will try to differentiate them when Hj is false and H; is

true. In other words, we want to compare

P()Z c C’K;Gl) with P(X c CU;Ql).

Suppose that
P(X € Cg:;61) > P(X € Cy;6y). (6.2.2)

Whose test is better?
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6.2 The “Best” Test

We are looking at probabilities that the sample falls in critical (rejection) regions when H is true. When the
sample falls in a critical region, we reject Hy. So, we are looking at probabilities of rejecting Hy when we
should because H; is true, which is a good thing. Kermit’s test is better because he has a higher probability of

doing the right thing here.

What if the inequality in (6.2.2) holds using Kermit’s C'xc in the left hand side and any other critical region of

size « in the entire world in the right hand side? Then Kermit would have the best test among all tests!

;
Definition 6.2.1

For testing Hy : 8 = 0y versus H; : § = 61, with a random sample X1, Xo, ..., X,, Ci
is called a best critical region of size o (or the corresponding test is a best test of size
o) if:

1. P()Z € Cy4;6p) = o (This makes it “of size ". )

2. If C is any other set such that P(X € C;6;) = a, then

P(X € C,;61) > P(X € C;6y).

(This makes it “best".)

Note that part 2 of the definition of a best test can now be written in terms of power functions as

Yo, (01) = e (01).

for all C such that P(Z € C;6p) = a.

Recall from Section 4.7 in Chapter 4 that, in this case of a simple null hypothesis, the power of a test is related
to the power function as

1—-8 = 1-— P(TypellError)
= 1 — P(Fail to reject Hy when H; is true )
= P(Reject Hy when H; is true )
= P(Reject Hy; 0;)

= (1)

From Definition 6.2.1 and the comment immediately following, we say that the test based on C has “higher

power", when 6 = 6, than the test based on C.
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6.2 The “Best” Test

A Dbest test of size « is often refered to as a

most powerful test of size c.

How can one derive a best or most powerful test?

P
ﬁ The Neyman-Pearson Lemma

Suppose that X7, Xo, ..., X, have joint pdf f(Z;0).

Consider the ratio

f (5 6o)
f(Z;61)

and let C be the set C = {Z : \(&;00,61) < k} where k is a constant such that
P()? € C;Ho) = Q.

A3 00,01) =

Then C'is a best critical region of size « for testing Hy : 6 = 6 versus Hy : 0 = 0.

Comments about the Neyman-Peason Lemma:

1. In order to maximize the power of the test, points that are more likely under H; than under Hy should be

put into the critical region.

2. If a point (z1,...,x,) is more likely under H; than under Hy, then the denominator of A(Z; 6y, 6;) is
larger and so A(; 0y, 01 ) is smaller. This is why the requirement for putting (z1, ..., z,) into C'is of the

form \(Z; 0o, 01) < k, regardless of whether 6y < 6; or 6; < 6.

3. Let L(0) be a likelihood function for the model under consideration. Recall that L(#) is proportional to
the joint pdf f(Z;6) when it is thought of as a function of #. This means that L(6) = ¢ - f(Z; 0) where ¢
may or may not depend on Z. The ratio from the Neymann-Pearson Lemma is called a likelihood ratio
since

f(@60)  (1/c)L(6o) _ L(bo)

F@00)  (1/oL(61) L6

For this reason, the test given by the Neyman-Pearson Lemma is one example of a likelihood ratio test,

discussed more generally in Section 6.4.
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6.2 The “Best” Test

(Neyman-Pearson Lemma)

We will prove the “N-P” Lemma for a random sample from a continuous distribution. The proof for a discrete

distribution is similar.

o Let C, be the so-called “best” critical region described by the N-P Lemma.

o Let X = (X1, Xo,...,X,). Note that for any set A, (not necessarily a critical region), P()? € A;0)

may be written as

P(X € 4;0) — /Af(f; 0) dz

which is shorthand notation for an n-dimensional integral with respect to dxj dzs ... dx, where all the

limits of integration run around describing points (z1, z2, ..., z,) € A.

e Note that if A C C,
P(X € A;00) < k-P(X € A;6,)

since, in C, and hence in A C C., we have f(Z;00) < k- f(Z;61), so
P(X € A;00) = / F(F00) d7 < k / F(#0))d7 = k- P(X € A:0y).
A A
o On the other hand, by the same reasoning, if A C C¥¢, (the complement of C..), we have
P(X € A;00) > k- P(X € A;6,).

o Let C' denote an arbitrary critical region of size «. This means that C' satisfies

P(X € C;0) = o

o Note that we may write

and that C,, N C' and C, N C* are disjoint sets.
We then have

ve. () = P(X € C,;0) = P(X € C.NC;0) + P(X € C. N C%0). (6.2.3)

o On the other hand, we may write

C=(CNC,)u(CNCy)

and note that C'N C and C' N C¥¢ are disjoint sets.
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6.2 The “Best” Test

So,
ve(#) =P(X € C;0)=P(X € CNC,y;0) + P(X € CNCS0). (6.2.4)

o In order to prove the N-P Lemma, we want to show that y¢, (61) > vc(61). So, we consider the difference

of (6.2.3) and (6.2.4):

ve,(0) —vc(0) = P(X € C,NC%0) — P(X € CNCS0). (6.2.5)

o Specifically, we consider the difference at ; and use the fact that C, N C¢ C C, and C' N CS C C¢:

C,NC°CC, = PXeC.nC%0)>(1/k)-P(X e C,nC%b)

cnececes = PXeCnC46,) < (1/k)-P(X e CNCS )

So, by (6.2.5),
Yo (1) = v0(B1) > (1/k) [P(X € C.n o) - P(X € C N8 60)|
= (1/k) [vc.(00) — vc(6o)] by (6.2.5) again

= (I/k)(a—a)=0

o Therefore, yc, (01) > ~c(61). Since this holds for any size o region C, we have shown that C is the

best critical region of size «!

Example 6.2.1 ]

Let X, Xo,..., X, be a random sample from the exp(rate = 0) distribution. Find the best test of size «
for

Hy:0=20g versus Hy:0=060,

where 0y < 0.

The N-P Theorem says to reject Hy if
AT 00,601) <k

320



6.2 The “Best” Test

where k is such that P(A\(X; 0o, 601) < k; 6p) = a.

We begin my computing the likelihood ratio.

e T [ gm0
07 e 2% T Iig oy (1) 01

We are going to set this less than or equal to k£ and then we will try to isolate the X s on the left-hand side.

<90>TL€_(90—01)EQ31' S k

01

J
e (00=01) > X; <k- (91>n
to

The right-hand side is just another constant that we can call k;:

e—(90—91)ZX¢ < k.

Taking the log of both sides, we have

—(00— 61) > Xi < ko
where ko = In(kq).

Finally, we divide both sides by —(6y — 61). Note that this quantity is positive since we were given that

fp < 0. Thus, the inequality does not flip. We have

> Xi<ks
i=1
where k3 = —In(k1) /(60 — 61).

We will see that keeping track of these constants is not important.
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6.2 The “Best” Test

We have
a = P(A&;00,01) < k;b)p)

= P(X1Xi<ks)

where k3 will be determined to give a test of size «.

Once we find k3 we could “backsolve” to find & but, ultimately, it depends on how we want to report the

test. Do you really want to tell a client that the test should be to reject Hy, in favor of H;, if

where k = — ln(k . (91/90))”/(90 — 91)?

Instead, you could just tell them to look at the sum of the data points and reject Hy, in favor of Hy, if that
sum is less than or equal to some other number you found for them. There is no need to keep track of the

constants!

So, for this example, a best critical region of size « has the form:

CZ{foZSkg}
for some k3 which must be chosen so that

P(X € C;6y) = o
Equivalently, we

“Reject Hy, in favor of Hy,if > ;- | < k3 where k3 is determined so that the test will have size «.”

Although we are not finished, this is the form of the test. Often the form of a test is all that we are interested
in. Suppose, however, that we want to find the actual test. That is, suppose we want the value of k3. This
part is no different than it was in Chapter 4.

a = P(XeC;b)

= P( ?:1Xi§k3;90)

The “semicolon y” is saying that we want to compute the probability when Hy : 6 = 6 is true. We also

say that we want to compute the probability “under Hy”.
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6.2 The “Best” Test

If 6 = 6y, we know that
X, Xo,..., X, id exp(rate = ),

which implies that
n
> X ~T(n,b).
i=1
So, for a given «, n, and y, we could find k3 by solving

a=P(G < ks) where G ~ I'(n,6)).

In practice, the gamma pdf is not easy to integrate, and it is not easy to invert the resulting integral in order

to solve for k3. One option would be for us to solve for k3 numerically, using a computer.

In Chapter 4, we noted that the x? distribution plays a pretty central role in statistics. Let us try to report

this test in terms of a x2-critical value.

Recall that x?(n) = T'(n/2,1/2) and that X ~ ['(a, 8) = ¢X ~ I'(a, 3/c), provided that ¢ > 0. So, we

can turn G into a y2-random variable by multiplying by 26:

b\ 1N /2n1\

Now
a = P(G<k3)

= P(200G < 200ks)

= P(W < 200ks)

where W ~ x2(2n).

What number is W below with probability oe? Using our critical value notation established in Chapter 4, it

: 2
18 lea,2n'

So, 20pks = X%—a,Qn which means that

ko — X%foz,Qn
5T 26,
In summary, if X1, Xo, ..., X,, is a random sample from the exp(rate = ) distribution, the best test of

size o of Hy : 0 = Oy versus Hy : = 01 is to

323



6.2 The “Best” Test

2
“Reject Hy, in favor of Hy if > X; < XlETaO’%-”

If you are wondering why we didn’t define another constant k4 = 26yks, it again comes down to how we want
to report the test. It is preferable to keep it in terms of the simplest statistic. We want to say that the test is to
reject Hy when the sum of the X’s is below some number as opposed to when “2 times 6y times the sum of the

X’s” is below some other number. Either way is valid though.

Let’s try another one.

Example 6.2.2 ]

Consider the distribution with pdf f(z;60) = 6211 (0,1)(w) . Based on a random sample of size n = 1,

find the best test of Hy : § = 1 versus Hy : 8 = 2 with o = 0.05.

(z1;1)  1-Lop(z) 1

f
f(@132) 221 Loy 271

A1;1,2) =

According to the Neyman-Pearson Lemma, we want to reject Hy if

1
2x1 —

where k is such that
P(X1 eC; Ho) = 0.05.
Solving for z; on one side of the inequality, it is equivalent to reject Hy i
x1 > ko

for some ko determined to give a size « test.

Looking at the original pdf, we see that, When Hy is true, X1 ~ unif(0,1). We are ready to find k.
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6.3 Uniformly Most Powerful Tests (UMPs)

0.05 = P(TypelIError)
= P(Reject Hy when true )

= P(X1>ky1)

since X1 ~ unif(0,1).

This gives us that k2 = 0.95 and the best test of size 0.05 is to

“Reject Hy, in favor of Hy if X; > 0.95.”

6.3 Uniformly Most Powerful Tests (UMPs)

In this section, we will consider a simple versus composite hypothesis of the form:
Hy : 0=06
H, @ 0€0\{6}.

(H; will typically be one of: 6 # 6y, 0 < 6y, or 6 > 6. In theory, it can even be something “weird” like H is

all values of € such that sin(36) > 0.2.)

As discussed in Section 5.5 of Chapter 5, the word “uniformly"” in mathematics means “for all". In this case,

we’re going to be doing something “for all" # in the alternative hypothesis set.

4 )
Definition 6.3.1
For simple Hj and composite [, the critical region C'is a uniformly most
powerful critical region of size « if C is the most powerful (best) critical
region for testing Hy against every simple hypotheses in H;.
The corresponding test is a uniformly most powerful (UMP) test.
. J
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6.3 Uniformly Most Powerful Tests (UMPs)

Comments:

1. A UMP test may not exist. (We will see that there is usually trouble with the two-sided alternative

hypothesis Hy : 8 # 6.)

2. Hj could be simple. Then the most powerful or best test described in Section 6.2 is, by default, uniformly

most powerful. It is the most powerful (best) test for all 6 in the singleton set {6; }!

3. A UMP test may be easily defined for the composite versus composite case:
Hy:0¢c€ 0 Versus Hy:0€0)\06
C, is a UMP critical region of size « if

= 9
o = max g, (6)

and

Y0, (0) > vc(0) YOO\

and for all critical regions C' of size «.. That said, we may not be able to find it using the Neyman-Pearson
Lemma. If we look at the proof of the N-P Lemma and try to adapt it to a composite null hypothesis, we
will see that the proof only holds when the maximum probability of making a Type I error occurs on the
boundary between Hy and H;. This has been the case for all of our examples so far but need not be the

case in general.

6.3.1 Finding a UMP Test

One possible way to find a UMP test for Hy : 6 = 0y versus H; : 0 € © \ {6y} is to derive the Neyman-Pearson
test for a particular alternative value in the set © \ 6 and then to show that the test does not depend on the

specific alternative value.

Example 6.3.1

Let X1, Xo, ..., X,, be arandom sample form the exponential distribution with rate 6.

Suppose that we want to test,

Hy:0=20 versus Hy: 0> 0.

326



6.3 Uniformly Most Powerful Tests (UMPs)

We could consider the simple versus simple hypothesis:
H(]ZQ:H(] and H129:01

for some 67 > 6.
This is exactly what we tested in Example 6.2.1 in Section 6.2.
The best or most powerful or best test for this simple versus simple hypothesis was to reject Hy if

n 2
ZX < Xl—oa,?n.
i=1 200

The intermediate steps may have depended on 61, but the ultimate decision rule does not. Recall though
that it was necessary that f; as long as it is greater than 6 or else the inequality in the decision rule would

have flipped. (The subscripts on the y2-critical value would change as well.)

In summary, we get this best test for any 6; > 6. By definition of a UMP test, this decision rule gives us

the UMP test of Hy : § = 0y versus Hy : 6 > 0.

Example 6.3.2 ]

Let X3, X5, ..., X,, be arandom sample from the distribution with pdf

3z
flaz0) = Z5-e "9 Io.00) ().

Let’s find a UMP test for
Hy:0 =06 Versus Hy:0 >0

We begin by reducing the problem to the simple versus simple hypotheses:
H029:90 and H129:91

for some fixed 61 > 6.

We then use the Neyman-Pearson Lemma for the simple versus simple hypotheses:
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6.3 Uniformly Most Powerful Tests (UMPs)

n |:3$% 6x?/90:|

i=1 |79 O,\" —( %=t 23
(&5 00,01) = 3; 1 9(1)) e ( f001 )Z :
] [911 e~/ 1}

We will reject Hy if A(Z; 0o, 61) < k where k is such that P(A(X; 6, 01) < k; Hy) = cv.

AR

bo

We want to isolate the x; on one side. We can begin by dividing both sides by (6 /6)"

_ 91—%) 23
e (9091 Z i S kl

We then take the log of both sides.

91 - 60 3
— E D
< 0001 ) T <k

Finally, we divide by that coefficient. It is negative since 61 > 6y so the inequality flips.

Za?? > ks

for some k3 to be determined to give a size « test.

The form of the test (for the simple versus simple hypotheses) is to
“Reject Hy, in favor of Hy, if Y7 ; X? > k3.
Let’s find k3. We need
P(> X} > ks; Ho) = a.
What is the distribution of 3 X3 if Hy is true?
Let’s first consider just one of the X’s:

LetY = X3 Theny = g(z) = 2° = z = g~ '(y) = y/°.
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6.3 Uniformly Most Powerful Tests (UMPs)

Then
) = fxlg7 W) |89 W)

1/3)2 _ / _
_ 3(y0 )? o~ (y! 3)3/90‘_,(0700)@1/3) ) ‘%y 2/3‘

0

= e V% I 00)w)-

(Note: 0 < y < 00 < 0 < y*/3 < c0. The absolute value is omitted since y > 0. Even if y < 0, the term

in the absolute value is y~2/3 = (y~1/3)2 > 0.)
When Hy is true (which means that § = ) we have Y = X3 ~ exp(rate = 1/6y).

Therefore,

=1

So,
o = P(XX} > ks; Hp)

— P(G > k)

where G ~ T'(n, 6)).

As in the previous example, this in not analytically tractable, so let’s go for a chi-squared critical value. We
can make the needed transformation just as before.
Recall that

G ~T'(n, ) = 200G ~T'(n,1/2) =T(2n/2,1/2) = x*(2n).

So,
o = P(GZ kig)

= P(200G > 260y k3)
= P(W > 200 ks)
where W ~ x2(2n).

Therefore
X 3,271

200 k3 = Xa,Qn = ks = 20,
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Let us review where we are so far in this example:

We have determined that the best or most powerful test of Hy : 0 = 6 versus Hy : 8 = 01 where 01 > 0

is to

2
Reject Hy, in favor of Hy, if z;”:l X3 > Xgéf)”.

This test does not depend on the specific value of 6, although it did depend on the fact that §; > 6

(otherwise an inequality would have flipped). So, it will work for any 6; > 6.

Hence, the test:

2
Reject Hy, in favor of Hy, if >3 | X3 > Xgéz".

is a UMP test of size « for Hy : 8 = 0y versus Hy : 0 > 0.

Example 6.3.3 ]

Let us consider Example 6.3.2 again with the hypotheses: Hy : 8 = 0y versus Hy : 6 # 0.

We begin by considering testing the simple versus simple hypotheses Hy : § = 0p and H; : 0 = 6, for any

fixed 61 # 6. The likelihood ratio is exactly the same and we set it less than or euqal to some constant k.

(01>n6_(0‘30"30)2””? <k

0o

We try to isolate the X; on the left-hand side in the same way as before. After dividing both sides by

(01/6p)™ and taking the log of both sides, we have

91_90 3
_ 3 <«
< 0001 )Z% =k

for some constant k; to be determined.

The final step in isolating the X is to divide by — (01 — 6p)/(6001). Here, we have a problem. We fixed a
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01 # 0y. If it is greater than 6y, the coefficient is negative and the inequality will flip upon division. If it is

less than 6y, the coefficient is positive and the inequality will not flip.

The best test, when 61 > 6y will have the form

“Reject Hy, in favor of Hy, if 3> X3 < ky.”

The best test, when 61 < 8y will have the form

“Reject Hy, in favor of Hy, if 3> X3 > ky.”

(The ko’s will be different.)

Even without finding the constant, the test that we best (most powerful) in one case will not be the best test
for the other case. There is not one best test that works in both cases. Therefore, there is no UMP test for

this example.

It is often, but not always, the case that a UMP does not exist for the two-sided alternative hypothesis. For
example, if the coefficient had been —(0; — 6p)?/(6of1) the sign would be the same in the case #; > 6y and

01 < 6y. We wouldn’t have the problem of an inequality flipping in one case and not the other.

O%)‘;Rumination

Can we expand our method for finding a UMP test in the case of a composite null hypothesis?

At first glance it might seem like we can go through all of the same steps as in Examples
6.3.1 and 6.3.2 to get the form of the test and then deal with the composite null hypothesis
when finding the constant & (or k;, of ko, or,...) with the addition of a maximization step
when introducing . However, the procedure we used in the noted examples was based on the

Neyman-Pearson Lemma for finding the best test in the simple versus simple case.

While it is not obvious, one can see through careful analysis of the proof of the Neyman-
Pearson Lemma, that it will still hold if the maximum probability of making a Type I error

occurs on the boundary between Hy and H;. This has been the case for all examples in this

text but does not have to be true in general.
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6.3 Uniformly Most Powerful Tests (UMPs)

If the maximum probability of making a Type I error does not occur on the boundary between
Hy and Hy, it does not mean that a UMP test does not exist. It just means that we can’t
use Neyman and Pearson’s recipe for finding it. Indeed, we have no recipe to give you and

anything we might try would be problem specific!

6.3.2 Exponential Families and UMP Tests

Here, for the record, is a theorem that is often given in MathStat textbooks. However, it is just consists of special

cases of things we already know so we will not spend much time on it.

p
ﬁ Theorem 6.3.1

Suppose that X1, Xo, ..., X, have a joint pdf in the one-parameter exponential family:
f(Z;0) = a(0)b(Z) exp [¢(0)d(T)]
If ¢(#) is an increasing function of 6. Then

o A UMP test of size o for Hy : 0 = 6y versus Hy : 0 > 0 is to reject Hy if
d(Z) > k where k is chosen so that P(d(X) > k;6y) = o
o A UMP test of size o for Hy : 0 = 6y versus Hy : 0 < 0 is to reject Hy if

d(Z) < k where k is chosen so that P(d(X) < k; 6g) = ov.

If ¢(0) is a decreasing function of 6. Then
o A UMP test of size o for Hy : 8§ = 6y versus H; : 8 > 6 is to reject Hy if

d(Z) < k where k is chosen so that P(d(X) < k; 6g) = ov.

o A UMP test of size o for Hy : 0 = 6y versus H; : 8 < 6 is to reject Hy if

d(Z) > k where k is chosen so that P(d(X) > k;6p) = o

Without loss of generality, we will assume both functions a(f) and b(Z) are positive. (They are either both
positive or both negative in order for the pdf to be valid. If they are both negative, the product is still positive

and we can ignore the negatives.)

o We consider the simple versus simple hypotheses

Hy: 0 =20 versus Hi:0=0,
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6.3 Uniformly Most Powerful Tests (UMPs)

for a fixed 01 > 6.

o The N-P likelihood ratio is

Al 00) = TE0) U0 ((et) — e(00)) @)

o Since ¢(0) is increasing and we have assumed that 6; > 6y, we know that ¢(6y — c(61)) is negative.

Dividing both sides by ¢(0y — ¢(61)) gives us

d(Z) > ks.

o We now solve for ks by setting P(d(X) > k3;0y) = a.
Finding ks will involve the distribution of d(X) under the assumption that the null hypothesis (Hy :
0 = 6p) and will not involve #;. Hence, this most powerful (best) test provided by the N-P Lemma for

Hy : 0 = 0y versus Hy : § = 6, will be UMP for Hy : 8 = 0y versus Hy : § > 6.

Example 6.3.4 ]

Let X1, X, ..., X, be a random sample from the N (0, o2) distribution.

Find a UMP test of size o for Hy : ¢ = og versus Hy : 0 > oy.

The pdf is
1 1,2
flxyo) = e 22"
(;0) V2mo?
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6.3 Uniformly Most Powerful Tests (UMPs)

The joint pdf is

This is an exponential family factorization with

(27.‘.)—71/2(0.2)—71/2

2

1

202

n

(<@ the (27r) /2 could go here)

(<= the negative could go with d(Z))

2
i=1%j -

Note that ¢(o) is an increasing function of o.

So, a UMP test of size « is to reject Hp if > Xz-2 > k where k is chosen such that P(>" Xf > k;6y) = a.

(This is from Theorem 6.3.2 but we honestly think it is easier to figure out by just doing the same things we

did in Section 6.3.1!)

Now, we find k.

When Hj is true, ¢ = . Under this assumption, we need the distribution of >~ X ZQ

A standard normal squared is a chi-squared. Specifically,

Xi~ N(0,08) = Xi/oo~N(0,1) = (Xifoo)® ~x*(1) = XiLi(Xi/og) ~x*(n)

Thus, we have

where W ~ x2(n).

n R
P(ZXEZk;a()) =P | =2k

2,00
0

Should we define a new constant k1 = k/o2? We should if we want to give the rejection rule in terms of

the statistic 3" (X;/00)?. We will keep our rejection rule in terms of 3 X2.
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We have

a=P(W >k/od).

What number is a x?(n) random variable larger than with probability a? In our notation, it is the critical

value sz,n' So, we must have that

k/ag - Xi,n

which implies that k = 03 X?y,n'
We know that k1 = x2(n).

So, the UMP test of size « is to

“Reject Hy, in favor of Hy, if Y0y X7 > ogx2,,.”

6.4 Generalized Likelihood Ratio Tests (GLRTS)

As has been mentioned, the hypothesis tests already described in this Chapter are examples of “likelihood ratio
tests” since they involve ratios of joint pdfs which are equivalent to ratios of likelihood functions. As we saw in
Example 6.3.3, it is not always possible to find a uniformly most powerful test. In this Section we will consider a
generalized likelihood ratio test (GLRT) that will be applicable in a much wider range of situations. Consider
it “to the UMP test as the MLE estimator is to the UMVUE”. While the UMVUE is awesome in theory, in real

life you are probably going to reach for an MLE.

Recall that our general hypotheses statement is

Hy:0¢c 0 Versus Hy:0€0)\06)
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~N

)
Definition 6.4.1

Let L(6) be a likelihood for a random sample having joint pdf f(Z;6) for 6 € ©.
The (generalized) likelihood ratio (GLR) is defined to be

A(&) = i - Ly
max L) L)

where @ denotes the usual “unrestricted MLE" and 50 denoted the MLE when restricted

to the region where H| is true.’

' As noted in Chapter 4, these maximums should really be supremums. We write them as maximums here to
make the definition more approachable to a wider audience.

You may be wondering why the likelihood in the denominator is being maximized over all § € © as opposed to
0 € © \ ©p. The GLR certainly could have been defined in this way but the way we have defined it here will
give cleaner results for which some asymptotic properties are known. /\(X: ) is simply going to be a test statistic
that we will use in a hypothesis test. No one is claiming that the GLR defined in this way is going to give a best

or optimal test.

The Restricted MLE

Suppose that we wish to test Hy : 6 < 3 versus H; : § > 3 and we have a likelihood function L(6).
We maximize L(6) by setting %L(G) = 0.

For the purpose of illustration, let us first assume that the likelihood function is unimodal. That is, there is only
one solution to %L(Q) = 0 and it corresponds to a maximum and not a minimum. (This is the case for the
majority of the “nice known and named” distributions.) The solution is the MLE which we call 6. In particular,

suppose that the graph of L(6) looks like this.
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L)

Since there are no additional turning points for L(#), the restricted MLE will have to be at an endpoint of the
region defined by Hy. In the case of the above figure, the maximum over the region where 8 < 3 (where Hy is

true) occurs at § = 3. In our new notation, we say that the restricted MLE is 50 = 3.

Definition 6.4.2

The restricted MLE is the point that maximizes the likelihood when we

restrict our attention to the region where Hy is true.

It is important to note that the MLE is a random variable and could end up on the other side of 3 like this.

L(0)

e

In this case, the MLE when restricted to the region § < 3 is the same as the unrestricted MLE. Overall, the

restricted MLE for this example is written as follows.
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6.4 Generalized Likelihood Ratio Tests (GLRTS)

Of course it’s possible that the likelihood function is multimodal. (This behavior would be reflected in multiple

solutions to d%L(G) = (.) In this case, the restricted MLE may be an actual local maximum.

L(®)

We are now ready to define a generalized likelihood ratio test.

( )\
{? The Generalized Likelihood Ratio Test
Suppose that X7, X», ..., X, have joint pdf f(Z;6) with § € ©. Let ©y C O.
The generalized likelihood ratio test for
Hy:0 €0y versus Hy : 0 € ©\ O
is to reject Hy, in favor of H if
ANX) <k
where /\(X ) is the GLR defined in Definition 6.4.1 and k is chosen such that
PMX) < k;0) =
mac B(X)I= F:0) =@

. J

As with the Neyman-Pearson Lemma, the direction of the inequality makes sense. The numerator is the
maximized likelihood of seeing the given data under the assumption that Hy is true. If this is small, we will

tend to not believe that Hj is true and will want to reject it.

Let’s do an example.
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6.4 Generalized Likelihood Ratio Tests (GLRTS)

Example 6.4.1 ]

Let X, Xo,..., X, be arandom sample from the NV (y, 02) distribution where o2 is known.

Derive a GLRT of size « for

Hy:p=po versus Hy:p # po.

(Note: There is no UMP for this problem as is often the case for a two-sided alternative hypothesis.)

The joint pdf is
J(@ ) = (2mo?) /2 e mr 2o,

Since a likelihood is any function proportional to the joint pdf, let’s take

L(p) = e~ 27 Z@n)?,

2 —n/2

(Remember: o is assumed to be known so the (270?) can just be dropped as a constant of propor-

tionality.)
We already know the usual (unrestricted) MLE for p: i = X.
Question: Now what maximizes L(;) when H is true?

Answer: This is easy since Hy contains only one point. We are maximizing over only one value!

So,
max L(u) = L(uo)
The GLR is now S 2
)\(:Z") . e 202 i —HO _ 6720%[2(12'7“0)272(1‘2'75)2]
e 23,2 (x:—7)2

Since we're going to have to compute a probability max P(A(X) < k; p) = P(A(X) < k; o), let’s try to
p=p0

simplify things a bit.
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6.4 Generalized Likelihood Ratio Tests (GLRTS)

Note that

S(xi = po)? = Y(wi —7)? = Naf - 2p0 Y wi +npd — Y af + 2T 3w — nT?
= —2u0 > ® +npg + 2T Y wp — nT

This kind of looks like something squared. In fact, if we pull the n out we have

(=20 Lwi+ 45+ 25 Yws =) = (=20 + p + 27 — 7°)
= n(=2u0T + g + 72

= n(T - po)?

Excellent!

The GLR is
—n(T — po)*

AMZ) = exp l 52

Usually, we would set this less than or equal to some cutoff £ and then try to isolate the X’s on one side.
However, there is a standard normal hidden in there. (We will come to this conclusion if we just proceed
as usual. We would simplify things until the X's are isolated but then we would find ourselves with a
probability involving X. Under Hy, X ~ N(uo,0?). To compute the probability defining o we would
begin by standardizing X. In doing this, we would see that we are building things back up to, essentially,

where we started.)

— 2
—n(T — po
exXp [( 20_2 )

4

—n(T — po)®
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6.4 Generalized Likelihood Ratio Tests (GLRTS)

This can be rewritten as

(S2e) =

We will continue in two different ways. The first will involve leaving the square in place.

max P( Type I Error)

max P(Reject Hy when it’s true )
P(Reject Hy;

max P(Reject Ho; /1)

P(Reject Ho; 1o )

P(\(X) < F; o)

P ((f/ﬂof > k2;M0)

B

id

For this probability, we are under the assumption that X1, Xo,...,X,, ~ N(uo,0?). This means that

X ~ N(po,0?/n) and, therefore, that

X — o
a/v/n

~ N(0,1).

We saw in Exercise 6, that a N (0, 1) random variable, when squared, has a (1) distribution.

So, we have

X — o 2N 2
(0/\/ﬁ> X~ (1).
a=P(W > k)

where W ~ x?(1). This means that ky = x2 ;.

In conclusion, the generalized likelihood ratio test for

Hy: p= po versus Hy o # g
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6.4 Generalized Likelihood Ratio Tests (GLRTS)

is to

“Reject Ho, in favor of Hi, if (

We could also solve for X and give the equivalent rejection

“Reject Hy, in favor of Hy, if either X > Mo +

— 2
X—uo 2 »
) 2 X
rule:
2.9 or X <qpg—/x2,-2"
Xa’l \/ﬁ - MO Xa)l \/’E.

We could even have taken the square root back when our rejection rule had the form

where k3 = \/ks.

We get

max P( Type I Error)

max P(Reject Hy when it’s
max P(Reject Ho; i)
P(Reject Ho; o)

P(MX) < k; puo)

P(

P(Z> ks or Z < —kj3)

X—po
NG

X—po
oV

> kg or <

P(Z > k3) + P(Z < —k3)

where Z ~ N(0,1).

We can achieve this by putting area «/2 on each side under

to take k3 = 2,2

Thus, we have a third rejection rule which is to
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6.4 Generalized Likelihood Ratio Tests (GLRTS)

“Reject Hy, in favor of Hy, if either X > g + 2 or X < g —

o P
/2 /n /2 ne
Have we come up with something different than our second rejection rule? That is, do we have that

Zaj2 =/ Xi,l? The answer is yes and we leave this as an exercise for you!

Let’s try an example that has an unknown parameter in the indicator.

Example 6.4.2 ]

Let X1, Xo,..., X, be arandom sample from the uni f (0, 6] distribution.

(Note that we closed the right side of the interval. We only did this so that we won’t have a problem with
a “max", but this wouldn’t matter at all if we were using the more general definition of the GLR that uses

supremums.)

Find the GLRT of size « for Hy : 8 = 6 versus Hy : 0 # 6.

The pdf is
1
£(236) = 5 Tog(2).
The joint pdf is
F(@0) =07" 1] Loe (i) = 07" I1o0)(x(n))
i=1
A likelihood is

n

L) =607 [[ Lio.g (@) = 07" Lig g1 (w())-
=1

We can not drop the indicator function as because it depends on §. However, per our discussion in Example
5.2.5 of Chapter 5, we will remove it for taking logs and derivatives but remember that it is part of the

likelihood.

Taking the log of L(0) = 0™ gives us

(@) = —nlnd.
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6.4 Generalized Likelihood Ratio Tests (GLRTS)

The derivative with respect to 6 is
n
70)=——.
)=~
If we set this equal to zero in an attempt to find a critical value for the likelihood, we see that there is no
solution. This can not be zero as long as we have a sample of size 1 or more. The goal remains unchanged.

We wish to maximize the likelihood.

Note that L(0) = 0" is a decreasing function of 6. So, in order to maximize it, we want to take 6 as small
as possible. According to the indicator, all data is between 0 and 6. Thus, the smallest possible value for 6
is the maximum data point.

0 =X

Let’s move on to the restricted likelihood.

As in the previous example, since H( consists of only one point: § = 6, the maximum of L(#) restricted

to this one point set is simply L(6y).

We now have the generalized likelihood ratio as

M) = 0" L0.00)(T(m) _ (x(n)

I .
x(_n”)l I(07x(n)} (x(n)) 90 ) (0790] (x(n))

As usual, we will reject Hy if

where k is such that

Under the assumption that Hy is true, that indicator is always 1, so we can drop it.

a=P ((?)n < k;%) = P (X(n) < 00k Ho) = P (X(n) < ;00
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6.4 Generalized Likelihood Ratio Tests (GLRTS)

Finally, we solve for k;:
a = P (X(n) < kil;Ho)

= [P (X1 < ky; Ho)]"
k1

This implies that

k‘l = 900&1/”.

So, the GLRT of size «, for Hy : 6 = 6 versus Hy : 6 # 6, for a random sample of size n from the

uni f (0, 0] distribution, is to reject Hy in favor of H; if

X(n) < 000[1/".

Right?

Did you fall for that? Something doesn’t seem quite right. Does that rejection rule make sense? One would
certainly think that is is not true that 6, the upper limit of the support set for the sample, is equal to 6 if
we happened to observe X,y > flp. Shouldn’t we be rejecting for some values of X ;) that are too large?
We don’t just want to say: “Well of course we would automatically reject if X,,) > 0" because making up

rules to suit our needs will affect the size of the test that we worked so hard to obtain.

Going back to the original rejection rule, we reject Hy if

(X(”)>n Tog < k.
0o (0,60] =

This is not equivalent to rejecting Hy if

Xy \"
W <
( 0o ) <k

for some other constant k1. The indicator involves 8 which is not a constant. We used the fact that the

indicator is 1 under the assumption that Hy is true in order to compute a probability. However, this does

not become part of the rejection rule.

Our level of significance calculation was correct because it was done under the assumption that Hj is true.

There, we determined that k; = 6 a/™.
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Since k = (k1/6p)"™, this becomes, “reject Hy if":
X n Ei\ ™ 0 al/n n

(n) 1y _ (Y _
() Tomtxen < () ‘( D ) o

For a non-trivial « (ie: « > 0), if X, is greater than 6y, the left hand side of this inequality will be zero,

hence less than «a, hence we will reject, as desired.

We have selected some pretty clean examples for our GLRTs. In real life we may not be so lucky with
our computations. In the next Section, we will see an asymptotic result that can sometimes allow us to get

approximate large sample GLRTs.

6.5 Wilks’ Theorem

Let X1, Xo,..., X, be arandom sample from a distribution with pdf f(x; @) for # in a k-dimensional parameter

space ©.

Consider finding a GLRT of size « for

Hy:0 €0 Versus Hi:0€0\0

where O fixes some parameters in the model and H; is “not Hyp”. For example, if £k = 5 and 6 =

(01,02,0s,04,05), Hy might have the form

H0192:3, 05:1.

Let L(6) be a likelihood function for the data and let A\(Z) be the generalized likelihood ratio defined in the

previous section.

P
i} Wilks’ Theorem

Under certain regularity conditions (given in Section 6.5.1) we have
—2In A(X) A x2(r — 1)

when H is true. Here,  is number of parameters in the model and rg is the number of

free parameters under the assumption that Hy is true.

Before actually using Wilks’ Theorem, let’s look at a few examples to make sure we know how to specify r and
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To.

Example 6.5.1 ]

Let X1, Xo, ..., Xn %4 N(u, 02) with 02 known.

Consider testing Hy : u = pg versus Hy : o # pp.

Here r = 1 as there is one parameter in the model (o2 is not considered a parameter because it is just a

known constant) and ry = 0 since, when Hj is true, the parameter is known and there are no more free

parameters.

Thus, by Wilks’ Theorem we have that
—2In A(

under Hy.

Example 6.5.2

iid

Let X1, Xo,..., X, ~ N(M,U2).

Consider testing Hg : u = g versus Hy : pu # pg.

Pt

) %21

Here r» = 2 as there are two parameters in the model and 7y = 1 since, when Hj is true, the parameter i is

known and there is still one free parameter 2.

Thus, by Wilks” Theorem we have that
—21In X(

under Hy.

Example 6.5.3 ]

itd

Let X1, Xo,..., X, ~ N(p,0?).

Consider testing Hg : 1 = o, o2 = 0(2) versus Hy

)% x3(1)

]

: Not Hj.

Here r = 2 as there are two free parameters in the model and ¢y = 0 since, when Hj is true, there are no

unknown free parameters.
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Thus, by Wilks’ Theorem we have that
—2In MX) % x2(2)

under Hj.

We will now see some examples of Wilks’ Theorem in action.

Example 6.5.4

Suppose that X1, Xo, ..., X, is a random sample from the N (y, o%) distribution with o2 known.
Find an approximate large sample GLRT of size o for

Hy:p= o versus Hy g # pg.

We already did this problem exactly in Example 6.4.1, but we are going to see how the approximate large

sample result compares.

We begin by computing the GLR. We did this in Example 6.4.1 and got

For the next part of the test, we set this less than or equal to a constant £ and simplified the inequality until
we were able to compute the probability of making a Type I error. This was a lot of work and can be worse

or impossible for other examples.

According to Wilks’ Theorem,
—2In \(X) 3 2(1).

So, for large sample sizes, we will say that

—2In M(X) PR 32 (1).

We still want to reject Ho, in favor of Hy if A(X), the GLR, is “small”. Instead of trying to simplify things

and solve for the X’s, we will go the opposite direction and build this up to —21n A()Z ). We have

MX) <k,
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which implies that

This implies that

To find ko we write

Q

where W ~ x2(1).

P

In M(X) < k.

1

—2In M(X) > k.

max P( Type I Error)

max P(Reject Hy when true )
max,—,, P(Reject Ho; 1)
P(Reject Ho; o)

P(A(X) < k; o)

P(—=2In A(X) > ka; o)

P(W > k)

We need ks to be the critical value that captures area o in the upper tail of a x2(1) pdf. This means that

ko = Xi,l-

So, the approximate large sample GLRT of size « for this problem is to

“Reject Hy, in favor of Hi, if —2In A\(X) > Xa1"

This is a fine rejection rule. We have provided a test. However, note that

MX) = exp [ 52

—n(y — MO)Q

n(X — po)?

= —2mAX)= -
g
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LThus, —21In A(X) has an exact x2(1) distribution, even for small samples!

6.5.1 Proof of Wilks’ Theorem™*

We will prove Wilks” Theorem in the case that § is one-dimensional and Hy has the form Hy : § = 6. Note
that, in this case, Wilks’ Theorem says that —21In A(X) LN 2(1).
Regularity Conditions: If X1, X5,..., X, i f(z;0), we assume the following.
1. When indexed by 6, the densities { f(x;6) : § € ©} have common support. (i.e. No parameters in the
indicators!)
2. The true parameter that generated the data under Hy, namely 6y, is in the interior of the parameter space.
3. The derivative % f(&;0) exists. (Exception: The derivative may not exist on a set of probability measure
Z€ero.)

4. The Fisher information, I;(6p) is non-zero and finite.

5. The third derivative of the log-likelihood ¢(#) exists and satisfies
[£7(0)] < C(x)

for all 6 in some neighborhood of 6 and for some C' () satisfying E[C'(X)] < oo where X1 ~ f(x;0p).

Little Oh and Big Oh:

In Section 5.4.1 of Chapter 5, we played a little fast and loose with remainder terms when proving that many
maximum likelihood estimators are asymptotically normal. In this Section we will be more technical. To this

end, we will need some definitions.

)
Definition 6.5.1

A function g is called “little oh of h” if
g(h) _

lim =

KNO h
i.e. Itis going to zero and going fast enough to counteract a denominator

that is also going to zero.

We write g(h) = o(h).
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Example 6.5.5 ]

g(h) = h?is o(h) since
h h?
fim 2 i =0
R\O h N0 h h™\0

Indeed, h*¥ = o(h) for any k > 1.

Suppose that g1 (h) and g2(h) are two functions that are o(h). Then g1 (h) 4+ g2(h) is o(h) since

lim g1(h)g2(h) = lim g1 (h) - g2(h)

R\0 h R\0 h =0-0=0.

We write this idea symbolically as

o(h) + o(h) = o(h)

since the sum of o(h) functions is just another o(h) function. It does not make much sense to write 20(h). The
functions g1 and g are not necessarily the same. The o(h) terms serves to “collect” all of the negligible terms

in an expression.

Example 6.5.6 ]

Oh? (b’

Mo _
e =1+ Ah+ o1 3]

4o =1+ M+ o(h)

§
Definition 6.5.2

A sequence of random variables { X, } is “little oh p of a,,” if
Xn/an £o.

We write X, = op(ay).
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Example 6.5.7 ]

Suppose that X, £ 0. Then X,, = op(1).

4 N\
Definition 6.5.3
A function g is called “big oh of h” if
g(h)
h
is bounded in the limit. That is, there exists a constant ¢ and a constant hg
such that
lg(h)| <ch

for all h > hy.

We write g(h) = O(h).
(& J

Example 6.5.8 ]

Definition: A sequence of random variables { X, } is bounded in probability if, for every £ > 0, there exists
and M = M (e) such that
P(|X,| > M) < ¢ forall n.

Definition: A sequence of random variables { X, } is “big oh p of a,,” if
Xn/an

is bounded in probability.

We write X,, = Op(ay).
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Exercise for you:

Show that
Op(1) - 0p(1) = 0,(1).

(As described before, the two different 0, (1) terms are representing different functions. This is a symbolic way

of saying that a O, (1) function multiplied by a o,(1) function gives another function that is still 0,(1).)

Proof of Wilks’ Theorem for One-Dimensional 0: (Hy : § = 6y)

1. Let £(6) be the usual log-likelihood. Note that, although the notation is suppressed, this is a function of
X = (X1, Xs,...,Xp).
Let §n be the MLE for 6.
Let 6y be the specific # that generated the X’s.

(This means that Hy is true, so any convergence we are showing is going to hold “under Hy”.)

2. Consider the following Taylor polynomial for £(6y), centered at On:

0(Bo) = £(B2) + £ (6n) (0 — 6n) + %e”(@z)(eo —0,)% + ée’”@)(eo — 0,)?

for some §n (random) between 6 (fixed) and §n (random).

3. Note that
o 7(8,) = 0 by definition of 6,
° §n LY 0y and, in particular, (§n —6p)3 .

o Regularity condition #5 implies that £/ (6,,) is bounded in probability (See Exercise 3.) so we can

say that £0"(6,,) = Op(1).
Our Taylor polynomial becomes

000) = £(Bn) 40+ 307(8,) (00 — 0,)% + Op(1) - 0p(1)

which implies that
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4. Now
—2InAX) = —2InZ%) — _210(6) — ¢(6,)]
L(6n)
= —0"(Bn)(00 — 0)? + 0p(1)
= —10"(0,) [0, — 00)]2 + 0p(1)
5. Note that

o —10"(69) 5n (6o) by the Weak Law of Large Numbers
o (6, — o) A N(0, [I1(69)]~1) by super groovy properties of MLEs
We can get convergence of — %E” (§n) using the Mean Value Theorem:
L(00) ~ " (B) = " (6,) B~ o)
n 0 n n n n n 0
for some §n between 6y and én

Using the fact that ¢”(f,,) is bounded in probability and the fact that 6,, £ 0, we can show that the
right-hand side converges in probability to 0.

Thus, we have that

1, - 1
0" (Bn) = =" (60) + 0p(1)

which implies that
1 ~
——0"(B,) 5 L1 (6o).
n

6. All together now...

~

) = —20"(0n)[Vr(n — 00)]% + 0p(1)

]

—21In A(

- +0p(1)
11(60) 111(9 ) p
— \_V_O./
A B
s AL
o B4 N(0,1)

B2 4 x%(1) by the continuous mapping theorem

o 0p(1) 5o by definition
So, by Slutzky’s Theorem, we have that
—2In MX) % 2(1)

under Hy.
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6.5 Exercises

O

Chapter 6 Exercises

1. Let 2, /5 be the critical value that cuts off area o/2 under the standard normal pdf. Let Xil be the critical
value that cuts off area  under the x?(1) pdf. Show that z,, /2 =14/ ng,l‘

2. Consider a random sample X1, X, ..., X, from a discrete distribution with pdf

f(@;0) =10/(0+ D] /(0 +1) L1012, 3(2)
with 8 > 0.

Consider testing the hypotheses

for some fixed 6; > 6.
(a). Find the best test of size (level of significance) c.
(b). Isyour test from part (a) a UMP (uniformly most powerful) test of size « for H against the alternate
hypothesis H; : 8 > 6y? Explain.
3. Suppose that the third derivative of the log-likelihood ¢(6) exists and satisfies

7 (0)] < C()
for all 6 in some neighborhood of 6 and for some C' () satisfying E[C'(X)] < oo where X; ~ f(x;0p).
Show that £ (8,,), where 8, is the MLE for 6, is bounded in probability.
4. Consider a random sample X7, Xo, ..., X,, from a discrete distribution with pdf
f(@;0) =10/(0+ D" /(0 +1) Io,1,2,..3 (x)
with 6 > 0. Does a UMP test of size o of Hy : 8 = 6 against H; : 6 > 60 exist? If not explain. If so,
find it!
5. Consider the distribution with pdf
f(x;9)21—02(x—%), 0<z<l, ~1<6<1.
(a). Find the best test of size a for
Hy:0=0 versus H{:0#£0

based on a sample of size 1.

(b). Find (if it exists) a UMP (uniformly most powerful) test of size o of

Hy:0=0 versus Hi:0#0
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6.5 Exercises

based on a sample of size 1.
6. Let X1, Xo, ..., X, be arandom sample of size n from the N (0, 02) distribution.
o Derive the UMP test of size a for Hy : 02 = o} versus Hy : 0% > o3.

o Express the power function of your test from part (a) in terms of the chi-squared distribution.

7. Suppose that we have a random sample of four observations from the distribution with pdf

1 —
f(x;0) = @ﬁe /9 I(9,00) ()

(a). Find the best (most powerful) test of size o of Hy : 8§ = 6y versus H; : § = 61, assuming that
01 > 0y. Give your answer in terms of a chi-squared critical value.

(b). Is your test uniformly most powerful for the alternative hypothesis Hy : 6 > 6?

8. Suppose that X1, X, ..., X,, is a random sample from the N (pu, 1).
(a). Find the UMP test of size o for Hy : i = po against Hy : p > pp.
(b). Explain why there is no UMP test for Hg : u = o against Hy : i # .

9. Consider a random sample X1, ..., X,, from a distribution with pdf f(x;0) = (1 — z)’~1,0 < z < 1,
6> 0.
Give the form of the GLRT for testing H,, : § = 1 against H; : § # 1?

10. Suppose that X1, Xo, ..., X, is a random sample from the distribution with pdf
fl@;0) = 02" - Ig1)(2).
Derive the GLRT of size « for testing
Hy:0 =06 Versus Hy : 0 +# 0y,

approximating the appropriate critical value based on a large sample size.

11. Let X1, Xs,..., X, be a random sample from the N (u,o?) distribution where o2 is known. Find the
GLR (generalized likelihood ratio) for testing the hypotheses
Hy:p < g versus Hy:p> pg.

(Do not find the test, only the GLR!)
(Hint: The GLR will be defined in two pieces. \ = \(Z) = “something when T is something” and

“something else when X is something else”.)

12. Let X3, Xo,..., X, be a random sample from the uniform distribution on (0, f]. Find the exact (not

— —

asymptotic) distribution of —21In A(X) where A(X) is the GLR for Hy : 6§ = 6y versus Hy : 6 # 6y.
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6.5 Exercises

Based on this, find another (ie: we already found one in class) GLRT of size a.

13. Let Xy, Xo,..., X, bearandom sample from the N (61, 62) distribution with Q = {(61,62) : —oo0 < 0; < 00,02 > 0}
Find the GLRT of size « for testing

H0:91=O,(92>0 versus H12(917é0,92>0
[OVER]

14. For exercise 13. above, show the following.

(a).
. nX: X’

(b). For large n, X /52 is close to zero under Hy : #; = 0, so, approximate the right hand side of the
expression in part (a) with the first two terms of a Taylor series expanded about zero.

(c). Since n is large, replace n by n — 1 in your two-term Taylor series expansion, to conclude that

2
—2In\(X) = (W%>
(d). What is the distribution, under Hy, of the expression in parentheses (so, without the “squared”) in
part (c)?
(e). As n gets large, what is the distribution, under Hy, of the expression in parentheses in part (c)
approaching?
(f). Conclude that the entire right hand side of the expression in part (c) is approaching a x? distribution.

What are the degrees of freedom for this distribution?
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Appendix B The Jacobian and a Change of Variables

B.1 The Jacobian

For a single integral, the substitution 2z = x(u) gives us

pwydr = [ st 5 du

o | du

For double integrals, we consider a change of variables from the x;x2-plane to the y;y2-plane, where

y1 = gi(x1,r2)  and  y2 = ga(w1, 22).

We asume we can solve these equations for 1 and z5:

T = gfl(yl, Y2) and To = 951(3/1, Y2).

Now, consider with a small rectangle R in the x;x2-plane whose lower left corner is the point (x(lo), acgo)) and

whose dimensions are Az and Axs.
The image of R in the y; y2-plane is aregion .S, one of whose boundary points is (y§0) ) yéo)) = (g1 (cho) , :1:50) ), 92 (xgo) , a:go) ))-

The vector

-

F(z1,22) = g1(21, 22)1 + ga(T1,22)

is the position vector of the image of the point (1, x2).

The equation of the lower side of R is xo = :cgo), and the image curve of this side is given by the vector function
- 0
v(xq, xé )).

The tangent vector at (y§0) , yéo)) to this image curve is
)

_ 7, O, y)
1 81’1

=2 01

J-
mlzxgo)

Similarly, the tangent vector at (ygo), yéo)) to the image curve of the left side of R (givenby 1 = X {0)) is given

by
o _ Og(a)”w)
2 6952

- Oga(al”, xp)
R e e
(0) 6%2

TQ=Ty

TQ=Ty



B.2 A Bivariate Transformation

We can approximate the image region of I? by a parallelogram determined by the secant vectors

—

a=v(xy O 4 Az, a:éo)) - ﬁ(xgo),azgo)) and b= v(xgo),xg )+ Az 9) — (xgo),xgo)).

However,

and so, for Az “small", we have
17($§0) + Aazl,xéo)) v(:cgo), (0 )) R Uy, Ay

Similarly
v(xgo),xg)—i—Ax ) — (wg), (0 ))%17:,32 Azs.

This means that we can approximate the image of R by a parallelogram determined by the vectors v, Az and

23 Axg. Therefore, we can approximate the area of the image of R by the area of this parallelogram which is

‘(6$1 Aml) X (171‘2 Ax?)‘ = ‘7711 X 17332‘A{E1A1'2.

Computing this cross product, we get

i ]k
Oy1 Oy y1 Oy
Or1 Ox1 Ox1  Oz2
7, G. — | 9y Oy - L — i
Uz, X Ugy o 2 0 k k
Oy1 Oy dy2  Oyz
Oxrs  Oxa oxr1  Oxza
oy Ow2
8(22 8272

The determinant that arises in this calculation is called the Jacobian of the transformation. Call it J(x1, z2).

We can then approximate the area A A of the image of R by

= |J(x1,x2)| Az Az

So,

[ [fwmaan 33 s0f faax 35 fon6l o), el af e ) A A

i=1j=1 i=1j=1

B.2 A Bivariate Transformation

We now proceed with the problem of finding the joint pdf of two functions of two continuous random variables.

Let the joint pdf for X; and X5 be denoted by fx, x,(z1,22) and let Y1 = g1(X1, X2) and Ys = g2(X71, X2)
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B.3 More Variables

denote a one-to-one transformation from the z;xs-plane to the y; y2-plane.

Let A denote the two-dimensional set in the 1 z2-plane for which fx, x,(z1,x2) is non-zero. Let B denote the

transformed region in the y; y2-plane.

Now, let A C A and let B denote the mapping of A under the one-t-one transformation.

P((Yl,Yz) S B) = P((Xl,Xg) S A) = /Afxl’XQ(wl,wz) dl‘l dl‘Q.

By “The Jacobian" section above, this is the same as

//Bfxl,xg(gfl(yl,y2),951(y17y2))\J(y1,yz)ldyldy2

B.3 More Variables

All of the above can be extended to the case of many variables. That is, if X7, Xo,..., X, has joint pdf

[x1.X5.... %, (21,22, ..., x,) and we consider the transformations
y1 = gi(z1,@2,...,2y)
yo = ga(x1,22,...,2p)
Yn = gn(xlaan“-vxn)a

then the joint pdf of Y7, Y>, ..., Y, is given by

fY1,Y2,A..,Yn(yl7y2a s ayn) = le,XQ,..A,Xn(glil(ylayQa s 7y7’L)7 s aggl(yl,y% cee ,yn)) : |J(y1>y27 s ayn)‘

where
Oz Oz .. Oz1
3y1 32/2 ayn
Ozy Oz .. Oz
] ] Oyn
J=| oom T
Oxn  OTn Oxn
Jdy1  0y2 Oyn
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Appendix C Standard Normal, ¢, 2, and F Tables

Table C.1:

®(z) = P(Z < 2) for Z ~ N(0,1)

Standard Normal Probabilities

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
04
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
22
23
24
2.5
2.6
2.7
2.8
29
3.0

0.5000
0.5398
0.5793
0.6179
0.6554
0.6915
0.7257
0.7580
0.7881
0.8159
0.8413
0.8643
0.8849
0.9032
0.9192
0.9332
0.9452
0.9554
0.9641
0.9713
0.9772
0.9821
0.9861
0.9893
0.9918
0.9938
0.9953
0.9965
0.9974
0.9981
0.9987

0.5040
0.5438
0.5832
0.6217
0.6591
0.6950
0.7291
0.7611
0.7910
0.8186
0.8438
0.8665
0.8869
0.9049
0.9207
0.9345
0.9463
0.9564
0.9649
0.9719
0.9778
0.9826
0.9864
0.9896
0.9920
0.9940
0.9955
0.9966
0.9975
0.9982
0.9987

0.5080
0.5478
0.5871
0.6255
0.6628
0.6985
0.7324
0.7642
0.7939
0.8212
0.8461
0.8686
0.8888
0.9066
0.9222
0.9357
0.9474
0.9573
0.9656
0.9726
0.9783
0.9830
0.9868
0.9898
0.9922
0.9941
0.9956
0.9967
0.9976
0.9982
0.9987

0.5120
0.5517
0.5910
0.6293
0.6664
0.7019
0.7357
0.7673
0.7967
0.8238
0.8485
0.8708
0.8907
0.9082
0.9236
0.9370
0.9484
0.9582
0.9664
0.9732
0.9788
0.9834
0.9871
0.9901
0.9925
0.9943
0.9957
0.9968
0.9977
0.9983
0.9988

0.5160
0.5557
0.5948
0.6331
0.6700
0.7054
0.7389
0.7704
0.7995
0.8264
0.8508
0.8729
0.8925
0.9099
0.9251
0.9382
0.9495
0.9591
0.9671
0.9738
0.9793
0.9838
0.9875
0.9904
0.9927
0.9945
0.9959
0.9969
0.9977
0.9984
0.9988

0.5199
0.5596
0.5987
0.6368
0.6736
0.7088
0.7422
0.7734
0.8023
0.8289
0.8531
0.8749
0.8944
09115
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744
0.9798
0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
0.9970
0.9978
0.9984
0.9989

0.5239
0.5636
0.6026
0.6406
0.6772
0.7123
0.7454
0.7764
0.8051
0.8315
0.8554
0.8770
0.8962
0.9131
0.9279
0.9406
0.9515
0.9608
0.9686
0.9750
0.9803
0.9846
0.9881
0.9909
0.9931
0.9948
0.9961
0.9971
0.9979
0.9985
0.9989

0.5279
0.5675
0.6064
0.6443
0.6808
0.7157
0.7486
0.7794
0.8078
0.8340
0.8577
0.8790
0.8980
0.9147
0.9292
0.9418
0.9525
0.9616
0.9693
0.9756
0.9808
0.9850
0.9884
0.9911
0.9932
0.9949
0.9962
0.9972
0.9979
0.9985
0.9989

0.5319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365
0.8599
0.8810
0.8997
0.9162
0.9306
0.9429
0.9535
0.9625
0.9699
0.9761
0.9812
0.9854
0.9887
0.9913
0.9934
0.9951
0.9963
0.9973
0.9980
0.9986
0.9990

0.5359
0.5753
0.6141
0.6517
0.6879
0.7224
0.7549
0.7852
0.8133
0.8389
0.8621
0.8830
0.9015
0.9177
0.9319
0.9441
0.9545
0.9633
0.9706
0.9767
0.9817
0.9857
0.9890
0.9916
0.9936
0.9952
0.9964
0.9974
0.9981
0.9986
0.9990




Table C.2: t Critical Values

Critical Values for 7" ~ t(v) (t,, captures area « to the right)

v | to4o tosss tozs  tooo toazs  foao  toos  t0.025 to.or  to.oos  to.001

110325 0577 1.000 1.376 2414 3.078 6.314 12706 31.821 63.657 318.31

210289 0.500 0.816 1.061 1.604 1.886 2920 4.303 6.965 9.925 22.327

310277 0476 0.765 0.978 1.423 1.638 2.353 3.182 4.541 5.841 10.215

410271 0464 0.741 0941 1.344 1533 2132 2776 3.747 4604 7.173

510267 0457 0.727 0.920 1.301 1476 2.015 2.571 3.365 4.032 5.893

6| 0265 0453 0.718 0906 1273 1.440 1.943 2.447 3.143 3707  5.208

710263 0449 0.711 0.896 1254 1.415 1.895 2.365 2.998 3.499 4,785

810262 0447 0706 0.889 1240 1.397 1.860 2306 2.896 3.355 4.501

910261 0445 0.703 0.883 1.230 1.383 1.833 2.262 2.821 3.250 4.297
10 | 0.260 0.444 0.700 0.879 1.221 1.372 1.812 2.228 2.764 3.169 4.144
11 | 0.260 0.443 0.697 0.876 1.214 1.363 1.796 2.201 2.718 3.106 4.025
12 | 0.259 0442 0.695 0.873 1.209 1.356 1.782 2.179 2.681 3.055 3.930
13 1 0.259 0441 0.694 0.870 1.204 1.350 1.771 2.160 2.650 3.012 3.852
14 1 0.258 0.440 0.692 0.868 1.200 1.345 1.761 2.145 2.624 2977 3.787
15 |1 0.258 0.439 0.691 0.866 1.197 1341 1.753 2.131 2.602 2,947 3.733
16 | 0.258 0.439 0.690 0.865 1.194 1.337 1.746 2.120 2.583 2.921 3.686
17 | 0.257 0.438 0.689 0.863 1.191 1333 1.740 2.110 2567 2.898 3.646
18 | 0.257 0438 0.688 0.862 1.189 1.330 1.734 2.101 2.552 2.878 3.610
19 | 0.257 0.438 0.688 0.861 1.187 1.328 1.729 2.093 2.539 2.861 3.579
20 | 0.257 0437 0.687 0.860 1.185 1.325 1.725 2.086 2.528 2.845 3.552
21 | 0.257 0437 0.686 0.859 1.183 1.323 1.721 2.080 2.518 2.831 3.527
22 | 0.256 0437 0.686 0.858 1.182 1.321 1.717 2.074 2.508 2.819 3.505
2310256 0436 0.685 0.858 1.180 1.319 1.714 2.069 2.500 2.807 3.485
24 | 0.256 0436 0.685 0.857 1.179 1.318 1.711 2.064 2.492 2.797 3.467
2510256 0436 0.684 0.856 1.178 1.316 1.708 2.060 2.485 2.787 3.450
26 | 0.256 0436 0.684 0.856 1.177 1.315 1.706 2056 2479 2.779 3.435
27 | 0.256 0435 0.684 0.855 1.176 1.314 1.703 2.052 2.473 2771 3.421
28 | 0.256 0.435 0.683 0.855 1.175 1.313 1.701 2.048 2467  2.763 3.408
29 | 0.256 0.435 0.683 0.854 1.174 1.311 1.699 2.045 2.462 2.756 3.396
30 | 0.256 0435 0.683 0.854 1.173 1.310 1.697 2042 2457 2750 3.385
351 0.255 0434 0.682 0.852 1.170 1.306 1.690 2.030 2.438 2.724 3.340
40 | 0.255 0434 0.681 0.851 1.167 1.303 1.684 2.021 2.423 2.704 3.307
45 | 0.255 0.434 0.680 0.850 1.165 1.301 1.679 2.014 2.412 2.690 3.281
50 | 0.255 0433 0.679 0.849 1.164 1.299 1.676 2.009 2.403 2.678 3.261
551 0.255 0433 0679 0.848 1.163 1.297 1.673 2.004 2.396 2.668 3.245
60 | 0.254 0433 0.679 0.848 1.162 1.296 1.671 2.000 2.390 2.660 3.232
oo | 0.253 0431 0.674 0.842 1.150 1.282 1.645 1.960 2.326 2576  3.090
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Critical Values for W ~ x2(n) (x2 captures area « to the right)

Table C.3: 2 Critical Values

n | Xdoos  Xooo XBors  Xoos  Xdeo  Xoao  Xbos  Xoozs  Xbor  Xgoos  Xooot

1| 0000 0.000 0001 0.004 0016 2706 3.841 5.024 6.635 7.879 10.828

21 0010 0020 0051 0103 0211 4605 5991 7.378 9.210 10.597 13.816

3| 0072 0.115 0216 0352 0.584 6251 7.815 9348 11345 12.838 16.266

41 0207 0297 0484 0711 1.064 7.779 9488 11.143 13.277 14.860 18.467

5] 0412 0554 0831 1.145 1.610 9.236 11.070 12.833 15.086 16.750 20.515

6| 0676 0.872 1237 1.635 2204 10.645 12.592 14.449 16.812 18.548 22.458

71 098 1239 1.690 2167 2833 12.017 14.067 16.013 18.475 20278 24.322

81 1344 1646 2180 2.733 3.490 13.362 15.507 17.535 20.090 21.955 26.124

91 1735 2088 2700 3325 4.168 14.684 16919 19.023 21.666 23.589 27.877
10 | 2.156 2558 3247 3940 4.865 15987 18.307 20.483 23.209 25.188 29.588
11| 2603 3.053 3816 4575 5578 17.275 19.675 21920 24.725 26.757 31.264
12| 3.074 3571 4404 5226 6304 18.549 21.026 23.337 26.217 28300 32.909
13| 3.565 4107 5009 5892 7.042 19.812 22362 24.736 27.688 29.819 34.528
14 | 4075 4660 5629 6571 7.790 21.064 23.685 26.119 29.141 31319 36.123
15| 4601 5229 6262 7.261 8.547 22307 24996 27.488 30.578 32.801 37.697
16 | 5.142 5812 6908 7962 9312 23.542 26.296 28.845 32.000 34267 39.252
17 | 5697 6408 7.564 8.672 10.085 24769 27.587 30.191 33.409 35.718 40.790
18 | 6265 7.015 8231 9390 10.865 25989 28.869 31.526 34.805 37.156 42312
19| 6844 7.633 8907 10.117 11.651 27.204 30.144 32.852 36.191 38.582 43.820
20 | 7.434 8260 9591 10.851 12443 28412 31410 34.170 37.566 39.997 45315
21 | 8.034 8.897 10.283 11.591 13.240 29.615 32.671 35479 38.932 41.401 46.797
22 | 8.643 9542 10982 12338 14.041 30.813 33.924 36.781 40289 427796 48.268
23 | 9.260 10.196 11.689 13.091 14.848 32.007 35.172 38.076 41.638 44.181 49.728
24 | 9.886 10.856 12.401 13.848 15.659 33.196 36.415 39.364 42980 45.559 51.179
25 (10520 11.524 13.120 14.611 16473 34382 37.652 40.646 44314 46.928 52.620
26 | 11.160 12.198 13.844 15.379 17.292 35.563 38.885 41.923 45.642 48290 54.052
27 | 11.808 12.879 14.573 16.151 18.114 36.741 40.113 43.195 46.963 49.645 55.476
28 | 12.461 13.565 15308 16.928 18.939 37916 41.337 44.461 48278 50.993 56.892
29 | 13.121 14256 16.047 17.708 19.768 39.087 42.557 45.722 49.588 52.336 58.301
30 | 13.787 14953 16.791 18.493 20.599 40.256 43.773 46979 50.892 53.672 59.703
31 | 14.458 15.655 17.539 19.281 21.434 41422 44985 481232 52.191 55.003 61.098
32 | 15.134 16.362 18291 20.072 22271 42585 46.194 49.480 53.486 56.328 62.487
33 | 15815 17.074 19.047 20.867 23.110 43.745 47.400 50.725 54.776 57.648 63.870
34 | 16.501 17.789 19.806 21.664 23.952 44903 48.602 51.966 56.061 58.964 65.247
35 | 17.192 18509 20.569 22.465 24.797 46.059 49.802 53.203 57.342 60.275 66.619
36 | 17.887 19.233 21.336 23.269 25.643 47.212 50.998 54.437 58.619 61.581 67.985
37 | 18.586 19.960 22.106 24.075 26492 48363 52.192 55.668 59.893 62.883 69.346
38 | 19.289 20.691 22.878 24.884 27.343 49.513 53.384 56.896 61.162 64.181 70.703
39 | 19.996 21.426 23.654 25.695 28.196 50.660 54.572 58.120 62.428 65.476 72.055
40 | 20.707 22.164 24.433 26509 29.051 51.805 55.758 59.342 63.691 66.766 73.402
45 | 24311 25901 28366 30.612 33.350 57.505 61.656 65410 69.957 73.166 80.077
50 | 27.991 29.707 32357 34764 37.689 63.167 67.505 71.420 76.154 79.490 86.661
55 | 31.735 33.570 36.398 38.958 42.060 68.796 73.311 77.380 82.292 85.749 93.168
60 | 35.534 37.485 40.482 43.188 46.459 74.397 79.082 83.298 88.379 91.952 99.607
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x2-distribution, 97 convergence in probability, 110
t-distribution, 162 for vectors, 148

correlation, 48

alternative hypothesis, 187 )
covariance, 40

ancillary statistic, 291 ) )
covariance matrix, 301

asymptotic efficiency, 249
Cramér-Rao lower bound, 238

asymptotic normality, 139 o ]
critical region, 314

asymptotically unbiased, 116 o '
(see also rejection region)

Behrens-Fisher Problem, 174 critical value, 157

Bernoulli distribution, 12 cumulative distribution function (cdf), 18

best test, 317 degrees of freedom, 165

(see also most powerful test) Delta method, 143

Beta disjoint, 10

distribution, 63, 64

function, 64 efficient, efficiency, 249

bias. 104 equally llkely, 8

binomial distribution, 53 estimator, 100

expectation, expected value, 22

central limit theorem, 137 of an indicator random variable, 250

characteristic function, 137 exponential distribution, 18

Chebyshev’s inequality, 113

Fisher inf ion, 2
chi-squared distribution, 97 isher information, 239

. form of a test, 190
combinations, 7

complete statistic, 277 gamma distribution, 58

composite hypothesis, 187 gamma function, 59

conditional probability, 43 Gaussian distribution, 99
confidence interval, 154 generalized likelihood ratio test, 338
consistent estimator, 115 geometric distribution, 15

Continuous Mapping Theorem, 130

house elf, 263
convergence in distribution, 125

convergence in law, 125 iid, 61



INDEX

independence, 10, 32, 46
indicator function, 28
integrating without integrating, 52

invariance property of MLEs, 237

Jacobian, 61
Jensen’s inequality, 152
joint cdf, 88
joint cumulative distribution function, 134
joint pdf
continuous, 31

discrete, 30

law of iterated expectation, 270
Law of the Unconscious Statistician, 74
Lehmann-Scheffé Theorem, 279
level of significance, 189
likelihood function, 227
likelihood ratio, 318
limiting distribution, 125
location
invariant statistic, 292
parameter, 292

log-likelihood, 229

marginal pdf

continuous, 31

discrete, 31

(see also probability mass function)

Markov’s inequality, 110
mean (distribution), 22
mean squared error, 104, 105
method of moments estimators, 218
moment generating function, 73
moments, 80

of a distribution, 219
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most powerful test

(see also best test)

Neyman-Pearson Lemma, 318
normal distribution, 78, 99
normal distribution (standard), 99

null hypothesis, 187

order statistics, 67

Pareto distribution, 97

permutations, 6

pivotal quantity, 177

point vs. interval estimator, 154
Poisson distribution, 76

pooled variance, 173

probability density function (pdf), 13

probability mass function (pmf), 13

random sample (iid), 61

random variable, 11

Rao-Blackwell Theorem, 272

realization, 17, 49

rejection region, 192, 314
(see also critical region)

rejection rule, 192

restricted MLE, 337

sample mean, 51, 99
sample range, 98
sample space, 7
sample variance, 146
scale
invariant statistic, 296
parameter, 295
score function, 245

simple hypothesis, 187



INDEX

size of a test, 189

Slutsky’s Theorem, 133

standard deviation, 27

statistic, 101

sufficient statistic, 263
factorization criterion, 266
minimal, 267, 287

support, 13

369

supremum (sup), 201

unbiased estimator, 101
uniform distribution, 63

uniformly min var unbiased est., 279

variance, 26

weak law of large numbers, 113

Welch’s Approximation, 175
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a critical value that captures area « to the right for the x? pdf, page 180
log-likelihood function, page 229

power function, page 208

is an element of, page 193

sample space, page 7

standard normal cdf, page 142

has the distribution, page 12

function to be estimated, page 101

a general parameter space, page 193

expected value, page 22

likelihood function, page 227

factorial of n, page 4

probability A occurs, page 8

critical value that captures area « to the right for the ¢(n) pdf, page 163
sample minimum, page 67

sample maximum out of n, page 67

critical value that captures area « to the right for the standard normal pdf, page 157
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